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Abstract 

 

Friction Stir Back Extrusion (FSBE) is a new grade of severe plastic deformation 

processes capable of producing metallic tubular geometries that exhibit ultrafine grain 

structure and superior mechanical properties. FSBE of tubular sections provide 

opportunities for producing lightweight rigid structures for the automotive, aerospace 

and construction industries. This research investigates the impact of rotational speed 

and feed rate on the mechanical properties, power consumption and cycle time for 

FSBE of Magnesium AZ31-B tubes under air cooling medium to determine the optimal 

settings. The investigation is conducted utilizing Response Surface Methodology 

(RSM) and desirability multi-response optimization technique. RSM results suggest 

that the ultimate tensile strength and toughness are impacted by both rotational speed 

and feed rate and are more sensitive to spindle rotational speed. Yet, both parameters 

did not show a significant statistical impact on percent elongation. The optimal settings 

to maximize mechanical properties and minimize production indicators are 2000 rpm 

and 116 mm/min. Furthermore, the effect of submerging conditions (in water at 25 °C 

and 2 °C) on the grain size and mechanical properties was investigated and compared 

to FSBE in air. It is shown that the impact of submerging is statistically insignificant in 

terms of the mechanical properties of the produced tubes. On the other hand, finer grains 

were observed at the inner wall of the tube for FSBE in air and underwater FSBE at 25 

°C when compared to underwater FSBE at 2 °C.  

 

Keywords: Friction Stir Back Extrusion; Magnesium Alloy; RSM Optimization; 
Submerged FSBE; Mechanical Properties; Microstructure. 
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Chapter 1. Introduction 
 
 In this chapter, a short explanation of the different types and variations of SPD 

starting from the simple extrusion process and ending with FSBE in terms of their 

working mechanism and application is introduced. Consequently, the research 

contribution and thesis objectives are presented to outline the significance of the 

conducted research. 

1.1. Overview 

Manufacturing in its numerous processes is a vital aspect in today’s industries. 

Metal forming processes are mainly categorized into sheet metalworking and bulk 

deformation as the latter includes extrusion, forging, rolling and many more that are 

one of the oldest and current processes the technological world cannot proceed without 

for any simple product. Processes such as extrusion are very complicated as they induce 

large plastic strain deformation. Extrusion is a bulk forming process where the 

specimen is pushed into the die opening to form the shape of its cross section [1]. 

Furthermore, different types of this process include cold and hot working besides 

friction extrusion. Apparently, the difference between the hot and cold working is the 

temperature at which the process operates at as the former is performed at a temperature 

higher than the recrystallization temperature of the workpiece and vice versa for cold 

working [1]. 

Friction extrusion (Figure 1) is a thermo-mechanical process that can be used to 

form a wide range of shapes by severe plastic deformation (SPD) such as rods, tubes 

and other non-circular geometries directly from the variety of precursor charges 

including a solid billet and metal powder or even flakes [1]. The process has a desirable 

impact on the microstructures of the resulting end products [2,3]. Moreover, friction 

extrusion involves the spinning of the metal billets based on the die’s location. As the 

die rotates, it produces heat from the surface-to-surface friction around the entry of the 

die whereas the heat softens the metal which allows it to pass easily through the die. It 

was originally intended as a method for production of homogenized microstructures in 

lightweight Magnesium and Aluminum Metal Matrix Composites (MMC) [1].  
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In addition, Friction Stir Welding (FSW) is a solid-state welding process 

developed by the Welding institute [1]. It uses non-consumable cylindrical rotating tool 

to create a weld joint by stirring the contact line between the two metal plates, therefore 

no melting is needed to create the joint. Although friction extrusion and FSW fall under 

the process of SPD, however each one has its own mechanism and results in a different 

geometry. Such technique can be applied to many metals such as Copper, Titanium, 

Magnesium and many more resulting in high quality welds and more energy efficient 

process than traditional joining techniques [2]. Friction Stir Processing (FSP) is a 

successor of FSW (Figure 2) which is indeed similar to the latter method, however in 

FSP the rotary non-consumable tool crosses through one workpiece without reaching 

the material’s melting point. It is implemented to manipulate and refine the material’s 

properties. For example, to achieve excellent mechanical properties, alter the 

microstructure and increase resistance to corrosion.  

 
 

 

 

 

 

 

Figure 2: Schematic diagram of FSW process [4] 

Figure 1: Horizontal Friction Extrusion 
Process [2] 
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Due to the adverse effects of high frictional heat generated during FSW on the 

mechanical properties and grain structure of the welded plate(s), the cooling rate needs 

to be controlled and improved using multiple cooling methods [5,6]. Such a process is 

referred to as Submerged FSW or SFSW which is FSW operated under a cooling 

medium such as liquid water (Figure 3) with its various temperatures (cold water, room 

temperature and hot water) in addition to liquid nitrogen. This method can be applied 

to similar and dissimilar metal alloys such as Magnesium and Aluminum alloys.  

 

 
Recently, a new SPD route has been introduced which is FSBE that produces 

tubular shapes with equiaxed grain structure and desirable mechanical properties, for 

example higher ductility. FSBE is quite new as it is developed by Fadi Abu-Farha back 

in 2012, which is based on the friction stirring phenomenon that is known as Spiral 

Friction Stir Processing (SFSP) [8]. SFSP is mainly applied to bulk material with the 

stirring tool rotating and moving along the axial direction so it combines both motions 

which will induce a spiral material flow [8,9]. This process can be applied to MMCs 

and metal alloys such as Aluminum and Magnesium alloys as they have a promising 

future in the vast lightweight applications in many industries. Such type of extrusion is 

an effective and efficient process that is gaining popularity among manufacturers. 

 It is said to be a challenge for manufactures to choose the most effective process 

parameters associated with the novel FSBE as its history is still not rich enough which 

deems further exploration. Although recent research evaluated the FSBE process with 

Figure 3: SFSW fixture [7] 
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the material performance of Mg AZ31-B such as Milner and Abu-Farha [10], however 

their analysis is based on a fixed rotational speed and feed rate. Therefore, to achieve 

structurally sound tubes and desirable mechanical properties with low energy 

consumption, an optimization technique is to be implemented. There are various 

methods to model and optimize an FSBE process which defines the desired output 

variables through mathematical models that set a relation between the input parameters 

and output variables [11]. One of those can be named as RSM. But many researchers 

use the standard experimental procedure which is changing one process parameter 

while keeping other parameters fixed and observing its effect [12]. This conventional 

method is considered to be time consuming and material wasting, thus the use of a 

proper optimization technique is desired. RSM is a mathematical and statistical 

approach used to optimize several process parameters that affect one or more response 

variables with fewer experimentations through a Design of Experiment (DOE) [13, 14]. 

Among the various classes of RSM, Central Composite Design (CCD) is the most 

popular with its response surface designs (Figure 4). The variations are Central 

Composite Circumscribed (CCC), Central Composite Inscribed (CCI) and Face 

Centered Cube (FCC) [15]. The first two types are valid for a minimum of 3 factors 

with 5 levels while FCC is applicable for a minimum of 2 design parameters with 3 

levels. CCC is said to give highly accurate predictions as the design is considered to be 

rotatable which means that the design points are uniformly distributed over the design 

space having the same alpha (𝛼), distance between the axial (star) points and the center 

point, and this induces consistent and minimal prediction variance of the model’s 

coefficients [15]. Rotatable surface designs have an 𝛼 value of ± √𝑘 and k is the number 

of factors; and this value is more than 1. In other words, 𝛼 determines the low and high 

limits of the design levels in a coded format. On the other hand, FCC is reflected as a 

near rotatable design as it does not require data points outside the factorial space which 

indicates its simplicity having an 𝛼 of ±1 [15]. Face centered CCD provides relative 

high accuracy compared to CCC for a smaller number of experimentations (star points 

are at the center of each face) which makes it a simpler design to implement. Moreover, 

data analysis and the development of the mathematical relations can be implemented 

through Analysis of Variance (ANOVA). To find the optimal process parameters, in 

other words to maximize/minimize certain desired outputs, desirability multi response 
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optimization technique can be used. Such a DOE method can generate experiment 

designs and analysis using statistical software programs such as Minitab. 

1.2. Research Motivation 

The demand of lightweight applications with limited environmental impact in 

many industrial sectors such as aerospace, biomedical and automotive has led to 

increased research in the field of light-weighting [16-18]. Magnesium is said to be the 

lightest construction metal on earth. Therefore, the use of Mg with its alloys are of 

benefit in vast applications including bone scaffolds, high temperature energy 

absorptions, catalysts, light weight sandwich, tubular structures and many more due to 

their high strength to weight ratios with lower densities. However, Mg alloys exhibit 

low formability as a consequence of their hexagonal closed packed lattice and 

pronounced plastic anisotropy [19,20]. As a result, hot forming such as superplastic 

forming has been used to form Mg alloy sheets and other difficult to form alloys [21-

30].  Using FSBE process in which heating of the processed alloy occurs due to plastic 

deformation and friction, fine grain size structure and homogenization is achieved in 

the stirring zone, the tube’s inner diameter, which enhances the material’s properties. It 

also exhibits less energy consumption compared to other tube extrusion processes [31].  

 

 
Although limited research had been conducted on FSBE tubes since its 

invention, the conducted studies mainly investigated the microstructural and 

mechanical behavior at one fixed parameter setting while little research, if any, was 

conducted to optimize FSBE process parameters. Accordingly, it is necessary to have 

a detailed understanding of FSBE AZ31-B tubes’ behavior through RSM method and 

desirability multi-response optimization technique for the mechanical properties and 

productivity indicators. In addition, submerged FSBE at two cooling conditions are 

Figure 4: Types of CCD [32] 
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analyzed and compared to natural cooling in terms of the mechanical behavior, 

microstructural analysis and thermal history. 

1.3. Thesis Objectives 

The objectives of this research work can be summarized as follows: 

• Optimize and predict the mechanical properties namely, UTS, toughness and 

percent elongation, in addition to the power consumption and cycle time as 

production indicators by using the RSM statistical technique and desirability 

multi-purpose optimization method. 

• Explore the behavior of the formed tubes submerged underwater by two 

different temperatures, room temperature (25 °C) and cold temperature (2 °C), 

through analysing its effect in terms of the mechanical properties, power 

consumption, thermal history and microstructure. 

1.4. Thesis Organization 

The rest of the thesis is organized as follows: Chapter 2 provides literature 

review about the recently used friction stir techniques ending with and mechanical 

studies of FSBE. Furthermore, Chapter 3 addresses the methodological approach used 

for the experimental measurements under different cooling mediums followed by 

Chapter 4 which provides details about the experimental setup including the milling 

machine fixture for separate cooling methods besides tensile. Chapter 5 provides details 

about the optimization and experimental results with their discussion. Finally, Chapter 

6 summarizes the key findings and states the future work. 
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Chapter 2. Background and Literature Review 

 
This chapter states the previous research done on FSW which is the closest to 

the idea of FSBE. The optimization of FSW in its various techniques are also 

mentioned. Additionally, the up to date conducted research on FSBE in terms of process 

evaluation and material performance of different alloys is presented besides the 

mechanical properties, microstructural analysis and hardness distribution of the 

extruded tubes. 

2.1. Friction Stir Welding 

The first used friction stir technique was FSW. It is considered as a solid-state 

welding process which uses heat induced by friction from the contact between the 

rotating probe and the workpieces. The rotating tool consists of two parts, pin and 

shoulder, in which the pin is responsible for mixing both materials together to form a 

weld joint whereas the shoulder acts for generating frictional heat as it will cause 

thermal softening without material melting to plastically deform both workpieces along 

the weld line [33]. The softening will increase the plastic deformation leading to SPD 

hence dynamic recrystallization and eventually grain refinement. The stirring tool 

plunges and rotates at a specific depth and speed, respectively with a specified traverse 

speed. Such technique has proved itself with respect to many hard to weld metals, in 

particular the 5000 Aluminium alloys and the hard to weld 2000 and 7000 Aluminium 

alloys. This welding method results in seamless welds without defects besides 

improved mechanical properties compared to other traditional joining techniques such 

as friction welding [33]. Therefore, FSW has attracted global attention for its expansion 

to various monolithic metals besides Aluminium and deserved its place in multiple 

industries such as aerospace and automotive. 

Literature is rich of research related to FSW. For example, several researchers 

suggested that SPD associated with FSW process creates superior fatigue properties, 

improved formability and equiaxed grain structure in the weld zone [34-39]. Cavaliere 

et al. [36] indicated that average grain size of FSW AA 6056 alloy is from 4 μm to 5 

μm whereas Hatamleh et al. [37] reported an average grain size of FSW AA 7075 alloy 

between 5 μm to 12 μm. Moreover, FSW has been used to refine the weld zone’s 

microstructure using a rotating stirring tool that crosses a single plate [40]. Several SPD 
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processes were explored by researchers to manufacture materials with equiaxed grain 

structure. Such processes include cyclic extrusion compression, equal channel angular 

pressing, tube channel pressing and high-pressure tube twisting; however, only the 

earlier two are said to produce tubular shapes with ultrafine grain size [41-43]. Such 

method has been more involved into material characterization than welding as it can 

improve the superplastic behavior of the extruded tubes and creates microstructure 

homogeneity among the stirring zone. 

2.2. Optimization in FSW 

Other researchers focused on FSW process parameters’ effect on mechanical 

properties of welded material. Verma and Misra [44] studied the effects of the rotational 

speed, welding speed and tilt angle on the temperature distribution and force during 

FSW. Two phenomenological models were utilized to evaluate the effect of process 

parameters on the force and temperature. Iqbal et al. [45] investigated the influence of 

FSW process parameters on the physical properties of Aluminum pipes. The 

temperature, axial force, torque and power have been investigated to select optimum 

combination of parameters and achieve superior welds. Jain et al. [46] examined the 

effect of pin shapes on temperature distribution, material flow and forces during FSW 

using simulation. Triflat, cylindrical and square pin shapes were used in the simulations. 

The Triflat pin produced higher temperatures and strain rates which resulted in 

uniformly distributed material deposition. Rambabu et al. [47] investigated the impact 

of FSW process parameters on AA 2219 Aluminum alloy corrosion rate. They 

concluded that tool profile, rotational speed, welding speed and axial force have 

significant impact on corrosion rate. Zhang et al. [48] analyzed the effect of transverse 

speed, plunge depth and rotational speed on corrosion rate, yield strength, Ultimate 

Tensile Strength (UTS) and elongation for AA 2024-T351 and AA 7075-T651 

dissimilar alloys. They also developed a mathematical model and verified it using 

Analysis of Variance (ANOVA) to determine the optimum set of process parameters to 

maximize tensile properties and corrosion rate. On the other hand, Kabiri and Ehsan 

[49] used Taguchi Orthogonal Arrays (OA) to investigate the impact of rotational 

speed, traverse speed and shoulder surface diameter on UTS for pure Copper. They 

suggested that all process parameters had similar contributing effect on UTS. Similarly, 

Kumar et al. [50] used Taguchi OA to optimize FSW process parameters for dissimilar 

Aluminum alloys. Others including Abbasi et al. [51] utilized the previous optimization 
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technique to optimize the traverse speed, rotational speed and tool profile of FSW AA 

5052 alloy for maximizing the tensile strength. They concluded that the squared profile 

is the dominant contributing factor among others besides having the probe shape as the 

most significant parameter. Additionally, de Castro et al. [52] utilized Taguchi OA 

optimization approach to study the effect of the welding time, rotational speed and tool 

plunge depth of the weld’s strength for the Fiction Stir Spot Welding (FSSW) of AA 

2198-T8 Aluminum alloy. They concluded that tool’s plunge depth and spindle speed 

have a significant effect on the induced strength. Colmenero et al. [53] optimized the 

FSSW for AA 1050 and pure copper using RSM method which primarily depends on 

dwell time and rotational speed process parameters. They examined vibration signals’ 

energy and the welded joint strength. Finally, Babu et al. [54] used Artificial Neutral 

Networks with Genetic algorithm to optimize FSW process parameters for AA 2219 

Aluminum alloy.  

2.3. Submerged FSW 

 Although FSW exhibits many advantages with respect to fusion welding in its 

types where the metal specimens are being joined/fused by heating up the contact line 

until its melting temperature [55]. Such benefits include conducting the process under 

the metal’s melting point with crack and void free samples acquiring improved 

mechanical properties. That being said, FSW has a downside in terms of its thermal 

history in which it was noted by many researchers [56,57] that thermal softening was 

observed in heat treated Aluminum alloys where the weld’s strength degraded due to 

generated high heat. Therefore, cooling methods have been introduced in the SFSW 

process. A study by Fu et al. [58] investigated the cooling effect on the tensile strength 

and microhardness values under cold (8 °C) and hot (90 °C) water for AA 7050 alloy 

and compared the results with the air-cooled specimens. It was clear that the peak 

temperature dropped from 380 °C to 300 °C and further to 220 °C in the case of cold 

water. Also, the hardness values showed an increase from 105 HV to 114 HV and to 

115 HV with respect to cold and hot water, respectively. The UTS of the SFSW under 

hot water achieved the highest value while the air induced the lowest. Darras and Kishta 

[59] studied the microstructure and mechanical properties of AZ31B-O sheets under 

hot (60-70 °C), cold water (room temperature) and air environments where the 

micrographs showed smaller grains under the effect of various cooling means. The 

grain sizes were 13.3 μm, 15.9 μm and 18.9 μm for the cold, hot and air-cooling 
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mediums, respectively. To add, the microstructure clearly shows the homogeneity 

across all samples compared to the as received material which exhibits bigger grains. 

The mechanical properties indicated that the lowest ductility took place with the cold 

water, however much more than the as received Mg alloy whereas the hot water 

captures the longest ductility. On the other hand, the power consumption across all the 

three cooling modes did not show any significance. 

 Others such as Mofid et al. [60] examined welding dissimilar metal plates of 

AA 5083-H83 and Mg AZ31 alloys under liquid nitrogen of -40 °C besides liquid water 

and air. They induced that SFSW through water and liquid nitrogen lowered the peak 

temperature to 389 °C and 382 °C from 435 °C and hence the intermetallic compounds 

are hindered and stopped from expanding resulting in a uniform interface along the stir 

zone. Moreover, the high Vickers hardness values were recorded in the air-cooled plate 

which is linked to the microstructure being adversely affected due to coarse grains by 

the high peak temperature during the process. On the contrary, using both cooling 

mediums showed lower microhardness values. The strength of weld joints showed 

improved value for liquid nitrogen and under water with UTS of 134 MPa and 167 

MPa, respectively. Additionally, Zhang and Liu [61] investigated the defects due to the 

weld of AA 2219-T6 underwater with various process parameters. It was realized that 

defects exist in high and low rotational speeds from 600 rpm to 1400 rpm. In low 

spindle speeds, the heat generated is the main reason behind the defect formation 

whereas in high rotational speeds it depends on the welding speeds [61]. In case it is 

high, the thermo-mechanical affected zone is pulled towards the weld hole which 

further makes the shoulder’s sheared zone to flow in the direction of the pin stirred 

zone. According to Chandran and Santhanam [62], who explored the mechanical 

properties, macrostructural analysis and microhardness of FSW underwater with 

different water heads, 0 mm (no water head), 10 mm, 20 mm and 30 mm for AA 6061-

T6 alloy. The results showed an increase in power consumption in water cooled welds 

compared to air cooled FSW. SFSW proved its effectiveness in being conducted in 

higher rotational speeds than FSW without the occurrence of defects. In addition, the 

characterization of the mechanical properties indicated an increase in the tensile 

strength across all water heads, however the highest was achieved through a water head 

of 20 mm [62]. Due to the achieved fine grain structure, HV values were higher in the 

thermo-mechanical and nugget zones when put aside with natural cooling. 
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 The above authors implemented the RSM optimization method to attain the 

highest UTS of the SFSW of similar AA 6061-T6 plates [63]. They varied three process 

parameters namely, the welding speed, rotational speed and water head. The optimal 

response was recorded to be 211 MPa given 30 mm/min, 1200 rpm and 10 mm, 

respectively. The submerged peak temperature is 95 °C near the weld compared to 228 

°C for the naturally cooled FSW. A refined average grain size of 2.5 μm was also 

reached while the air cooled FSW had a size of 7 μm. Finally, Peng et al. [64] did not 

explicitly do the experiments under liquid water or liquid nitrogen, instead they used 

compressed air as a cooling technique in comparison with natural cooling on dissimilar 

5A 06-H112 and 6061-T651 Aluminum alloys. Microstructural, tensile and hardness 

properties were investigated as a two-level tensile strength decease was observed for 

both cooling methods when compared with the base metal for various welding and 

rotational speeds in which a 10 % increase was noted for forced air. That being said, 

forced air cooled method showed a higher cooling rate which affects the generated heat 

due to temperature that prevents grain growth leading to improved UTS [64]. Although 

AA 6061 exhibits low hardness values due to precipitate dissolution with normal 

cooling, increased hardness values were evident in the heat affected zone of the former 

metal alloy due to forced air cooling which further agrees with the induced grain 

refinement. 

2.4. Friction Stir Back Extrusion 

A new SPD friction stir process that is considered a derivative of FSW known 

as FSBE is developed. FSBE is used to produce seamless tubular shapes with ultrafine 

grain structure and improved mechanical properties. The FSBE process is depicted in 

Figure 5 where a non-consumable stirring tool rotates and plunges through a cylindrical 

metal billet inducing spiral material flow. The self-induced heat generated due to 

friction between the stirring tool and the specimen softens the material aiding in the 

outward material flow and forming a tubular shaped structure [65]. Consequently, the 

load needed to force the stirring tool into the billet is significantly less than other SPD 

processes such as cold extrusion. Such tubular shapes can be used in various industries 

including aerospace and automotive [66]. For instance, the processed seamless tubes 

can be used as roof rails and as structural members in compressive load bearing 

applications such as automotive frames. According to the sustainability assessment 

framework proposed by Saad et al. [67], FSW and FSBE are said to be sustainable 
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manufacturing processes in terms of their environmental, social and economic 

dimensions [68, 69]. 

 Several researchers used FSBE process to produce tubes with an equiaxed grain 

structure using different materials. For example, Abu-Farha [8] used AA 6063-T52 in 

FSBE to produce void free tubes with highly desirable microstructure. Similarly, Milner 

and Abu-Farha [32] evaluated the microstructure and mechanical properties for 

different AZ31-B tube aspect ratios (tube length / outer diameter) and extrusion ratios 

(outer diameter / inner diameter). They concluded that FSBE tubes requires less energy 

to operate as it induces heat from within the process compared to other back extrusions 

methods. In addition, they confirmed that the AZ31-B FSBE tubes has an ultra-fine 

grain of around 5 μm compared to the base material of around 114 μm within the mixing 

zone [32]. Evaluation of mechanical properties indicated an increase in UTS, yield 

strength and ductility. The same authors made a connection between the induced grain 

size and micro hardness values at different locations within the dynamically 

recrystallized zone for AZ31-B tubes. They found that measurements at the bottom 

center of the tube showed high micro hardness values which corresponds to finer grains 

relative to low micro hardness values at different sections within the tube’s wall. 

Mathew et al. [70] studied the compressive behavior of AA 6061 processed tubes and 

showed a ring (concertina) failure type which is most favorable for Aluminum tubes 

[71]. This indicates that processed tubes will be able to absorb sufficient amount of 

energy before failure. 

 

 

 

 

 

 

 

 

 

 

Figure 5: Schematic diagram of FSBE with required parts [72] 
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Emblom et al. [73] explored the miniaturization of FSBE for the applications of 

meso and micro scale tubing such as microscale heat exchanger. They focused on macro 

tooling for processed tubes of higher length to diameter ratios and successfully built 

tubes with 50 mm and 12.5 mm in length and outer diameter, respectively. Various 

stirring tool designs were also tested for different rotational speeds; however, the 

successful tooling design included a guide plate with brass bushing for alignment and 

dowels that are fixed to the split dies [73]. Such design reduced the tool’s end deflection 

as it pushes through the workpiece in addition to the increase in the buckling force.  

2.4.1. Metallography and fractography in FSBE. Since the invention of 

FSBE, many researchers examined and analyzed the microstructure of the extruded 

tubes. Microstructural characterization helps in determining key information about how 

the tube was processed due to the stirring tool’s spiral motion at different locations 

across the tube’s thickness and along its wall. Abu-Farha [8] was the first one to conduct 

grain structural analysis for FSBE tubes, it was examined on AA 6063-T52 tubes at 

different processed locations at the stirring zone of the tubes, such as the base’s center. 

The center of the base resulted in significant fine grains that are in average lower than 

15 μm and increasing in size as the distance is further from the base reaching up 80 μm. 

Besides that, analysis on the base’s corner (outer tip of the tool) showed very similar 

grain size evolution as the center of the base. It is noted that an intermediate zone exists 

between the stirring zone and the undeformed/unprocessed material which contains 

several elongated grains that reach out to 200 μm in the tool’s rotational speed direction 

[8]. Furthermore, a higher location at the inner wall is investigated to have higher 

equiaxed grains of around 35 μm while increasing to 55 μm outwards from the inner 

wall. 

 As mentioned earlier, Milner and Abu-Farha [32] characterized the 

metallography of the AZ31-B alloy tubes for the as received rod and the extruded tubes. 

The as received rod had a variation of the grain size ranging from 55 μm to 157 μm 

with some grains having a size of 200 μm from the outer edge to the following zone 

while the center of the rod reveals a slight lower grain size than the second zone but a 

clear heterogeneous structure is present [32]. A very similar trend in the grain size 

evolution and micrographs of AA 6063-T52 is apparent in the Mg AZ31-B alloy tubes 

at the base’s center and corners for average sizes of 5 μm and 7 μm. Along the wall, 
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analysis was conducted at 3 different heights (5 mm, 20 mm and 40 mm) above the 

base which showed a gradual increase in the grain size of 10 μm, 13 μm and 11 μm, 

respectively due to grain coarsening [32]. The average grain size of the extruded tube 

indicates that there is a 90% drop in size compared to the as received so an equiaxed 

grain structure with a homogenous structure exist. The authors subdivided the zones of 

the tube’s thickness into 4 zones starting from the inner zone which is stirring zone and 

ending with the outer layer. The middle zones are presented as an intermediate zone 

having a dynamically recrystallized structure and a heterogeneous zone with elongated 

grains. 

 Mathew et al. [70] investigated AA 6061-T6 FSBE seamless tubes and showed 

that the process resulted in a continuous defect free tubes with an average grain size of 

39 μm for multiple locations along the tube’s wall and 3.5 μm and 20 μm for the stir 

zone (base) and parent alloy, respectively. On the other hand, Jamali et al. [74] 

conducted FSBE tests for AA 6063 Aluminum alloy wires for three differently rotated 

specimens of 300 rpm, 475 rpm and 600 rpm where the microstructural investigation 

showed a decrease in the grain size from the as received alloy of 179 μm to 40.1 μm, 

15.5 μm and 21.9 μm, respectively. This also revealed that the induced temperature in 

the 300-rpm test is low for a longer duration which presented grain growth while high 

heat generation at 600 rpm similarly results in grain coarsening [74]. However, the 475-

rpm extruded wire had sufficient frictional heat for the completion of recovery and 

recrystallization that ended up with significant grain refinement which in fact exhibits 

the lowest size. 

 Although Milner and Abu-Farha [75] and Khorrami and Movahedi [66] 

conducted uniaxial tensile tests for the formed tubes, they did not examine the fractured 

surface. Such analysis helps in determining the fracture type and its initiation point, the 

existence of voids or not and many more characteristics. 

2.4.2. Micro-hardness analysis. Vickers hardness tests were conducted for 

the extruded tubes at different locations, including the wall, base’s center and corners, 

from the stirring zone to the unheated zone (parent alloy). Such measurements and 

analysis were studied by Milner and Abu-Farha [32] who reported the variation in the 

HV (Hardness Vickers) values at the center of the tube vertically below the stirring tool 

besides the values across the wall thickness at 4 different heights (0 mm, 10 mm, 20 
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mm and 30 mm) from the tool’s base. They concluded that the stirring zone exhibit 

higher Vickers values which are inversely proportional with the grain size hence ultra-

fine grains exist. Others such as Jamali et al. [74] investigated the Vickers micro-

hardness analysis of FSBE AA 6063 wires with the base material and resulted in values 

of 53.7 HV, 61.4 HV and 58.7 HV for 300 rpm, 475 rpm and 600 rpm, respectively 

while a value 54.8 HV is for the base metal. Since the 300-rpm wire has the highest HV 

then it reveals an equiaxed grain structure. Khorrami and Movahedi [66] reported HV 

values for two locations, across the wall’s thickness and across the middle point in the 

tapered area, with 4 different layers. The authors classified the zones from the inner to 

outer zone as dynamic recrystallized region, static recrystallized region, partially static 

recrystallized region and finally the heated extruded base metal. The micro-hardness 

values were found to be similar across all zones even in the parent Aluminum alloy 

having an average HV value of 73. Comparatively, the heated base material showed a 

decrease in the value of HV to 60. 

 It is clear by now that limited research, if exists, was conducted for the 

optimization of FSBE’s process parameters in addition to the use of different cooling 

mediums in the Submerged FSBE (SFSBE) process. 

  



 
26 

Chapter 3. Methodology 
 

In this chapter, the use of optimization in FSBE’s process parameters besides 

the variously cooled FSBE experimentations are proposed relative to other SPD 

processes with AZ31-B alloy as the test material. 

3.1. Problem Formulation 

Since the literature lacks a detailed analysis for the mechanical properties and 

production indicators of FSBE tubes, a DOE method will be implemented for various 

process parameters levels as such a process is considered to be new. FSBE will also be 

explored through experimentations under liquid water-cooling medium to further 

understand its behavior and grain structure under the effect of multiple cooling rates. 

3.2. RSM Optimization 

 A minimum number of experiments are usually sought with enough information 

for modeling the response as a function of the process parameters. Fitting and analyzing 

response surfaces are greatly influenced by the choice of the experimental design. 

Among the CCDs, FCC is chosen that is considered to be most commonly used with 

RSM experimental plans. Although CCC provides relative high accuracy compared to 

face centered CCD, but it requires more level settings per independent variable and 

used where two or more extremities are inoperable. This is not the case with FCC as it 

has low and high design levels in its region of interest coinciding with the region of 

operability making it the simplest response surface design. FCC includes three types of 

points, Full Factorial (FF), face centered or Axial points and Center points (CP). 

Since the case of face centered CCD is present, 3 design levels are required per 

factor. The design space, represented by a rectangle (Figure 6), is defined using two 

variables, Feed Rate (f) with a range of 60-120 mm/min and Rotational Speed (N) with 

a range of 1400-2000 rpm. While the FF points are placed at the corners of design space, 

star points are placed in the middle of the boundary edges of the design region (points 

on a circle of radius 𝛼 = ±1) as shown in Figure 6 and the CP is in the center of the 

design levels. Alpha of 1 indicates a rotational speed/feed rate of 2000 rpm or 120 

mm/min and vice versa for alpha of 0 and -1. The total number of experiments required 

in this 2-D design space is a maximum of 13 (4 FF, 4 Axials, and 3-5 CPs depending 

on the situation). The data points for the two-level FF is 2k which gives a value of 4, 
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the number of star points is 2k which is 4 given that k = 2 while CP are maximized to 

be 5 summing it all up to 13 experimentations. The design space settings are selected 

based on the literature and the operational capabilities of CNC milling machine. 

 

 
3.2.1. Mathematical model construction. Since the mathematical 

relationship between the inputs and outputs is said to be nonlinear based on behavior of 

the response variables, a modeling technique such as second order polynomial 

regression is used to describe the output response as a function of the process input 

variables. The quadratic polynomial model (y) can be represented in Equation 1 [13]: 

𝑦 = 𝛽! + ∑ 𝛽"𝑥"#
"$% + ∑ 𝛽""𝑥"&#

"$% +∑ ∑𝛽"'𝑥"𝑥' + 𝜖"('   (1) 

And for the two used factors, selected polynomial regression of degree 2 is expressed 

in Equation 2 [13]: 

  𝑦 = 𝛽! + 𝛽%(𝑓) + 𝛽&(𝑁) + 𝛽%%(𝑓&) + 𝛽&&(𝑁&) + 𝛽%&(𝑓𝑁)  (2)  

where 𝛽!, 𝛽%, 𝛽&, 𝛽%%, 𝛽&& and 𝛽%& are the regression model coefficients 

3.2.2. Desirability function construction. The output mathematical models 

of the responses are used along with constraints dictated by the range and physical 

nature of process parameters to find the optimal settings. The desirability function 

approach is one of the most frequently used multiple-responses optimization techniques 

Figure 6: Face centered CCD design space 
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in practice due to its simplicity and efficiency [14,76]. The method makes use of an 

objective function D called the composite desirability function and transforms each 

individual response into scale free value	(𝑑") called individual desirability. Both D and 

𝑑" desirability ranges from zero (least desirable) to one (most desirable) as a value of 

one indicates the achievement of desired objective. Mathematically, composite 

desirability D can be defined in Equation 3 [13]: 

𝐷 = (𝑑% × 𝑑& × 𝑑) × …× 𝑑*)
!
" = (	∏ 𝑑" 	)*

"$%
%/*   (3) 

Individual desirability 𝑑" has different forms depending on response objective as shown 

in Equations 4-6 [13]: 

Goal is to maximize f (1) 

𝑑% = 5
0

7,(%)/0!
1!/0!

8
2#!

1
			

𝑓(1) < 𝐿%
𝐿% ≤ 𝑓(1) ≤ 𝐻%
𝑓(1) > 𝐻%

   (4) 

 

Goal is to minimize f (2) 

𝑑& = 5
1
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1$/0$

8
2#$

0
			

𝑓(2) < 𝐿&
𝐿& ≤ 𝑓(2) ≤ 𝐻&
𝑓(2) > 𝐻&

   (5) 

 

Goal is to set f (3) to target T  
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   (6) 

where Li and Hi are lower and upper bound of response, f(i) is mathematical model, and 

𝑤4" is a weight factor range from 0.1 to 10 and controls the shape of the desirability 

function. For example, if 𝑤4" = 10 for a specific response then this response is 10 times 

more important than other responses, whereas for a value of 1, the individual 

desirability di will vary from 0 to 1 in a linear fashion. For the conducted analysis, and 

without any general loss, the weight factor will be assumed one for all responses. 

Considering all n responses, clearly one wishes to choose the settings for process 
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parameters to maximize D. A value of D close to 1 implies that all responses are in a 

desirable range simultaneously. 

3.3. Experimental Investigation 

 The experimental design plan conducted using three stages. First, FCC 

experiment is carried out to explore an initial region where N ranges from 1400 rpm to 

2000 rpm and f from 60 mm/min to 120 mm/min. The experimental runs are represented 

by the solid circles in Figure 7 while design region is represented by the upper left solid 

line rectangle. The values in Figure 7 are the UTS and toughness values per experiment. 

As mentioned earlier, 13 experiments formed the initial FCC experiment, but there was 

a need to explore a wider region especially at higher f and lower N. This was deduced 

through the method of steepest ascent. Such a method implements a procedure 

considering the increment up the ladder in the direction of the maximum increase of a 

given response (minimum decrease in steepest descent). As a result, the wider range 

extended f to an upper level of 150 mm/min while N to 1000 rpm which concerns the 

addition of 6 experiments. The direction was chosen in a tradeoff scenario between the 

outputs which means that it was not solely based on a single response although the 

priority was for the UTS. The extended experimental layout is represented by the 

dashed rectangle shown in Figure 7. 

Finally, the response models were validated using additional points to 

investigate model prediction error. The first set of 2 validation points are represented 

by triangles in Figure 7. The prediction error was significant therefore, it was decided 

that the former validation points are to be included in the DOE and a new set of 

validation point are extracted and depicted as X in the same figure. In this way, the 

optimal settings were validated and the model’s error was analyzed. 

3.3.1. Tensile testing. Tubular dog bone samples are machined from the 

extruded tubes in order to conduct uniaxial tensile tests to obtain the mechanical 

properties. The tests were conducted at room temperature with a crosshead speed of 0.1 

mm/sec. 

3.3.2. ANOVA and optimization. The mechanical properties besides the 

productivity indicators are analyzed through ANOVA in Minitab in which each model’s 

term is considered significant if its P-value is less than or equal to the significance level 



 
30 

of 0.1. In other words, a maximum of 10% chance is allowed for the outputs to have 

random values and change due to nothing related to the experiment. The responses will 

be further used to develop mathematical models for the response variables. Afterwards, 

the optimal settings of FSBE using desirability multi-response optimization technique 

are found twice. Optimal process conditions that maximize the mechanical properties 

only, then include Cycle Time (CT) and Power consumption (P) and find optimal 

settings that improve mechanical properties and minimize power and cycle time. 

 

 
3.3.3. Submerged FSBE. Experiments with different cooling methods 

conducted at specific process parameters, 2000 rpm and 90 mm/min, for AZ31-B alloy. 

The experimentations are divided into naturally cooled, cold water cooled and room 

temperature cooled methods where 2 experiments are conducted per medium for the 

consistency of results without the need for a third test since the stress strain curves were 

very close to each other. The temperature and power measurements were recorded for 

each experiment. 

  

Figure 7: Experimental plan layout 
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Chapter 4. Experimental Setup 

 

This chapter discusses the different testing procedures of FSBE and tensile. 

With the material used being AZ31-B alloy shaped as rods, a thorough explanation of 

the setups exists highlighting the design and measurement techniques of power and 

temperature besides the mechanical properties. 

4.1. Material 

AZ31-B magnesium wrought alloy is used in the FSBE experimentations having 

a chemical composition as stated in Table 1 and it is bought from Aircraft Materials, 

United Kingdom. The AZ31-B alloy rods are received with a height and diameter of 

180 cm and 2.54 cm, respectively. Turning process is implemented to reduce the 

cylindrical billet’s diameter to 19 mm with a height of 50 mm. 

 
Table 1: Chemical Composition of AZ31-B (wt. %) [77] 

Al Zn Mn Si Cu Ca Fe Ni Others Mg 

2.5 

-3.5 

0.7 

-1.3 

0.2 

min 

0.05 

max 

0.05 

max 

0.04 

max 

0.005 

max 

0.005 

max 

0.3 max remaining 

 

4.2. Testing Equipment 

4.2.1. FSBE setup. FSBE tests are conducted using a three-axis DOOSAN 

DNM 4500 vertical CNC machining center with a maximum spindle speed of 8000 rpm 

where Figure 8 depicts the manufacturing setup. The stirring tool used is 4037 steel 

alloy with 19 mm in diameter with a 10° tapered and filleted head to ease material 

penetration. The extruding dies are prepared from 4140 steel alloy and made into two 

halves with a die cavity of 19.05 mm in diameter. The die cavity is drilled after fixing 

both dies together to ensure that the axisymmetric condition is met. Two setscrews from 

different sides are used at the bottom of the dies to prevent the initial sample rotation at 

the onset of contact due to the spinning of the puncher. In order to measure temperature 

during the extrusion process, three small holes are drilled in the die and type K 

thermocouples are mounted at top, middle and bottom of die. Temperature 

measurements are recorded using Pico TC-08 thermocouple data logger. All 

experiments are conducted in a dry environment while varying spindle speed and axial 
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feed rate. The FSBE test begins as the puncher dives through the cylindrical specimen 

at a given f and N for 45 mm leaving 5 mm at the tube’s bottom in order to maintain a 

safe distance between the formed tube and the cavity’s bottom surface. Since the 

temperature can rise to temperatures greater than 200 °C during the test due to self-

induced heat generation, three extrusion dies were prepared so that three runs can occur 

in succession. During the tests, instantaneous power and cycle time readings were 

recorded using the 3-phase PS2500 power logger. To ensure test repeatability, the 

stirring tool and the extrusion dies cavity are slightly polished and honed, respectively 

after each test. 

 

 
 As a matter of fact, the SFSBE fixture is quite similar to Figure 8, however the 

extrusion dies are firmly placed amid the properly sealed galvanized iron box with a 

steel base and an open top (Figure 9). The box’s dimensions are 265 mm, 225 mm and 

200 mm with regard to the length, width and height, respectively. The water is levelled 

up to 3-4 cm above the top surface of the extrusion dies to ensure that they are fully 

immersed. For the cold-water experimentations, big chunks of ice were added to the tap 

room temperature water as implied in Figure 9 to cool it down for a temperature around 

Figure 8: FSBE experimental setup 
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2 °C meanwhile the Mg billet is already placed in the die opening. Similar to the air-

cooled experiments, temperature and power readings will also be recorded during the 

FSBE process using the previously mentioned equipment. 

 

 

 

4.2.2. Tensile test setup. Uniaxial tensile tests are conducted to obtain 

mechanical properties such as UTS, toughness and % elongation. Since the AZ31-B 

processed tubes’ results in a rough surface finish due to the induced heat, tube diameter 

is reduced by 1 mm using turning in addition to reaming the bore diameter. The 

extruded tube will also be reduced in height of 5-6 mm from the bottom to eliminate 

the tapered section besides the reduction of 2 mm as well from the top to remove the 

ring section. Afterwards, the extruded tubes are machined to get a dumbbell shape 

specimen as shown in Figure 10a. Since the workpiece is curved, sharp corners around 

the rear surface are sanded to achieve a smooth surface finish to prevent stress 

concentration points that can cause early fracture. Finally, the dog bone sample (Figure 

10b) is spray-painted with white colour to create a clear uniform background then it is 

sprayed with black to have a speckle pattern. Tensile tests are performed using Instron 

universal testing machine model 5982 equipped with 3D DIC setup shown in Figure 11 

to capture surface deformation from two directions as the specimen is curved. 

Figure 9: SFSBE Setup 

Galvanized Iron Box 
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Figure 10: a) shows the extruded tube and after 
its CNC machined b) dumbbell specimen 

Figure 11: Tensile setup with 3D DIC system 
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Chapter 5. Results and Discussion 
 

The work presented in this chapter aims at exploring the outcomes of the 

optimization of FSBE process through RSM desirability multi-response optimization 

technique and the specimens’ mechanical behavior extruded through different axial 

feed rates and rotational speeds. ANOVA tables and contour plots are presented for 

some of the mechanical properties and production parameters. In addition, several stress 

strain curves are presented to graphically show the gap of many mechanical properties 

such as UTS among differently processed samples. Temperature and power 

consumption profiles are shown to understand the material’s behavior across the 

differently cooled tubes besides microstructure characterization. 

5.1. RSM Optimization of FSBE 

Results of experimental plan are summarized in Table 2 while a sample of the 

modified stress strain curves under different f and N conditions are depicted in Figure 

12. The curves selected represent conditions resulted in lowest, average and highest 

UTS. The range of UTS extended from 233 MPa to 265 MPa which is considered 

statistically significant difference when compared to general error of experiment. For 

the sake of investigating the impact of process parameters on mechanical and 

production properties of FSBE process, each response is modeled and plotted using 

contour plots. RSM mathematical models are summarized in Equations 7-10 using 

coded factors along with coefficient of determination, R2, which provides an estimate 

of goodness of fit while the ANOVA tables are presented in Tables 3-7. In other words, 

the R2 is a statistic ranging from 0 to 1(100%) used to provide an indication about the 

reduction in variability of a given response model and how well can future results be 

close to that model. The coded equations are presented instead of the actual models as 

they provide an indication about which terms in a given model are significant through 

their coefficients’ values, so the higher the coefficient the more important the term is. 

The UTS’s R2 of 71 suggests that 71 % of experiments variability is explained by the 

model suggested in Equation 7. The remaining variability in the prediction power can 

be traced to the use of CNC machine operation for extrusion in addition to the use of 

measurement devices for the mechanical properties and power consumption. It is 

known that variations exist in the mechanical properties due to the nature of the material 

as well as the sample preparation using the CNC machine which is not a consistently 
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accurate procedure that greatly adds to the induced variability. The possible use of wire 

cut electrical discharge machining can highly reduce the variability as it is quite 

accurate in the tube preparation process. On the other side, the measurement technique 

for the cycle time was only through a stopwatch timer thus, it shows a high prediction 

power. 

Although UTS, toughness, P and CT showed significant change due to variation 

in f and N, % elongation did not. % elongation ranges from 9.58 % to 11.67 % which 

has a 22 % difference between the minimum and maximum. This difference is very 

close to the error, the difference between the highest and lowest values given the 

repeatability of the same experiment. Having an adj MS (Mean Square) value of 0.611 

for the model and an adj MS error of 0.713 indicates an F-value of 0.86 (ratio of 0.611 

by 0.713). As both MSs are very close to each other and having an approximate F-value 

of 0.9, 90 % of the difference in the model is from the error. Apparently, this difference 

is not because the change of variables, but due to happening by chance. As the F-value 

represents the ratio of both means, having a value less than or equal to 1 (the variable’s 

adj MS is less than the MSE) implies that % elongation is not statistically significant 

when compared to 0.9 of the experiments’ MSE. Regarding the other properties, a much 

higher F-values exits for their models which proves their significance. For example, 

UTS’s mathematical model has an F-value of 6.5 which means that the model’s effect 

is almost 7 folds more than the error. 

 
Table 2: DOE Results 

 

Test 

Process Parameters Responses 

Rotational 

Speed 

Feed 

Rate 

UTS 

(MPa) 

% EL 

(%) 

Toughness 

(J/m3) 

P  

(kW) 

CT  

(sec) 

1 1400 120 259.53 9.58 23.73 163.70 24.0 

2 1700 120 252.20 11.28 26.58 113.77 25.0 

3 1700 90 265.42 11.62 29.34 135.15 31.0 

4 1700 90 262.89 11.08 27.71 135.87 32.0 

5 1700 90 263.07 10.74 25.67 129.86 31.0 

6 1700 90 262.86 10.83 26.20 125.85 31.0 

7 1700 90 259.06 10.08 27.23 131.27 32.0 
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8 2000 120 264.94 11.67 29.70 112.76 25.0 

9 2000 60 251.31 9.99 23.75 174.22 47.0 

10 1400 90 265.47 9.92 24.96 128.27 32.0 

11 1700 60 238.94 9.52 21.73 238.91 45.5 

12 1400 60 262.22 11.12 27.67 172.00 47.0 

13 2000 90 263.12 10.80 27.32 131.82 31.0 

14 2000 150 239.43 9.89 22.32 114.98 18.5 

15 1000 150 236.22 11.91 27.06 95.53 19.0 

16 1400 150 245.63 9.99 23.27 91.27 19.0 

17 1000 60 227.76 9.02 19.58 161.61 46.0 

18 1000 120 233.48 10.33 22.92 101.66 23.0 

19 1465 150 242.45 12.07 27.88 140.19 19.0 

20 1748 60 237.38 11.58 26.39 248.62 46.0 

21 1516 110 264.32 10.19 25.59 170.76 24.5 

22 1414 120 261.56 10.11 25.18 161.60 23.0 

 
				𝑈𝑇𝑆 = 262.8 + 7.41𝑁 − 9.36𝑁& − 16.16𝑓&		(𝑅& = 71%)  (7) 

𝑇𝑜𝑢𝑔ℎ𝑛𝑒𝑠𝑠 = −6.9 + 0.012𝑁 + 0.394𝑓 − 0.0112𝑓& − 0.00008𝑁𝑓		(𝑅& = 63%)

            (8) 

𝑃 = 138.37 − 36.92𝑓 − 28.1𝑁& + 30.8𝑓&		(𝑅& = 61%)  (9) 

 𝐶𝑇 = 89.56 − 0.897𝑓 + 0.00285𝑓&		(𝑅& = 99%)   (10) 

Figure 12: Modified stress strain curves 
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Figures 13 and 14 show the three-dimensional RSM plot and contour plots for 

the toughness and UTS, respectively in terms of f and N. Since only 2 controllable 

variables exist, it is applicable to find the stationary point from the responses surface 

plots however for more than 2 factors numerical methods are to be used. Curved 

contours can characterize the response surface and locate the optimum location with 

respect to axial feed rate and spindle speed. This optimum is referred to as a stationary 

point (slope is zero) where it can be maximum, minimum or a saddle point. It is clear 

through the response surface plots whether the contour is concaved up, down or 

represents a minimax. Response surfaces and contour plots in the UTS and toughness 

demonstrate the nonlinear effect of f and N on responses represented by the quadratic 

and interaction terms in Equations 7-8. 

UTS contour plots suggests that UTS increases as N and f increases until a 

certain value, roughly 1700 rpm and 105 mm/min, then UTS start to decrease. 

Toughness plots suggests similar behavior in terms of feed rate only. In terms of 

rotational speed, toughness is directly proportional to it so as the spindle speed increases 

the toughness will increase. As a result, the maximum UTS can be achieved by setting 

N and f at 1700 rpm and 105 mm/min while maximum toughness can be reached by a 

combination of N and f at 2000 rpm and 96 mm/min, respectively. This could be 

attributed to the relationship between UTS and toughness. Toughness is the energy 

stored in the material until fracture (failure) or the area under stress-strain curve, which 

is driven by UTS and % elongation. Since the % elongation change is not significant, 

toughness will mainly follow UTS’s behavior. 

 
Table 3: UTS ANOVA 

Source DF Adj SS Adj MS F-Value P-Value 
Model 5 2012.14 402.428 6.50 0.004 
    Speed 1 476.15 476.154 7.69 0.017 
    FR 1 29.37 29.371 0.47 0.504 
    Speed* Speed 1 319.91 319.912 5.17 0.042 
    FR*FR 1 502.15 502.147 8.11 0.015 
    Speed*FR 1 19.01 19.012 0.31 0.590 
Error 12 742.69 61.891   
  Lack-of-Fit 8 721.85 90.232 17.32 0.007 
  Pure Error 4 20.84 5.210   
Total 17 2754.83    
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Table 4: Percent Elongation ANOVA 

Source DF Adj SS Adj MS F-Value P-Value 
Model 5 3.059 0.611 0.86 0.536 
    Speed 1 0.197 0.197 0.28 0.609 
    FR 1 0.725 0.725 1.02 0.333 
    Speed*Speed 1 0.041 0.041 0.06 0.813 
    FR*FR 1 0.832 0.832 1.17 0.301 
    Speed*FR 1 1.025 1.025 1.44 0.254 
Error 12 8.561 0.713   
  Lack-of-Fit 8 7.311 0.914 2.93 0.157 
  Pure Error 4 1.249 0.312   
Total 17 11.620    

 

Table 5: Toughness ANOVA 

Source DF Adj SS Adj MS F-Value P-Value 
Model 5 81.217 16.2435 4.11 0.021 
    Speed 1 13.007 13.0066 3.29 0.095 
    FR 1 5.835 5.8349 1.48 0.248 
    Speed*Speed 1 0.075 0.0754 0.02 0.892 
    FR*FR 1 36.416 36.4161 9.21 0.010 
    Speed*FR 1 11.679 11.6788 2.95 0.111 
Error 12 47.440 3.9534   
  Lack-of-Fit 8 39.291 4.9114 2.41 0.206 
  Pure Error 4 8.149 2.0372   
Total 17 128.658    

 
Table 6: Power ANOVA 

Source DF Adj SS Adj MS F-Value  P-Value 
Model 5 14870.7 2974.14 5.55 0.007 
    Speed 1 362.7 362.70 0.68 0.427 
    FR 1 9821.4 9821.36 18.33 0.001 
    Speed*Speed 1 1114.0 1114.02 2.15 0.105 
    FR*FR 1 2358.0 2358.03 4.40 0.058 
    Speed*FR 1 21.2 21.21 0.04 0.846 
Error 12 6428.6 535.71   
  Lack-of-Fit 8 6361.5 795.19 47.45 0.001 
  Pure Error 4 67.0 16.76   
Total 17 27299.3    
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Table 7: Cycle Time ANOVA 

Source DF Adj SS Adj MS F-Value P-Value 
Model 5 1564.48 312.90 250.88 0.000 
    Speed 1 0.01 0.01 0.01 0.917 
    FR 1 1344.44 1344.44 1077.97 0.000 
    Speed*Speed 1 0.01 0.01 0.01 0.921 
    FR*FR 1 95.44 95.44 76.52 0.000 
    Speed*FR 1 0.08 0.08 0.06 0.809 
Error 12 14.97 1.25   
  Lack-of-Fit 8 13.77 1.72 5.74 0.055 
  Pure Error 4 1.20 0.30   
Total 17 1579.44    

 

 As earlier stated, the F-value is a ratio of the factor’s adj MS value by the error’s 

adjusted MS value. Values that are way larger than 1 such as, the power’s model MS, 

shows that the variable’s MS is higher than MSE and further indicates that the variation 

or difference is not happening by chance as the comparison between the means is 

legitimate. It also indicates that the null hypothesis is rejected and vice versa for F-

values of equal magnitude or less. 

 Another value to decide the statistical significance of a response is through the 

P-value. It can be observed that some terms in each model are having a P-value more 

than 0.1 (10 %) which is the set threshold; therefore, they are not included in the 

mathematical model as they are not statistically significant. However, very close P 

values to 0.1 can be accepted as they might have a significant impact of the model’s 

prediction power such as the 2-way interaction term (0.111) in the toughness. The idea 

of threshold is greatly enforced in the % elongation as its model as a whole has a P-

value of 0.536 implying that the predicted values have 53.6 % chance of being random 

(happened by chance) or that they are not triggered by any reason in the experiments. 

Another example would be the rotational speed’s linear term in the power response. It 

has a P-value of 0.427 >> 0.1; hence, it was not included in the power model. In the 

case of exceeding the threshold, the null hypothesis is accepted while the alternative 

hypothesis is rejected and vice versa [13]. In other words, the null hypothesis is when 

there is not a direct effect of a term on the response or it can also be referred to when 

the output variable is not being influenced by the change in the input variable(s). This 

is the case with the effect of f and N on % elongation. 
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Figures 15a,b and 16a,b depict the response surfaces and contour plots of power 

consumption and cycle time, respectively. One can clearly note that the cycle time is a 

function of only one process parameter, feed rate, while power is influenced by both 

parameters. Power increases as rotational speed increases, then decreases around 1600 

rpm. In terms of the axial feed rate, power decreases as feed rate increases. 

 

a) b) 

b) a) 

Figure 15: a) Power Consumption RSM and b) Contour plot 

Figure 14: a) Toughness RSM and b) Contour plot 

Figure 13: a) UTS RSM and b) Contour plot 
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From the examination of the UTS contour plot, it is noted that UTS is slightly 

more sensitive to changes in N than to f. This is due to the gap distances between the 

contours in both directions as the contours are not purely circular in fact, they resemble 

a horizontal oval shape. Therefore, the gap between the contours through the descent 

from the peak value in the horizontal direction (rotational speed) increases more than 

in the vertical direction (feed rate). Another way of finding the factor that is more 

sensitive than the other with respect to a certain output is through the use of canonical 

analysis [48]. Such method is conducted where the canonical form is represented in 

Equation 14 [13]. However, starting with second order model expressed in Equation 

11: 

𝑦_ = 	 𝛽̀5 + 𝑥6𝑏 + 𝑥6𝐵𝑥    (11) 

where x, b and B are in matrix notation which are the independent variables and linear 

regression coefficients, respectively while B is a symmetric matrix with the trace being 

the quadratic coefficients are the off diagonals are the interaction terms. 

𝑥 = c
𝑥%
𝑥&d 					𝑏 = 	 e

𝛽̀%
𝛽̀&
f 			and		𝐵 = 	 e 𝛽̀%% 𝛽̀%&/2

𝛽̀%&/2 𝛽̀&&
f 

Equation 12 represents Equation 11 after equating it to zero (derivative is zero) and 

then solving for x (stationary point): 

𝑏 + 2𝐵𝑥 = 0	
7!89"*:	,!<	=
k⎯⎯⎯⎯⎯⎯⎯⎯m	𝑥7 = − %

&
𝐵/%𝑏   (12) 

Substituting x in Equation 11: 

𝑦_7 = 𝛽̀5 +
%
&
𝑥76𝑏    (13) 

Figure 16: a) Cycle Time RSM and b) Contour plot 
a) b) 
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Canonical form of a response model is illustrated in Equation 14: 

𝑦_ = 	𝑦_7 + 𝜆%𝜔%& + 𝜆&𝜔&& +⋯+ 𝜆#𝜔#&   (14) 

where (𝜆") are characteristic roots (eigenvalues) of the matrix 𝛽 and (𝜔") are the 

transformed design factors (canonical variables). 

The eigenvalues are scalers used to transform the eigenvectors from the original 

equations (coded mathematical models). This results with the above stated transformed 

fitted model with the stationary point as its origin having transformed (rotated) axes of 

𝜔% and 𝜔&. Such eigenvalues are obtained by solving the roots of Equation 14 through 

a MATLAB code (Appendix A) except cycle time as it is only influenced by feed rate. 

Based on this analysis, two eigenvalues corresponding to N and f respectively, 𝜆> and 

𝜆,, are obtained and used to indicate sensitivity strength. The response surface’s shape 

can be further clarified through the signs and absolute values of the canonical model’s 

coefficients besides the stationary point. Positive eigenvalues show that the stationary 

point is a point of maximum and vice versa for negative eigenvalues. On the other hand, 

mixed signs indicate the presence of a saddle point. For example, the roots of the UTS 

canonical quadratic equation are 𝜆> = −16.16 and 𝜆, = −9.36. Since both are 

negative, the stationary point is the maximum response. Given that |𝜆>| > r𝜆,r, this 

confirms that UTS is more sensitive to changes in rotational speed than feed rate which 

agrees with the respective surface plot in Figure 13a. Similarly, distances between 

contour curves and eigenvalues for toughness indicates that toughness is also more 

sensitive to changes in spindle speed than axial feed rate. 

Furthermore, the mathematical models were verified by analyzing the residual 

points (𝜖) and their plots which resulted in normally distributed residuals with the 

predicted and experimental values averaged out to be zero being very close to the 50th 

percentile. The 50th percentile in the normal probability plot indicates that some 

residuals are of negative sign and some of a positive sign. In addition, the variance is 

constant in the versus fits. Such residual plots are shown in Figure 17 which represents 

the case of the UTS response variable. The residual plots for the other uncontrollable 

responses are found in Appendix B. 
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Hot and cold working processes operate above and below the material’s 

recrystallization temperature, respectively. The recrystallization temperature is the 

minimum required temperature, 30-60 % of the melting point, for the deformed material 

to form new grains which is approximated to be 350 °C in Mg AZ31 alloy according to 

Wang et al. [78]. However, this is not the case with FSBE processed material, as it goes 

through heating and strain hardening simultaneously. Recovery, recrystallization and 

grain growth are the three physical processes that occur in succession during FSBE on 

the microstructural level [79]. Recovery is defined as the drop in the dislocation density 

in the grain structure due to the removal of linear defects by annihilation besides their 

rearrangement as they begin to move to different planes at a high temperature reducing 

the grains internal stored strain energy [7]. Dynamic recovery is the occurring 

phenomena as the respective bulk extrusion operates under high temperature and plastic 

deformation conditions. The high initial strain stored initiates the nucleation of fine 

strain free and equiaxed grains in a process described as recrystallization. Such newly 

formed grains grow until they consume the deformed strained grains for a certain time 

at high strain energy sites with inhomogeneities such as high angle grain boundaries. 

Similarly to dynamic recovery, dynamic recrystallization describes the current situation 

as it happens meanwhile material deformation with thermal input [80]. The strength of 

the friction stir processed material depends mainly on grain size as finer grains result 

Figure 17: UTS’s residual plots 
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in improved strength. The recrystallization rate is greatly influenced by two main 

factors, temperature and time (Figure 18). High heat input after sufficient recovery and 

recrystallization results in the undesirable process referred to as grain growth. Such a 

process induces grain coalescence as the small grains continue to grow and merge 

together which outcomes in the reduction of the grain boundary energy stored in the 

microstructure as the number of grains are less. Grain growth will have a negative 

impact on the mechanical properties that cannot be avoided [79]. 

 

 
Figure 19 shows the temperature profile with time measured in the middle of 

the extrusion dies for four different test conditions that include some of the extreme 

process parameters (highest rotational speed or feed rate and vice versa). The peak 

temperature in this curve is an indication of heat generated by frictional contact between 

the workpiece and the stirring tool and due to plastic deformation. As the peak 

temperature increases, higher heat is supplied to the processed material. The heat input 

plays a crucial role in determining the final grain size in the FSBE AZ31-B material. If 

the heat input is too high, significant grain growth will occur after the recovery and 

recrystallization processes are completed. Rotational speed of 2000 rpm and 60 

mm/min feed rate represent this case. If the heat input is too low, insufficient 

recrystallization and limited plastic flow will result in coarse grains. The two curves in 

Figure 19 that correspond to 2000 rpm and 150 mm/min and 1000 rpm and 60 mm/min 

are examples of insufficient heat input. Therefore, very high or very low heat generated 

have undesirable effects on the extruded seamless tubes. Referring to the mechanical 

properties, UTS and toughness, results provided in Table 2, the amount of heat 

generated at 1700 rpm and 90 mm/min will result in fine grains due to sufficient 

recrystallization and minimal grain growth that improve the previously mentioned 

properties. 

Figure 18: Recovery, recrystallization and grain growth in metallic material [67] 
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Using Minitab, the desirability multi-response optimization technique is 

conducted twice. First, the objective is to maximize all mechanical properties (Figure 

20a). In the second step, the objective is to maximize mechanical properties and 

minimize production indicators, power consumption and cycle time, in Figure 20b. The 

optimal settings of the former case, assuming all properties have the same weight, is 

1767 rpm and 102 mm/min. The optimal settings will result into a UTS of 262.3 MPa, 

toughness of 26.9 J/m3. In the latter case, the optimal settings include the rotational 

speed of 2000 rpm and feed rate of 116 mm/min. The respective optimal parameters for 

the latter case will end with values of 258.6 MPa for UTS, toughness of 27.4 J/m3, 

power consumption of 102.9 kW and cycle time of 23.8 sec. Since percent elongation 

proved its insignificance (P-value = 0.536) with the change in both rotational speed and 

feed rate, the value of 10.7 % was obtained through prediction for both optimal settings. 

The individual desirability di indicates the amount of deviation from the individual 

response optimal value. For example, d of 0.92 for UTS indicates a small deviation 

from the maximum achieved strength of 265 MPa as a value of 1 shows that it is equal 

to or higher than the latter value. 

Figure 19: Temperature vs time in the die for different conditions 
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 To validate the optimization results of maximizing the mechanical properties, 2 

experiments were conducted at the optimal settings of 1767 rpm and 102 mm/min. The 

results are summarized in Table 8. The UTS and toughness have an error of 3.1 % and 

-7 %, respectively. The results variability is of ± 5% for UTS and ± 10% for toughness 

which are within the measurement’s variability and are deemed acceptable. 

 
Table 8: Validation tests 

 

 

Response 
Optimal Predicted Validation Average Prediction 

Error 

UTS (MPa) 262.3 270.7 3.1 % 

Toughness (J/m3) 26.9 25.14 -7 % 

Figure 20: a) Mechanical and b) Overall responses optimization 
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5.2. Submerged FSBE 

The SFSBE process was evaluated through different perspectives including 

power consumption, mechanical characterization and thermal history. It is well known 

that the variation in process parameters or cooling rate induce changes in the 

deformation thermal distribution of SPD process such as FSBE which will consequently 

result in grain refinement [82,83]. The mechanical properties vary with the change in 

temperature as it links to the altered microstructure. In the case of SFSBE, each cooling 

method have distinct specific heat capacity (Cpair = 1.004 kJ/kg·K and Cpwater = 4.180 

kJ/kg·K) which should induce different mechanical responses. In other words, the 

ability to absorb the self-generated heat from the extrusion process is not the same 

throughout. 

Two different cooling mediums were implemented, air cooling and water 

cooling while the latter is divided into room temperature (RT) water and cold water 

(CW) of 25 °C and 2 °C, respectively.  It is noted from the stress strain curves in Figure 

21 that changes do occur in terms of UTS and percent elongation however they are 

statistically insignificant according to the 2 sample T-tests (Appendix C). The T-test is 

a statistical tool in Minitab that compares the mean of two different data sets to 

determine the existence of significance. Given that μ1 is the sample mean of the first 

group while μ2 is the sample mean of the second data. The null hypothesis occurs when 

μ1 = μ2 while the alternative hypothesis is achieved when they do not equate each other 

as such hypotheses are tested at a significance level of 0.1. For example, UTS in Air 

compared to UTS in RT (Figure 32a), μ1 is the average UTS in air while μ2 is average 

UTS in RT. In UTS, P-values of 0.1, 0.143 and 0.134 for Air compared to RT, Air 

compared to CW and RT with CW, respectively. On the other side, percent elongation 

had P-values of 0.428, 0.634 and 0.243 for the above conditions. Therefore, all of them 

are greater or equal to the P-value of 0.1 indicating strong evidence for insignificance. 

In other words, the null hypothesis is accepted. Even though temperature decreases, 

UTS values started with 263 MPa and resulted in 258 MPa for RT and 262 MPa under 

CW. Similarly, the percent elongation changes were very minimal from 10.8 % to 10.2 

% and 11.5 % for RT and CW. This is relative to SFSW process where the entire 

workpiece is submerged under a cooling medium while in SFSBE, only the billet’s top 

surface is exposed to the submerged coolant, liquid water. In other words, more surface 

area is cooled in the former than in the latter and this might explain the invariance in 
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the mechanical properties as the Mg AZ31 specimen is not being properly cooled. The 

change in mechanical properties due to the thermal input change from dry cooling to 

CW and RT with temperatures on the tube’s outer diameter of 81 °C and 155 °C starting 

from 208 °C (Figure 22) which shows a reduction in temperature of around 60 % in the 

case CW and 25 % in RT. 

 

  

Figure 21: Modified SFSBE stress strain curves 

Figure 22: Thermal history across all three cooling mediums 
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 The optical micrographs and grain size distribution plots (Figures 23-26) 

showed a variation in the grain size across the tube’s thickness in all the three samples.  

Apparently, there exists a strain gradient across the structure’s thickness due to the 

material’s behavior in FSBE. The inner zone (wall) had an ultra-fine grain structure due 

to the combination of high heat input and large strains that results in a series of 

recrystallization events known as discontinuous dynamic recrystallization. 

As previously stated for CW, the measured die temperature is 81 °C which is 

not quite sufficient for full recrystallization to take place and this is evident from the 

observed grain size and structure distribution along the circumferential thickness. The 

smallest average size at the inner wall of 16.8 μm is higher than of the other cooling 

mediums. Even though air and RT samples presented fine grain structure compared to 

the above method, they did not present a reasonable difference among themselves. They 

result in almost the same range of grain size values from 11.5 μm to 12.4 μm.  

 

 
Meanwhile the intermediate zone from 1 mm to 2 mm showed a lower average 

grain size from 9.8 μm to 11.5 μm in RT (Figure 24) compared with values from 12.0 

μm to 14.4 μm in air (Figure 23). This observation besides the drop-in temperature 

between the above mediums proves that an appropriate recrystallization occurs with 

very minimal grain growth as the self-generated die temperature of 155 °C is sufficient. 

Figure 23: Grain size distribution in air cooled medium 
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However, that does not indicate the lack of insufficient fine grains in the air-cooled 

sample, but the effect of grain growth is quite detrimental in such condition as high heat 

is trapped in the die hole after the end of recrystallization period as much higher 

temperatures are expected at the tube’s inner wall. Additionally, the peak grain size of 

68 μm in the former cooling method supports the finding relative to 99 μm in the 

naturally cooled specimen (Figure 26). On the other hand, the cold water-cooled sample 

had the highest average grain size in such a zone with values between 14.2 μm and 15.2 

μm. This is further explained by the limited stirring induced thermal input to the 

seamless tube resulting in static recrystalized zone [66]. 

 

  
 Although the thermo-mechanical effect is not adequate in the far proximity 

distant zone of the material which does not activate the full growth of grains with low 

dislocation densities, refinement in the cooled tube by air is present through a peak 

grain value of 50 μm (Figure 26). This is due to the apparent effect of recrystallization 

at the outer surface since the traces of high heat and strain inputs are still present after 

the recrystallization period is over relative to the room temperature and cold water-

cooled (Figure 25) tubes where inadequate formation of new grains are present resulting 

in the highest peak grain sizes of 87 μm and 90 μm (Figure 26), respectively. 

 

Figure 24: Grain size distribution in room temperature cooled medium 
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Figures 27a,b present the as received material and it can distinguished from the 

other remaining images of Figure 27 in terms of their high heterogeneity. Stirring zone 

related micrographs show homogeneity across the inner zone (Figure 27c) of equiaxed 

grains while it can be seen that some grain inhomogeneities in the intermediate zone 

Figure 26: Peak grain size distribution across all mediums 

Figure 25: Grain size distribution in cold water cooled medium 
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take place (Figure 27d) with slightly higher grains besides partial grains from the 

dynamically recrystalized zone. This indicates a decline in the exposure of intense 

plastic deformation accompanied with elevated temperatures. The outward zone 

(Figure 27e) perfectly describes a heterogeneous grain structure similar to the as 

received material with fine grains among differently sized coarse grains reaching up to 

90 μm throughout the differently cooled AZ31-B specimens. 

 

 
Furthermore, it can be noticed that the cooling rate, change in temperature with 

time after the peak thermal value, varies among the three samples, in which air has a 

cooling rate of 0.085 °C/sec while CW and RT have values of 1.40 °C/sec and 1.72 

°C/sec, respectively. Relating the above with the thermal history and microstructural 

characterization, favorable effects were achieved with higher (rapid) cooling rates with 

respect to the grain size and this is the case with RT as it has the highest heat capacity 

implying large absorption of the high self-generated heat. However, its impact was 

inconsiderable in terms of the mechanical properties, UTS and ductility. 

Finally, one of the productivity indicators, power consumption, showed no 

major difference at all although the effect of the cooling rate is present as values of 

200.0 kW and 201.6 kW for the air and RT cooling mediums are recorded while the 

CW had a power value of 202.9 kW. While it is expected a see a variation among the 

Figure 27: a,b) grain structure of the as received material and c) in the stirring zone 
and d) middle zone and e) in the outer zone of the CW processed tube 

b)a)

100 µm

c) d) e)
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above values in Figure 28 since the stirring tool needs more power to extrude the tube 

at cooler environments as it relates to the temperature [59]. 

 

  

Figure 28: Power consumption distribution for each cooling method 
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Chapter 6. Conclusion and Future Work 

 
 In this research, Response Surface Methodology statistical method is used for 

the Friction Stir Back Extrusion of AZ31-B Magnesium alloy to predict and optimize 

the mechanical properties namely, ultimate tensile strength, percent elongation and 

toughness on top of power consumption and cycle time as productivity indicators. In 

addition, submerged FSBE process with the mechanical properties, thermal history, 

power consumption profiles and microstructure were characterized. Accordingly, the 

following are induced: 

• The developed mathematical models had a coefficient of determination of 71%, 

63%, 61% and 99% for ultimate tensile strength, toughness, power consumption 

and cycle time, respectively. The variation of FSBE process parameters had a 

parabolic influence on the responses and the models were validated through 

ANOVA. 

• Using desirability multi-response optimization, the optimal maximized 

mechanical properties are identified to be 1767 rpm and 102 mm/min, while the 

latter properties with minimizing the production indicators give the optimal 

process conditions of 2000 rpm and 116 mm/min. A maximum of 10% 

prediction error was achieved for the optimal mechanical conditions. 

• The recorded temperature profiles in the middle of the extrusion die during 

FSBE showed a peak temperature of 230 °C in the die for the conditions of 2000 

rpm and 60 mm/min. This is an indication of high heat input that deteriorates 

the mechanical properties due to grain growth. 

• Temperature profiles of the submerged FSBE tests of air, room temperature and 

cold water showed peak values of 208°C, 155 °C and 81 °C, respectively at 

2000 rpm and 90 mm/min. 

• The differences in the ultimate tensile strength and percent elongation are not 

significant since the P-values of the 2 sample T-tests revealed statistical 

insignificance in the liquid water cooling medium besides natural cooling. 

Likewise, the consumed power variations were very minimal between the above 

mediums. 

• Room temperature cooled specimen proves to have enough generated 

temperature in the deformed zone as it induced sufficient extrusion thermal 
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input which means minimal grain growth prominent by the finest average grain 

size of 9.8 μm in the intermediate zone. 

• Cold water sample implies the highest average grain size across all cooling 

methods in the middle zone due to the low supply of high heat and strain to the 

material. This in turns did not push the limits in the recrystallization process 

resulting in average grain size of 14.7 μm. 

• The room temperature test proved itself with the highest cooling rate, 1.72 

°C/sec, that is inversely proportional with the resulting grain size refinement 

directing attention towards the occurred suitable recovery and recrystallization 

with minimal grain growth. 

 Since the percent elongation did not change significantly by the change in feed 

rate or rotational speed in the optimization of FSBE, expanding the window of 

experimentations by increasing feed rate and spindle speed might induce a statistically 

significant change. Moreover, varying the process parameters in the cold-water 

condition of the underwater FSBE process by either increasing the rotational speed or 

reducing the feed rate could have a desirable effect on the grain size and distribution. 

Exploration of the tension-compression yield asymmetry and obtaining the Lankford 

coefficient for the extruded tubes which characterizes the material’s asymmetry and 

anisotropy can be a part of the future investigation. In addition, the study of the 

formability condition of the seamless tubes through 3-point bending experiments 

besides fractography characterization of the fractured tensile and 3-point bending 

specimens. 
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Appendix A: MATLAB Code 

 

clc; 

clear all; 

close all; 

 

% Design factors: x = [N ; f] 

% Canonical variables: w = [w1 ; w2] 

 

% UTS Eigenvalues 

UTSb = [7.41; 0]; 

UTSB = [-9.36 0; 0 -16.16]; 

UTSxs= -0.5*((UTSB)^-1)*UTSb; 

UTSys = 262.8 + 0.5*transpose(UTSxs)*UTSb; 

UTSEigenvalues = eig(UTSB); 

 

fprintf('UTS_y = %2.3f %2.2f*w1^2 %2.2f*w2^2\n',UTSys,UTSEigenvalues) 

 

% Toughness Eigenvalues 

Toughnessb = [0.012; 0.394]; 

ToughnessB = [0 -0.00008/2; -0.00008/2 -0.0112]; 

Toughnessxs= -0.5*((ToughnessB)^-1)*Toughnessb; 

Toughnessys = -6.9 + 0.5*transpose(Toughnessxs)*Toughnessb; 

ToughnessEigenvalues = eig(ToughnessB); 

 

fprintf('Toughness_y = %2.2f %2.4f*w1^2 + 

%2.10f*w2^2\n',Toughnessys,ToughnessEigenvalues) 

 

% Power Consumption Eigenvalues 

Powerb = [0; -36.92]; 

PowerB = [-28.1 0; 0 30.8]; 

Powerxs= -0.5*((PowerB)^-1)*Powerb; 
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Powerys = 138.37 + 0.5*transpose(Powerxs)*Powerb; 

PowerEigenvalues = eig(PowerB); 

 

fprintf('Power_y = %2.2f %2.2f*w1^2 + %2.2f*w2^2\n',Powerys,PowerEigenvalues) 

UTS_y = 264.267 -16.16*w1^2 -9.36*w2^2 

Toughness_y = -199.80 -0.0112*w1^2 - 0.0000001429*w2^2 

Power_y = 127.31 -28.10*w1^2 + 30.80*w2^2 

Published with MATLAB® R2019b 
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Appendix B: Residual Plots   

 

 

 
 

 

 
 
 
 

Figure 30: Residual plots for power consumption 

Figure 29: Residual plots for toughness 
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Figure 31: Residual plots for cycle time 
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Appendix C: 2 Sample T-tests 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 32: 2 Sample T-tests for UTS in a) Air with RT and b) Air with CW and c) RT 
with CW 

Figure 33: 2 Sample T-tests for %EL in a) Air with RT and b) Air with CW and c) RT 
with CW 
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