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Abstract 

Despite modern-day advancements in fire protection technologies, stricter fire codes, 

and more sophisticated modeling of fire propagation and human behavior, fire alarm 

systems are notably losing the ability to induce evacuative behavior, as people have 

habituated and grown unresponsive to false alarms. Moreover, people still require ac-

tive support and guidance during evacuation from a building under fire and are still at 

risk of using suboptimal routes that could open to untenable conditions. The risk is 

higher for residential buildings where the majority of all civilian deaths due to fire oc-

cur. Therefore, this thesis proposes a smart notification and guidance system with an 

IoT architecture that can significantly reduce pre-movement and movement times by 

supporting the decision-making process of evacuees during a fire disaster in a residen-

tial building. At the front-end, the system uses crowd, temperature, and smoke sensors 

to measure environmental conditions, and communicates with occupants through a mo-

bile application. At the backend, a rule-based optimization approach is used to opti-

mally route evacuees while avoiding the dangers of the fire. The system must also test 

the recommended egress paths for future tenability by comparing estimated travel times 

against the Available Safe Egress Time computed by a thermal fire simulator. This the-

sis develops the theoretical framework and lays the cornerstones for such a system con-

cept through six algorithms, three of which are for pre-optimization processing. The 

building network problem afterward is framed as an earliest arrival problem and solved 

using a strongly polynomial earliest arrival transshipment algorithm. As by-products of 

this work, extensions to the hydraulic model are proposed to account for the effects of 

smoke and crawling behavior during egress using empirical data. 

 

Keywords: Fire evacuation; Fire protection; Fire alarm notification; Human behav-

ior in fires; Building network modeling; Earliest arrival evacuation; Hydraulic 

model. 
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ℎ𝑚𝑣𝑗𝑖  Indicator of the chosen hydraulic model variant for arc 𝑎𝑗𝑖  (1 for BHM, 

2 for SMHM, 3 for CMHM) 

 

Note: 

While 𝑦𝑖 denotes a parameter 𝑦 with index 𝑖, [𝑦𝑖] is used to denote an array of 

𝑦 values for each 𝑖. 
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Introduction and Background 

The most widely used fire egress strategy is simple: The fire alarm bells must 

sound when a fire is detected, occupants should follow the signs to the nearest exit, with 

which they have been supposedly familiarized by participating in regular fire evacua-

tion drills. How can such a simple scenario go awry?  

1.1. The Research Problem 

A single individual in the 21st century may encounter very few fires in their 

lifetime, thereby falling prey to the illusion that fires are rare. However, fires are very 

frequent on a national and global level. The U.S. fire department responds to a fire 

incident every 24 seconds. Fire in a home can quickly become uncontrollable within 

two minutes, and it can take even less to safely escape a typical home from the time the 

fire alarm sounds [1]. What makes death by fire much faster than the speed of the flames 

themselves is the fact that most fire deaths are caused by smoke inhalation. The fumes 

are not only hot but also toxic and displace the little amount of oxygen remaining in the 

room [1]. Hence, most fire victims are overcome by lung burns, intoxication, and oxy-

gen deprivation even before they come into direct contact with the flames. Therefore, 

the first few minutes after detecting a fire could mean the difference between life and 

death. Unfortunately, most of us are ill-prepared to use these golden minutes effec-

tively. In the U.S. alone, 4000 people die each year in house fires, and that forms about 

80% of all annual civilian deaths from fire in the country [2]. While the obvious causes 

of fires in homes are smoking, cooking, faulty wiring or electrical appliances, heaters, 

children playing with fire, fire detectors not installed or not working, etc. [3], these 

causes may be symptoms of other root causes, which are discussed in the next sections.  

1.1.1. Available safe egress time vs. required safe egress time. Before 

elaborating on what the root causes and contributing factors may be, we need to define 

the concepts of Required Safe Evacuation Time (RSET) and Available Safe Evacuation 

Time (ASET), which are fundamental concepts in performance-based evacuation de-

sign. RSET is the time required to evacuate a space, from the notification of occupants 

till the last occupant is evacuated, and is estimated by adding up three basic time inter-

vals [4], namely: 
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• Detection and Notification time (𝑡𝑑), i.e. the time from ignition till the 

occupants become aware of the threat. The length of this period is in-

fluenced by the detection and notification systems in use, be they au-

tomatic or manual. 

• Pre-movement time (𝑡𝑎), which starts when occupants are notified up 

to the moment they start to evacuate or take evacuation-related actions. 

It is not uncommon for people to engage in other non-egress related 

activities after hearing the fire alarm, as will be explained later 

• Movement time (𝑡𝑚), which is the time required for occupants to exit 

once they have decided to evacuate 

ASET, on the other hand, is the total time available for occupants to evacuate, 

from notification until the onset of untenable conditions. The SFPE handbook states 

that in general, life safety is achieved if the RSET is less than ASET for the expected 

fire scenarios [5]. ASET can be estimated using closed-form equations or a Computa-

tional Fluid Dynamics (CFD) model. The difference between ASET and RSET can be 

visualized on a timeline as shown in Figure 1. 

 

 

Figure 1: Timeline of evacuation events, showing the difference between RSET & 

ASET 

 



 

21 

 

With the availability of modern fire detectors and automatic fire notification 

systems that sound the fire alarms instantaneously as soon as the products of fire are 

detected, the detection and notification time (𝑡𝑑) can be reduced to a matter of a few 

seconds. Pre-movement time (𝑡𝑎) accounts for non-egress activities, such as people in-

vestigating, gathering their belongings, looking for others to seek information or help, 

helping others, or waiting in place. Finally, movement time (𝑡𝑚) calculation is influ-

enced by the speed of movement within a floor and between floors, which in turn, is 

reduced by the walking distances, people’s crowd density, optical obscuration, smoke 

intoxication and disabilities [4], which can be sufficiently accounted for by sophisti-

cated simulation software. However, Bukowski and Tubbs state that pre-movement 

times are one of the most neglected factors in analyses [4, p. 2040], which justifies why 

evacuation modeling software may often underestimate RSET estimations, as pre-

movement time can be difficult to estimate due to its high variability and high depend-

ency on human attitude, behavior, available information, relationships and social roles 

within the temporal and spatial contexts. 

The problem of safe evacuation is further compounded by the fact that ASET is 

very short for typical homes, at about two minutes or less [1]. To illustrate how quickly 

a typical living room can flashover, the National Institute of Standards and Technology 

(NIST) had conducted fire experiments in simulated homes to gather empirical param-

eters and spread fire safety awareness. A few screenshots of the recordings at different 

intervals are shown in Figure 2 and Figure 3. 

 

 

Figure 2: Screen captures from an experimental living room fire - Example 1 [6] 

 

In Figure 2, a small fire was started under a Christmas tree, and it took just 44 

seconds for the entire room to be filled with smoke (hence, the ASET here was about 

44 seconds). In Figure 3, a small fire started on the couch, which took about a minute 

to become noticeable. After 2 minutes, the smoke layer has formed at the top and has 
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filled about 40% of the room. Within 17 seconds from the latter stage, the room has 

flashed over, and any persons who were hypothetically in the room would not have 

survived. This shows that in practice, RSET is usually much longer than ASET and that 

this is especially true for residences compared to commercial buildings. 

 

 

Figure 3: Screen captures from an experimental living room fire - Example 2 [6] 

 

1.1.2. Fire protection regulations. Homes are usually treated by the 

 authorities with less-stringent fire regulations and little fire safety inspections com-

pared to commercial and industrial facilities [7]–[9]. In the most recent version of the 

UAE Fire Code 2018, residences are still classified as a light hazard group with respect 

to sprinkler fire protection, and in some cases, sprinklers are not required, such as in 

the case of midrise buildings with ground floor areas less than 900 m2. Moreover, sprin-

kler systems are also not mandatory for private or commercial villas [10], which are the 

most preferred dwellings for families living in the GCC region.  

1.1.3. Unideal human response to fire.  An empirical study involving  

an announced evacuation drill from a retail store [11] has shown that only 19% of cus-

tomers left immediately after hearing the fire alarm, while the rest engaged in other 

behaviors that prolonged their pre-movement time, that is, the time prior to beginning 

the action of moving toward the fire exits. Their statistics show that 91% of participants 

had pre-movement times of 180 seconds or less. Another experimental study by 

Fireco® [12] shows that when the fire alarm is sounded, about 25% of people look to 
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see what everyone else is doing before acting, 13% would just ignore it and continue 

their normal activities, while only 4% would try and find the fire [13]. These statistics 

may indicate that people fail to react promptly in response to a fire alarm.  Some of the 

obvious factors that prolong pre-movement time include panic, lack of visibility, lack 

of familiarity with building layout, herd behavior in crowds, and the difficulty of mov-

ing toward fire exits due to different groups moving in different directions to grab their 

belongings and search for family. On the other hand, there are many incidents where 

people simply ignored the fire alarm. Both underreaction (low arousal, low perfor-

mance) and overreaction (high arousal, low performance) to fire alarms may be associ-

ated with the extremes of the Performance-Arousal curve (shown in Figure 4) that is 

used to describe the Yerkes-Dodson Law, which dictates that increase in arousal corre-

lates with increased performance only up to a point, after which hyperarousal leads to 

lower performance if the discrimination of environmental cues is difficult. 

 

 

Figure 4: Graph of The Yerkes-Dodson law. Reproduced from [14] 

 

Can fire drills reduce the difficulty of the evacuation task? Traditional fire drills 

are often met with low enthusiasm from participants and are seen as a ‘waste of time’ 

under some conditions [15]. This may be the case when the facility management team 

conducts frequent fire drills. Consequently, some occupants may intentionally evade 

the drill and refuse to respond to the fire alarm. Another case of underreaction to the 

fire alarm is associated with environments in which there are frequent false-positives 
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or nuisance alarms [16] e.g. smoke detectors placed in a wood-working shop or a 

kitchen could be set off by sawdust or harmless cooking fumes, respectively. Conse-

quently, occupants in such contexts may ignore the alarm completely and engage in 

activities other than egress, thereby wasting valuable time and possibly risking their life 

safety. 

By contrast to underreaction, overreaction in the form of panic in the event of 

an actual fire may make it harder for occupants to recall and apply what they were 

taught during the drills due to time pressure and stress, and can also impair wayfinding, 

especially in buildings that are complex and overloaded with environmental cues  (such 

as hotels, casinos, and shopping malls), or buildings that have repeated configurations, 

e.g. corridors that look too similar [17]. Not only that, but anxiety is also associated 

with a clinical shrinkage in the perceptive field. Bryan reports that less than 9% of 

participants reported noticing a fire exit sign during egress [18]. 

Not only does anxiety have implications on the behavior of an individual, but 

also on a large group of evacuees as well. Large masses in a state of panic form a deadly 

combination, whereby the third cause of death other than heat and smoke materializes: 

The risk of stampedes. Historically, many people have died in catastrophic fires due to 

being stepped over by large, panicking masses. The famous fire that occurred at the 

Station Nightclub in West Warwick, Rhode Island, in 2003 killed 100 due to crowding 

at the main entrance [19]. Another example is the fire of The Iroquois Theater in Chi-

cago, Illinois in 1903, deemed to be the deadliest theater fire in U.S. history, had a death 

toll of about 600 people, most of whom died due to asphyxiation under piles of fallen 

bodies [20]. 

Another consequence of evacuation anxiety is the preference of familiar, rather 

than safe routes. Empirical studies have shown that during emergencies, people have a 

preference to use the most familiar routes rather than risk exploring corridors which 

may or may not lead to a viable exit [17]. They also tend to avoid exits which have 

negative labeling (such as signs indicating that these exits should only be used in case 

of emergency and that a fire alarm would sound when opened), or emergency exits 

whose use during normal conditions is penalized by the institution. During an actual 

fire incident in a nursing home, only 6 out of 100 patients used the exits with negative 

labeling, even though the patients knew the locations of these exits [21]. The patients 
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are likely to have formed negative associations with such exits, and thus, instinctively 

avoided them during a legitimate fire, as people tend to use the routes with the least 

perceived risk, which are their most-used routes under normal conditions. 

1.2. The Research Need 

The previous sections have outlined that homes are particularly vulnerable to 

fire due to several reasons, many of which cannot be directly controlled. For the case 

of short ASETs, this is due to homes usually containing a large fire load in the form of 

combustible furniture, and are abound with sources of heat and electric arcs. This is a 

problem that could be mitigated by governments raising awareness regarding the dan-

gers of fire, but the effectiveness of such campaigns cannot be guaranteed. In section 

1.1.2, the deregulation of fire protection in homes was discussed, but legislative reform 

may not be the answer. This is because even when fire codes are improved over the 

years, in most cases the stricter rules are enforced for new buildings built after its in-

troduction, while buildings erected before that point in time are left vulnerable. Requir-

ing state officials to conduct regular fire safety inspections for all residences -old and 

new- is also prohibitively costly.  

It seems that the only, and the most decisive factor that is amenable to change 

is the human response to fire. The fire research community has realized that there is an 

urgent need to augment the traditional egress guidance strategies [16, p. 4] [22, p. 17] 

and that a shift in the fire evacuation paradigm is required to make fire alarm and evac-

uation systems provide more meaningful guidance toward optimal exits. Therefore, we 

propose a smart decision-support system for fire notification and guidance that can be 

retrofitted to existing buildings. We limit our scope to residential apartment buildings 

because occupants of standalone homes are unlikely to need guidance on how to best 

evacuate their homes, as there are usually no more than two exits to a standalone house 

and the number of people evacuating would be much smaller in that case than for a 

multi-story apartment building.  

This thesis aims to provide a holistic framework of a system that could achieve 

shorter pre-movement and movement times (and thus, shorter RSETs) by communi-

cating optimal exit paths to individual occupants during a fire. The decision process 

that will be used to generate recommended paths should take into consideration such 

factors as the predicted paths of the fire and smoke through the building, the likely 
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movement speeds of occupants given the environmental conditions, and their relative 

locations in the building. The possibility of nearest exits being blocked by smoke, pen-

etrated by fire, or congested with occupants fleeing the site, etc. must be considered as 

well to eventually route each occupant to a practically feasible fire exit. The need for 

such a real-time guidance system becomes obvious when readers recognize that the 

nearest fire exit may not be the optimal exit in practice due to several factors. For in-

stance, some fire exits may become congested during evacuation. Alternatively, the 

nearest exit to an occupant may be in a corridor that is already filled with thick smoke, 

in which case, the occupant would need to search for alternative paths. Alternative exits 

could be either completely unknown to the occupants, or at best, are not part of the 

mind maps they have formed of the building due to infrequent use. 

1.3. Review of Current Solutions 

In this section, two IoT-enabled evacuation systems are discussed as notable 

examples of current solutions for effective evacuation. A review of the literature on 

intelligent evacuation systems has revealed two broad branches of evacuation research: 

One branch is concerned with general crowd management under normal and emergency 

scenarios, regardless of whether the cause of evacuation is a fire. The other branch of 

research is dedicated to evacuating occupants in the specific event of a fire. The two 

solutions presented in this section are examples of the state-of-the-art in both of these 

research branches. 

1.3.1. A scenario-independent crowd management system. A notable 

 example is eVACUATE, which is a project funded by the European Commission [23], 

described as a “holistic scenario-independent, situation-awareness and guidance system 

for sustaining the active evacuation route for large crowds” [24]. It attempts to imple-

ment rapid evacuation regardless of the nature of the disruptive incident, which may 

not be fire-related. The eVACUATE system uses indoor positioning systems, a mobile 

app equipped with a two-dimensional map of the building, highlighting the nearest vi-

able exit route, in addition to providing strategically placed Variable Message Signs 

(VMS) to efficiently guide crowds out of mass gatherings occurring in confined spaces. 

The project has been validated through several successful experimental trials in the 

Anoeta soccer stadium in Spain, Athens International Airport, a cruise ship in STX-FR, 

France, and in Metro Bilbao, Spain [25]. The major objectives of eVACUATE are 
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dynamic optimization of evacuation strategy and path, monitoring and controlling of 

evacuation flow using a network of low-power sensors and sophisticated imaging tech-

niques (such as hyperspectral, infrared and visual cameras), as well as the prediction of 

problems that can cause incidents through dynamic simulation faster than real-time. So 

far, it has been reported that eVACUATE has achieved a 25% reduction in total egress 

time [26]. 

1.3.2. A fire-specific evacuation guidance system. An example of a smart  

evacuation system designed specifically for fire disasters was proposed by Zualkernan 

et al. [27]. At the sensing layer, Bluetooth Low Energy (BLE) beacons with built-in 

temperature sensors are used, along with flammable gas sensors to detect smoke. A 

notable contribution made to the communication layer is the support of two communi-

cation protocols: Wi-Fi and DigiMesh, such that if the Wi-Fi routers burn during the 

fire, the system automatically switches to DigiMesh: A peer-to-peer network. Mesh 

networks have a ‘self-healing’ advantage over Wi-Fi; when a communication node 

fails, alternate paths are found through healthy nodes [28]. More on their choices of 

protocols and middleware can be found in [27].  

Their proposed system is summarized in Figure 5. The services provided by 

their system include localization of each occupant in the building, calculating a safe 

evacuation path for each individual in real-time using A* search algorithm, which is a 

heuristic that finds the shortest path between nodes [29]. They designed the cost func-

tion such that it considers the walking distances, temperature, and smoke in the various 

possible paths. In addition to these two key services, they also propose that the system 

directly communicates with the fire department such that the fire rescue services can 

view a danger map of the building and where the occupants are, the ability of occupants 

view the locations of other occupants in the building, as well as communicate theirs. 

What if some occupants do not have mobile phones, or have not downloaded the mobile 

application at the time the fire breaks out? To handle such a situation, [27] suggest 

providing smart colored LED strips on the floors, rather than traditional exit signs at 

the top, that not only direct occupants to their nearest exit, but their colors also indicate 

whether the exit and path are safe and clear. The advantage of having these signs on the 

floors is that they can remain visible for as long as possible, since smoke fills compart-

ments top-down, as opposed to bottom-up. 
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Figure 5: System architecture for an IoT-based fire evacuation system proposed by 

Zualkernan et al. [27] © [2019] IEEE 

 

1.4. The Research Gap 

In their recent review of general crowd management solutions, Ibrahim et al. 

[30] highlighted the state-of-the-art techniques and approaches used by such systems, 

which include crowd monitoring and tracking with video and non-video methods, as 

well as emulation of crowd behavior ex-ante using fuzzy logic, neural computing, prob-

abilistic graphical models and evolutionary computing. Some of these emulation tech-

niques have reached predictive accuracies of up to 86% [30]. These techniques may be 

used to optimize the design of a venue that is expected to host large crowds and can 

also aid in real-time prediction and alert of impending crowd disasters. Similar capa-

bilities (monitoring, tracking, and emulation) also exist in the fire research area, where 

monitoring of fire risk is achievable via highly sensitive fire detection systems. The 

tracking of evacuees via mobile technology is also possible but has not yet been imple-

mented, as corroborated by [31], [32].  

As for emulation capabilities, there a wide variety of emulation techniques are 

in fire design practice, such as agent-based simulation and cellular automata, which 

predict the movement of fire and people ex-ante i.e. while the building is still in the 

design stage, or to restructure a fire incident that has already occurred ex post facto1. 

 
1 Ex post facto fire simulation is performed to identify, in retrospect, the cause of a fire [33] 
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With well-established ex-ante and ex post facto emulation methods on one hand, 

the optimization of path choice during the emergency itself, on the other hand, is a re-

search area that requires more attention for both scenario-independent crowd manage-

ment and fire evacuation. In the area of general crowd management, Ibrahim et al. high-

lighted this research gap and concluded their paper stating that: 

 

The research works in terms of evacuation path guidelines for normal and emer-

gency evacuation scenarios outdoors and especially during a large-scale gather-

ing of a crowd is very limited… further research and thorough study are needed, 

which can serve as a decision support during any evacuation scenario and lead 

to a safe evacuation [30, p. 16]. 

 

Supporting this conclusion in the fire evacuation area is a 2019 report published 

by the Fire Protection Research Foundation [22, p. 16], showing that significant re-

search is needed to identify how mobile technology could be integrated with fire alarm 

systems in buildings and campuses, and how the alert messages could be customized 

based on the characteristics and the location of the receiver.   

1.5. Requirements Specifications 

Proulx [16] suggests that providing precise, more complete information about 

the emergency, where it is located, and what is expected from building occupants dur-

ing a fire should induce an evacuative reaction and reduce fear and worry. Hoskins and 

Mueller delivered a more detailed report [22], intending to develop recommendations 

for emergency notification in buildings. Their report highlighted some key objectives 

of an effective solution: 

• Occupants must be able to sense the fire alarm i.e. it is audible and distin-

guishable from ambient noise, and distinguish it from other types of alarms 

e.g. elevator fault, burglary alarm, etc. 

• Good system designs should use all three environmental cues: Visual, text 

and auditory notifications 

• The alarm system has credibility i.e. it does not frequently give rise to false 

alarms, uses a live announcer’s voice (or a recording of it) rather than a 

computer-generated voice to deliver audio announcements 
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• The alarm system provides information relevant to decision-making, includ-

ing the source, hazard, location and time 

• Actions expected from the occupants are provided 

• Instructions should be customized to each individual, as some may be asked 

to go to a refuge floor, evacuate to the outside of the building, or remain in 

place waiting for help 

• Instructions should include the egress routes to avoid 

• Operations that compete for people’s attention should be discontinued auto-

matically 

• The system should use the help of fire wardens 

In addition, they dedicated a section in their report to the use of mobile technol-

ogy, whereby Wireless Emergency Alerts (WEAs) can be sent to all registered occu-

pants using the Integrated Public Alerting and Warning Systems (IPAWS), but also still 

needs to provide the necessary information (nature of the threat, available time, optimal 

route, etc.), otherwise, the alarm could still be ignored. Besides, an indoor positioning 

and navigation system could be used with cell phones [34], but no building is known 

yet to use such a system. Nonetheless, they emphasized the many advantages that mo-

bile technology can offer [22, p. 13], including the ability to send personalized mes-

sages to each occupant in their preferred language, enable optimization of egress rout-

ing, alert occupants to which exits are congested, and enable occupants to not only re-

ceive but also send information. Ideally, we would want our framework to consider the 

following: 

A. A floor layout could be abstracted by considering entire apartments as 

source nodes in a network, and corridors as arcs, where the exits or ref-

uge floors (which replace fire exits in high-rise buildings) are the sinks 

B. Account for travel times and queuing times, rather than walking dis-

tances, where queuing time is a function of crowd count and density, 

while the travel time is a function of visibility and occupants’ flow den-

sity 

C. If the chosen formulation requires specifying a time horizon, this would 

be the ASET, which is provided by a fire thermal model 
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D. If the formulation involves minimizing cost or travel time, the objective 

function must consider environmental conditions, such as temperature, 

visual obscurity and the Fatal Effective Dose (FED)2 due to smoke 

E. Total capacities of not only exit doors, but also entire egress paths, 

should be known or estimated and must not be exceeded 

F. Vulnerable occupants should be given a prioritized assignment to near-

est safe exits 

These requirements specifications induce the research objectives described in 

the next section. 

1.6. Research Objectives 

Our research aim is to design a comprehensive optimization framework for the 

real-time operation of a smart evacuation support system, specialized for fire alert and 

guidance in residential apartment buildings. This system will not only utilize the power 

of network optimization but also use fire simulation to predict and avoid the paths of 

fire and smoke. We envision a system that utilizes IoT, machine learning, fire simula-

tion, and network optimization to achieve safer, more effective fire evacuation from 

residential buildings. To accomplish this aim, we first need to pose the following re-

search questions: 

1. What are the input, processing, and output requirements of this system? 

2. What is the most appropriate fire and smoke simulation software for this appli-

cation? 

3. How can the habitable interior spaces of a residential building be modeled as a 

network? 

4. How can a network optimization problem be formulated such that the optimal 

evacuation routes are realized in near real-time?  

In summary, we have the following research objectives: 

1. Design and validate a network model that can be solved to find the optimal 

egress route for each occupant in an exemplary building 

 
2 FED is the cumulative smoke dose of a species of combustion product, which, if inhaled for 

some time, would cause incapacitation 
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2. Evaluate the types of fire & smoke simulators in the public domain and select a 

simulator based on appropriateness of application, and a track record of accu-

racy and speed 

3. Develop an algorithm to integrate the selected fire simulator and designed net-

work optimization model, such that the output of the simulator feeds into the 

network optimization model  

These objectives and requirements specifications lead to the formulation of our 

proposed system concept, which will be illustrated in the next section. 

1.7. Proposed System Concept 

The following sections describe and illustrate visually (using Figure 6 through 

Figure 8) the components of the front-end of the system, and in brief, the back-end 

processes and the expected outputs. Although we display roughly the system’s hard-

ware components in the following, it is only to provide context for later discussions. 

The focus of this thesis shall be the algorithms governing the operation of this system.  

1.7.1. Elements of the system’s front-end. The main elements of the front- 

end would be crowd sensors, Infrared (IR) cameras, smoke measurement devices, Blue-

tooth or Wi-Fi beacons, and most importantly, a mobile application that should be in-

stalled a priori on the smartphones of the occupants that should be able to override all 

other applications, user permissions, sound settings, etc. It is planned that users would 

be required by the facility management to install this mobile application when they 

move in and use it to register themselves and their family members. The registrations 

can be used to build a database of occupants’ special needs, e.g. disability affecting 

movement, respiratory problems, pregnancy, caregiver of infants, children, or elderly, 

that would qualify them for priority assignment to the nearest available exit in the case 

of a fire emergency. 

When a fire is detected (either through heat or smoke detectors or by activating 

a manual station), specialized thermal imaging cameras and crowd sensors, smoke 

measurement devices, and Bluetooth beacons would be activated. Each of these devices 

serves a specific purpose, summarized in Figure 6,  which will be explained in the fol-

lowing sections. 

 



 

33 

 

 

Figure 6: Elements of the proposed system's front-end. Images adapted from [35] © 

[2019] IEEE, [36]–[39] 

 

 Crowd sensors. Computer vision, ultrasonic sensors, thermal  

sensors or Wi-Fi tracking [40] be used for crowd counting or crowd density measure-

ment in corridors leading directly to fire exits. We do not concern ourselves with choos-

ing the particular crowd measurement technology to use in this proposed architecture. 

However, in a residential setting, since privacy is a major concern, a crowd counting 

technique that can accurately count crowds or estimate the crowd’s density without 

requiring camera footage is preferable. Besides avoiding ethical concerns emanating 

from possible violations of privacy, crowd sensors that do not use cameras tend to be 

cheaper, and thus, more economical to distribute throughout the building in large quan-

tities. If ultrasonic sensors or Wi-Fi tracking are used, for example, the field of detection 

would be wider than for a camera, and thus, have better access to the crowds. After 

crowd densities are collected at each transition in the exit route, it can be used to esti-

mate the actual flow rates and compare these to the maximum allowable flow rate 

(which is known or calculated a priori) to determine whether certain routes are con-

gested, and should thus, be excluded from current route suggestions. 

 Thermal imaging cameras.  Thermal imaging or Infrared (IR)  

cameras can be utilized for fire alarm verification. For instance, if a fire detector is 

activated, an IR camera in its vicinity can be activated automatically, and a simple al-

gorithm can detect whether fire or smoke (appearing as exceptionally high-temperature 
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areas in the thermal image) do exist. The algorithm can then initiate a building-wide 

alarm if a legitimate fire is detected by the thermal camera. If not, the building-wide 

alarm is suppressed but the facility management team would be notified and instigated 

to go and inspect further. Not only can IR cameras be used to sound a legitimate alarm, 

but they can also be used to track the progression of the fire, which would then be used 

to exclude untenable routes from any path recommendations, as well as provide data to 

initialize the fire & smoke simulator in the back end. 

 Smoke density sensors.  Smoke density measurement devices  

placed at various locations in the building would measure smoke concentration. By 

contrast to smoke detectors whose output is binary (i.e. they only indicate whether the 

concentration of particulate matter has exceeded a predefined threshold), air sampling 

smoke detectors can quantify the smoke concentration continuously. This data shall be 

used to decide whether an exit path is clear and if necessary, recalculate optimal paths 

excluding smoke-filled routes. 

 Indoor connectivity and localization. Beacon technology can be 

 used for indoor wayfinding. GPS is only accurate up to 10-15 meters [41] and works 

well outdoors under open skies, but not indoors. Bluetooth Low Energy (BLE) beacons, 

on the other hand, are small, inexpensive devices that can be installed indoors and can 

be set up to use a variety of techniques to locate a user via their mobile phone with an 

accuracy up to 0.5 meters [27]. They can also be set up to send messages to a mobile 

phone via the app. However, they require that the user have their Bluetooth turned on 

to be detectable by the beacon. Zualkernan et al. have also favored the use of multiple 

networks, such as Wi-Fi and DigiMesh [27], to maintain mobile connectivity as the fire 

progresses and causes thermal damage to the beacons and Wi-Fi components such as 

routers, repeaters, etc. 

1.7.2. Elements of the system back-end. The back end of a system consists 

of the components that the users do not directly interact with, and it is where the pro-

cessing happens. The communication protocols and hardware have been described in 

[27] and we generally subscribe to their proposed topology, albeit for their routing al-

gorithm (this is because the shortest path approach suffers from many drawbacks, as 

we will explain in section 2.1). Differing from  [27], our proposed system would require 

other types of sensors, such as crowd sensors and thermal imaging cameras to satisfy 
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its additional needs. In this thesis, we propose that the exit assignment and routing prob-

lems be solved differently by running a fire thermal model and using its output, along 

with other real-time data, to solve a network optimization problem, in this order.  

To illustrate, let us assume that there are two major stages in the back-end pro-

cessing: Stage 1 is the simulation stage (Figure 7), and Stage 2 is the optimization stage 

(Figure 8).  In the first stage, real-time data from temperature and smoke sensors re-

garding the location of the fire and smoke is mapped onto an existing digital represen-

tation of the building layout which was already stored in the system a priori. The fire 

model is run with these inputs, generating a prediction of where the fire and smoke will 

propagate over a specified time horizon, as well as the ASET for each egress path.  

In the second stage, a network model of the building is optimized such that 

evacuees are assigned to exits and routed to their assigned exits through safe paths. 

Before this step is executed, however, the untenable paths due to smoke and fire must 

be first removed from the set of feasible network paths. 

After that, knowledge of congestion levels in the exit paths is required so that 

transit and queueing time are estimated, and congested exit doors are excluded from the 

solution space until the congestion clears up. Thirdly, database entries (available a pri-

ori) which identify highly vulnerable occupants who have special needs, such as disa-

bilities, pregnancy, respiratory problems, etc. can be used to prioritize the assignment 

of these evacuees to their nearest exits. 

These three objectives require the output from the first stage (the predicted fire 

and smoke paths), along with crowd densities from the crowd sensors, and a database 

of occupants’ health and mobility issues, respectively, as summarized in Figure 8.  

Finally, the system’s final outputs or services, summarized in Figure 9, would 

include information regarding the location of the fire and the action expected from each 

occupant: Whether to evacuate immediately, wait for verification of the hazard, or de-

fend in place3. If the desired action is to evacuate, the occupant will be sent a map of 

their floor, indicating their current location and the optimal route they should take to 

their assigned exit. The ASET can also be shown to the occupants as a countdown to 

induce a sense of urgency.  

 
3 In some cases, partial evacuation plans may be in practice, or the fire is already in the occu-

pant’s vicinity and their best survival plan is to remain in their room and wait for rescue 
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In the next chapter, we present an in-depth literature review of building network 

modeling and formally define the optimization problem. 

 

 

Figure 7: First stage of back-end processing in the proposed system (Simulation). Im-

ages adapted from [42], [43] 

 

 

Figure 8: Second stage of back-end processing in the proposed system (Optimization). 

Images adapted from [43], [44] 
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Figure 9: Outputs generated from the proposed system. Images adapted from [44] 
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An In-Depth Review of Building Network Modeling  

Evacuation problems can be formulated and solved optimally using graph the-

ory, however, there is no single model that captures all the macroscopic and micro-

scopic details of an evacuation problem, because the more realistic a model becomes, 

the more intractable its solution algorithm would be. Therefore, the choice of which 

network model to adopt depends on the requirements specifications of our proposed 

system, as laid out in section 1.5, and more importantly, whether or not there exists an 

algorithm that can solve that model in polynomial or strongly polynomial running time. 

The latter requirement is essential if an optimal solution must be arrived at in near real-

time.  

First, we begin by introducing some concepts that move beyond the well-known 

static flow problems, such as the simple shortest path, maximum static flow, and static 

minimum-cost flows. Particularly, we aim to display the importance of flows over time 

or dynamic networks in evacuation problems. 

Classical (static) network flow models incorporate a basic assumption: All flow 

units are moved from source(s) to sink(s) instantaneously in one wave, thereby neglect-

ing the evolution of the system over time. In reality, flow units take time to travel be-

tween nodes, and the evolution of the disaster in time and space could mean that some 

paths which were viable at the start of the evacuation process may become untenable at 

some point due to smoke, fire propagation, or congestion. In addition, without taking 

travel times into consideration, it would not be possible to detect congestion at nodes 

or arcs even if the static network is capacitated. This is because in a static network, 

capacities on arcs bound from above the total number of units that can flow through the 

arc, while those on dynamic networks are instantaneous capacities i.e. they bound the 

flow rates, and the latter is more representative of real flow through passageways. The 

next section highlights the pitfalls of using static flow networks rather than dynamic 

networks to solve evacuation problems, and more specifically, shows the comparative 

advantage of using earliest arrival flows in this context. 

2.1. Pitfalls of Static Networks in Evacuation Problems 

There are two subproblems to tackle in an evacuation plan: An exit assignment 

problem, and a routing problem. According to Dressler et al. [45], the naïve approach 
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of sending everyone to their nearest exit (referring to the simple shortest path problem) 

quickly creates bottlenecks, even if the building layout is very simple. They used a 

simple cellular automaton simulation to demonstrate this point. Figure 10 shows three 

snapshots taken from the simulation video uploaded by Dressler et al. to the website of 

ZET evacuation tool4. At time zero, there are 170 evacuees equally distant from a high 

capacity exit on the left and a low capacity exit on the right. The shortest path assign-

ment will direct half of this population to the right and the other half to the left, as in 

the second snapshot. After 16 minutes of simulated time, half of the population has 

already evacuated through the high capacity exit, while the other half are still queueing 

at the low capacity exit on the right. These results can be explained by the fact that the 

shortest path formulations do not take capacities of exits or corridors into account. 

 

 

Figure 10: Cellular automaton simulation of shortest path exit assignment by [45] 

 

Dressler et al. mention that approaches based on game theory and Nash flows, 

such as Best Response Dynamics (BRD) can yield better results. They also introduce 

two approaches based on network optimization. One approach is based on solving a 

Maximal Flow (MF) problem to estimate the capacities of the exits, followed by a Min-

imum Cost Flow (MCF) problem which distributes evacuees among the exits 

 
4Available at http://zet-evakuierung.de/en/icem.html 

http://zet-evakuierung.de/en/icem.html
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proportionally to the exit capacities and solves for the path of minimum cost, where 

cost here is interpreted as the travel time based on normal walking speed. The second 

approach solves an Earliest Arrival Transshipment (EAT) problem, which attempts to 

evacuate as many people as possible in the shortest amount of time.  

While the first approach yielded better results when it accounted for capacities, 

it faced a problem when the two exits were of equal capacity and the population was 

initially closer to one exit than the other. In this case, it sent half the population to each 

exit, even though the closer exit had the minimum cost. Dressler et al. compared the 

four major evacuation problems in Figure 11, showing that for the simple rectangular 

building layout, EAT achieves the shortest overall evacuation time.  

 

 

Figure 11: Comparison of simulated evacuation times for four popular evacuation ap-

proaches. Reproduced from [45] 

 

Even though EAT achieved the best performance in this simple example, it was 

not free of problems either, as it failed to account for localized bottlenecks created by 

the environment, such as a pillar in the path to the exit. Dressler et al. concluded their 

analysis with a recommendation to explore other approaches or to possibly combine 

existing ones as the approach that worked best seemed to depend on the floor layout, 

initial position of the crowds, and the capacities of the available exits. In this thesis, we 

propose combining the EAT approach with the Hydraulic Model (to be covered 
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extensively in section 2.7), which calculates maximum flow rates and travel times using 

a set of closed-form equations, for subsequent input to a dynamic network model. 

Having shown the importance of dynamic flows (or flows over time) for net-

work clearance problems, the area of dynamic flows became a fertile ground for re-

search, aided by the seminal work of Ford and Fulkerson [46]. They were the first to 

introduce flows that take time to travel arcs, called travel times, over a finite time hori-

zon T. Specifically, they considered the maximum s-t flow over time problem for a net-

work with a single source, s, and a single sink, t.  It is sufficient for a network problem 

to be classified as ‘dynamic’ if flows need time to travel arcs, but it may or may not 

have time-dependent attributes i.e. the unit costs on arcs, arc, and node capacities, and 

arc travel times could be constant or functions of time. It is quite reasonable in practice 

for such attributes to be transient. For example, smoke, debris, and congestion could 

prolong arc travel times. Not only can arc travel times be defined as functions of time, 

but they can also be flowrate-dependent or load-dependent. Dhamala et al. [47] go fur-

ther and state that “the arcs on the network can also be thought of as fluid transporting 

pipelines, where the length and width [of the passageway] determine arc travel time 

and its capacity, respectively.” In fact, this approach to calculating arc travel times and 

arc capacities is applied by the Hydraulic Model covered later in this thesis. The SFPE-

standard hydraulic model, well as our suggested modifications to it, will be integrated 

with the a-processing algorithm (Algorithm 1) that will be run before the network op-

timization algorithm to estimate the arc capacities, arc travel times, and path travel 

times.  

Tjandra [48, pp. 2–3] explains that there are generally three approaches to solv-

ing dynamic network flow problems: 

I. Reducing dynamic network flow problems to static ones and using ex-

isting algorithms to solve them e.g. Temporally repeated flows [49, p. 

457]. 

II. Applying existing static flow algorithms to a time-expanded network, 

which represents the dynamic network statically by creating a copy of 

each node corresponding to each discrete instant in time up to the time 

horizon T. Unfortunately, the size of this network increases exponen-

tially with the input size (the number of nodes and arcs) and the length 
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of the time horizon. Therefore, algorithms applied to time-expanded net-

works become pseudo-polynomial in running time, even when they are 

polynomial otherwise [50, p. 19].  

III.  Avoiding the time expansion by exploiting some mathematical proper-

ties of the time-dependent attributes. Examples can be found in [50] and 

[48] for methods of computing earliest arrival flows without resorting to 

time expansion, resulting in better time complexities than the second 

approach. 

2.2. Transshipments vs. s-t Flows 

At this point, a distinction should be made between a flow and a transshipment. 

A flow problem has a single source, a single sink, but no supply-demand function to 

satisfy. A transshipment problem can have multiple sources, multiple sinks, and must 

have a supply-demand function. Also, a transshipment has node balance constraints on 

all nodes, including the sources and sinks. In other words, the flow problem will not 

bound the number of evacuees and requires only that inflow balances outflow at each 

intermediate node, leaving sources and sinks unrestricted. 

The flow conservation constraint in the flow problem and node balance con-

straints in the transshipment problem are equivalent when considering the case of in-

termediate nodes whose supply-demand function is zero, but for sources and sinks, the 

node balance constraints explicitly force outflow from a source not to exceed its initial 

supply, and the inflow to a sink not to exceed its initial demand. Hence, framing the 

evacuation problem as a transshipment is appropriate for evacuation problems when the 

number of evacuees is known accurately in advance (the number of evacuees will be 

assigned as node balances to the sources and sinks). A transshipment is also appropriate 

when occupants inhabit dispersed areas within the building, while a flow problem can 

be more appropriate when the number of evacuees is uncertain, or when all the evacuees 

are in one area, such as an auditorium, as it does not require knowing the number of 

units to be moved in advance. 

Throughout this thesis, we assume that we can obtain the number of evacuees 

accurately, or at least, a lower bound on the number of occupants at the time the evac-

uation begins, approximated as the number of mobile devices connected to the system’s 

wireless network. Such an assumption may be criticized by readers as overly optimistic. 



 

43 

 

Baumann argues that in a residential building, unlike an airplane, for example, we can 

neither obtain a precise lower bound nor an upper bound on the number of evacuees 

[50, p. 44] as the tenants may have visitors, or some tenants may be outside the building 

during the emergency. This observation implies discarding the idea of framing the evac-

uation of a residential building as a transshipment altogether, but we would like to con-

vince the reader that modeling the problem as a transshipment can still be better than 

modeling it as an s-t flow, even if the node balance estimates are slightly inaccurate. 

To model the problem as a flow, we must transform the multiple-source-multi-

ple-sink network into a single-source-single-sink network by adding a supersource (a 

source node connected to all the original source nodes) and a supersink (a sink node 

connected to all the original sink nodes) via uncapacitated, zero-transit time arcs. The 

problem with this approach is that solutions based on this two-terminal extended net-

work can violate the supplies of the original source nodes by sending more or less flow 

units through them than their original individual balances. It does not suffice to set the 

capacities of the arcs connecting the supersource to the original sources equal to the 

supply of each source. This is because those capacities bound the flow rate (the amount 

of flow at one time instant), and not the total amount of flow up added up over every 

time instant up to the time horizon. For this reason, we restrict ourselves to transship-

ment problems, rather than flow problems. 

2.3. Definitions 

Consider a directed graph N = (V, A , 𝑆+, 𝑆−, b, u, τ ) consisting of a set of 

nodes, V, and a set of directed arcs, A ⊆ V × V \ {(v, v) | v ∈ V}, a set of source nodes 

𝑆+⊆ V and a set of sink nodes 𝑆−⊆ V. The source nodes shall represent rooms or areas 

where evacuees stay, such as apartments in an apartment building. The sink nodes 

would then represent exits from the buildings or safe areas where evacuees can wait to 

be rescued, such as refuge floors in high-rise buildings. The remaining nodes which are 

neither sources nor sinks are called intermediate nodes and would represent points 

along exit paths where the terrain or effective width of the passageway changes, or at 

points where flow merges or branches.  

Arcs that connect nodes would then represent the passageways which evacuees 

must traverse. The sets of incoming and outgoing arcs from a node v are denoted by 

𝛿−(𝑣)  and  𝛿+(𝑣), respectively. A node balance or supply-demand function is defined 
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as b: 𝑉 → ℤ.  This function will have positive integers for sources, negative integers 

for sinks, and is zero otherwise. Hence, source nodes will have b(v)>0, while sink nodes 

will have b(v)<0.  |𝑏(𝑣)| is the supply of a source node which would also represent the 

number of evacuees housed in that node, or equivalently, the demand for evacuees at a 

sink node. The total supply on the source nodes must balance the total demand on the 

sink nodes, such that ∑ 𝑏(𝑣)𝜈∈{𝑆+ ∪ 𝑆− } = 0.  

Both nodes and arcs can have capacities defined through the capacity function 

u: A ∪ V → ℕ. Arc capacities shall be calculated based on the hydraulic model as will 

be explained in section 3.3.  

An arc a ∈ A can have a travel time τ(a) through the function τ: A → ℕ. In 

addition, a non-negative cost per unit flow on an arc a is denoted by c(a). If the cost is 

time-dependent, then it will be denoted by c(a, 𝜃), representing the per-unit cost on arc 

a at time 𝜃.  

The static flow function 𝑥(∙): A → ℕ0 assigns a flow value x(a) to each arc a ∈ 

A. On the other hand, a discrete-time dynamic flow function 𝑥(∙ ,∙): A × ℝ+→ ℝ+ as-

signs a flow value of  𝑥(𝑎, 𝜃) to each arc a ∈ A at each time 𝜃 ∈  ℕ0. Note that when 

the continuous-time model is being used, the flow function 𝑥(𝑎, 𝜃) is understood as a 

flow rate, i.e. the number of flow units entering arc a per unit time, at time 𝜃, measured 

at the entry point of a [47], [50, p. 12]. However, when the discrete-time model is being 

considered, 𝑥(𝑎, 𝜃) translates to the amount of flow entering the arc a at time step 𝜃, 

where a time step may not necessarily be 1 second [45], [50, p. 16]. 

Following Dressler et al.’s [45] brief notation, we denote the amount of flow 

that has entered a node v up to time instant 𝜃 as 𝑥−(𝑣, 𝜃) ≔ ∑ ∑ 𝑥(𝑎, 𝑡)𝜃−𝜏(𝑎)
𝑡=0𝑎∈𝛿−(𝑣)  , 

and likewise, the amount of flow that has left a node v up to time 𝜃 as  𝑥+(𝑣, 𝜃) ≔

 ∑ ∑ 𝑥(𝑎, 𝑡)𝜃
𝑡=0𝑎∈𝛿+(𝑣) . Furthermore, we define the total flow output from the network 

up to time 𝜃 as the following: 

 

𝑣𝑎𝑙𝑢𝑒(𝑥, 𝜃) ≔  ∑ (𝑥+(𝑠, 𝜃) − 𝑥−(𝑠, 𝜃)) = 

𝑠 ∈ 𝑆+

∑ (𝑥−(𝑡, 𝜃) − 𝑥+(𝑡, 𝜃)) 

𝑡 ∈ 𝑆−

 (1) 
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By this definition, the total output from the network at the end of the time horizon T is 

𝑣𝑎𝑙𝑢𝑒(𝑥, 𝑇).  

A fundamental concept in the study of dynamic network flows is chain flow, 

and the related concepts of chain decomposition and temporally repeated flows. A path 

P in the network N is a chain of arcs from a source to a sink, and it is possible to express 

the flow in a network as the number of flow units sent along each arc, or as the number 

of flow units sent along each path; both representations are equivalent [51, p. 79]. If m 

flow units are shipped along a path P, then the corresponding static flow is called a 

chain flow 𝛾 = 〈𝑚, 𝑃〉. Furthermore, if a set of k chain flows adds up to the entire static 

flow x in a network i.e. ∑ 𝛾𝑖 = 𝑥𝑘
𝑖=1 , then this set of chain flows is called a chain de-

composition Γ = {𝛾1, 𝛾2, … , 𝛾𝑘}. In addition, if all the chain flows in Γ use arcs in the 

same direction as x, then Γ is also a standard chain decomposition, which is not neces-

sarily unique for a given static flow. 

In the context of dynamic flows, a static flow 𝑥(∙) repeated over discrete time 

instants can induce a feasible dynamic flow 𝑥(∙ ,∙) within a time horizon T, if all the 

following conditions are met [52]: 

1. Γ is a standard chain decomposition,  

2. There is no chain flow in Γ whose length 𝜏(𝛾) is longer than the time 

horizon T,  

3. Each chain flow 𝛾𝑖 in Γ sends 𝑚𝑖 units of flow along path 𝑃𝑖 every time 

step from time zero up to time 𝑇 − 𝜏(𝛾𝑖)  

4. Strict flow conservation constraints are satisfied 

Under these conditions, the resulting dynamic flow is termed a temporally re-

peated flow, which is a dynamic flow denoted by [Γ]𝑇, and its value depends on the 

underlying static flow 𝑥(∙) and not the particular choice of chain decomposition, as 

shown in equation (2): 

 

𝑣𝑎𝑙𝑢𝑒([Γ]𝑇) = ∑(𝑇 − 𝜏(𝑃))𝑥(𝑃)

P ∈ P

= 𝑇 ∙ 𝑣𝑎𝑙𝑢𝑒(𝑥) −∑ 𝜏(𝑎) ∙ 𝑥(𝑎)
𝑎 ∈ 𝐴

 

(2) 
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In a maximum dynamic flow problem (MDFP), we wish to maximize the value 

of a feasible dynamic flow bounded by T. This can be achieved by maximizing the 

expression on the right-hand side of the above equation, which is also the negative of 

the cost of a circulation in a single-source single-sink network if an arc from the sink t 

to the source s is added with a travel time 𝜏(𝑡, 𝑠) = −𝑇, and travel times are interpreted 

as costs [49]. The network transformation is illustrated in Figure 12. This important 

result is used to compute 𝑜𝑇(𝑆+). 

 

 

Figure 12: Illustration of the network transformation needed to compute 𝑜𝑇(𝑆+) 

 

When referring to the maximum amount, or value, of flow over continuous time 

that can be sent by nodes in a set X to nodes not in X by time 𝜃 ∈  ℝ+ , we use the 

notation 𝑜𝜃(𝑋), where X is a subset of terminals i.e. X ⊆ 𝑆+ ∪ 𝑆−. Analogously, the 

network modification would involve a supersource linked only to sources in X  (𝑆+ ∩ 

X), a supersink linked to sinks outside of X  (𝑆−\  X), and a return arc from the supersink 

to the supersource with a per-unit cost of - 𝜃. If we denote the extended network by 𝑁̅, 

then, 𝑜𝜃(𝑋) for the original network N can be found with a single static minimum cost 

flow computation in 𝑁̅ [50, p. 30], as in equation (3). 

 

𝑜𝜃(𝑋) = −min {∑ 𝜏(𝑎) ∙ 𝑥(𝑎)
𝑎 ∈ 𝐴∪{(𝑡,𝑠)}

 |  𝑥 𝑠𝑡𝑎𝑡𝑖𝑐 𝑚𝑖𝑛 − 𝑐𝑜𝑠𝑡 𝑠 − 𝑡 𝑓𝑙𝑜𝑤 𝑖𝑛 𝑁̅} (3) 
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2.4. Structure of the Extended Network 

Consider the case of a network model that has a node balance function b, mul-

tiple sources, and multiple sinks. The problem of what initial supply to assign to each 

source node is trivial, as b(s | s ∈ S+) can be defined as the number of evacuees located 

in the apartment represented by s ∈ S+. However, the answer is not so trivial for sink 

nodes representing safe waiting areas or exits. It could be unwise to try and ascribe a 

demand value to each sink node, as this would leave the optimization problem only 

with the task of path assignment and not exit allocation. In other words, if we assign 

values to b(t | t ∈ 𝑆−), then the allocation of evacuees to exits would have already been 

performed arbitrarily by the modeler and would, therefore, become a constraint. Since 

we also want the optimization algorithm to solve both the exit allocation and path as-

signment problems, we shall extend the multiple-source-multiple-sink network to a 

multiple-source-single-sink network where all the sink nodes 𝑡 ∈ 𝑆− shall be connected 

to a supersink node, 𝑡′, by uncapacitated, zero transit-time arcs. The balance on the 

supersink 𝑡′, would be the negative of the sum of all balances on the source nodes, i.e. 

𝑏(𝑡′) =  −∑ 𝑏(𝑠)𝑠 ∈ 𝑆+ . An illustration of the network transformation is shown in Fig-

ure 13. 

 

 

Figure 13: Illustration of the first network transformation (N to N’) from a multiple-

source multiple-sink network to a multiple-source single-sink network5 

 

This network transformation implies that the original sink nodes in 𝑆− would 

behave as intermediate nodes in the new extended network, which consequently raises 

 
5 Click to return to Algorithm 6 [Evac()] 
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the question of what node capacities should be assigned to each of the original sinks 

t ∈ 𝑆−. The answer depends on whether the safe area is located outdoors or indoors. In 

high-rise buildings and some other special evacuation scenarios, the safe area may not 

be outdoors, but rather indoors, in a well-protected area, such as a refuge floor. If the 

safe area is outdoors, it is safe to assume that its capacity is a very large and can be 

modeled as infinite, while that of an indoor safe area should be finite, and limited by its 

maximum occupancy, 𝑀𝑡. Hence, the set of sinks 𝑆− can be further split into two com-

plementary subsets such that 𝑆−  ≔  𝑆𝑖𝑛 
−  ∪ 𝑆𝑜𝑢𝑡 

– .  𝑆𝑖𝑛 
−  is the subset of sinks representing 

safe waiting areas inside the building, and 𝑆𝑜𝑢𝑡 
–  is the subset of sinks representing exits 

or safe areas outside the building. Therefore, we can define the capacity of sink nodes 

in N as follows: 

 

𝑢(𝑡) ≔ {
   ∞ ,            𝑡 ∈ 𝑆𝑜𝑢𝑡 

–  
𝑀𝑡 , 𝑡 ∈ 𝑆𝑖𝑛 

−   
 

(4) 

 

Unfortunately, the optimization algorithm we have selected for our purpose 

(which will be described in Chapter 4. ) does not consider node capacities, as it applies 

the strict flow conservation constraint. 

2.5. Constraints of the Basic Dynamic Transshipment 

Mathematically, a feasible dynamic transshipment must satisfy the following 

sets of constraints [45]: 

The time horizon constraints eliminate all flow from the network once the time 

horizon T has been reached: 

 

𝑥(𝑎, 𝜃) = 0     ∀ 𝑎 ∈  𝐴, ∀ 𝜃 ≥ 𝑇 − 𝜏(𝑎) (5) 

 

The arc capacity constraints do not allow the flow rate through an arc to exceed 

the arc’s instantaneous capacity or maximum flow rate: 

 

𝑥(𝑎, 𝜃) ≤ 𝑢(𝑎)    ∀ 𝑎 ∈  𝐴 , ∀ 𝜃 ∈ ℕ0   (6) 
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The node capacity constraints do not allow the amount of flow units due to net 

inflows and initial balances to accumulate beyond the storage capacity of a node. 

Hence, we can briefly express the set of node capacity constraints as follows: 

 

𝑥−(𝑣, 𝜃) −  𝑥+(𝑣, 𝜃) + max{𝑏(𝑣), 0} ≤ 𝑢(𝑣)         ∀ 𝑣 ∈ 𝑉, ∀ 𝜃 ∈ ℕ0  (7) 

 

Flow conservation constraints simply state that flows out of the node cannot 

exceed the sum of inflows to the node and its initial balance: 

 

𝑥+(𝑣, 𝜃) − 𝑥−(𝑣, 𝜃) ≤  max{𝑏(𝑣), 0}                       ∀ 𝑣 ∈ 𝑉, ∀ 𝜃 ∈ ℕ0 (8) 

 

Note that in an intermediate node, the right-hand-side evaluates to zero, and the 

inequality implies that storage at an intermediate node or ‘holdover’ is allowed as long 

as the time horizon has not been reached. This is termed the ‘weak flow conservation 

constraint’. If equality is enforced, then holdover is forbidden at all times, and this is 

termed the ‘strict flow conservation constraint’ [49, Ch. 21]. The optimization algo-

rithm by Hoppe and Tardos [52] that we shall introduce and adopt later in this thesis 

does not allow holdover6.  

Finally, the balance constraints ensure that, when the time horizon T is reached, 

the net flow out of a source will have satisfied its initial supply, the net flow into a sink 

will have satisfied its initial demand, and no flow units would remain stored in inter-

mediate nodes: 

 

𝑥+(𝑣, 𝑇) − 𝑥−(𝑣, 𝑇) = 𝑏(𝑣)                                ∀ 𝑣 ∈ 𝑉 (9) 

  

2.6. Problem Classification 

Having laid out the definitions and constraints of the basic dynamic network 

model, it remains to define the objective function to optimize. Should the modeler seek 

to maximize the total flow in this network, minimize the total or average time taken to 

evacuate the entire building, or minimize total costs in this network, where total costs 

 
6 Hoppe and Tardos were able to prove that their solution would still be optimal even if holdover 

was allowed 
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may represent abstractly the cumulative damage incurred from exposure to the danger-

ous effects of the disaster? To help answer this question, Jarvis and Ratliff [53] proved 

that a flow that satisfies any two of the following three evacuation objectives also sat-

isfies the third: 

a) Maximize the amount of flow leaving the network at all times, i.e. max-

imizing 𝑣𝑎𝑙𝑢𝑒(𝑥, 𝜃) for all 𝜃 ≤ 𝑇. A flow that achieves this objective is 

said to have the ‘earliest arrival property’. An Earliest Arrival 

Flow/Transshipment Problem explicitly addresses this objective. 

b) Minimize the total time needed to send the required amount of flow (or 

the last unit of flow) from the source(s) to the sink(s), i.e. finding the 

minimum time horizon 𝜃∗ for which a dynamic transshipment remains 

feasible; this is a Quickest Flow/Transshipment Problem.  

c) Minimize the weighted sum of flows, where the weights are increasing 

with time i.e. minimize 𝑐𝑜𝑠𝑡(𝑥, 𝑇) ≔ ∑ ∑ 𝑥(𝑎, 𝑡) ∙ 𝑐(𝑎, 𝑡)𝑇
𝑡=0𝑎∈𝐴 , 

where 𝑐(𝑎, 𝜃) has to be an increasing function of time. If the cost on 

each arc is set to be equal to the travel time of the arc i.e. 𝑐(𝑎, 𝜃) =  𝜏(𝑎) 

for every arc a ∈ 𝐴, then minimizing this objective is also equivalent to 

minimizing the average time for all flow to arrive at the sink. This ob-

jective is addressed by Minimum Cost Dynamic Flow/Transshipment 

Problems. Note that fulfilling objective b naturally fulfills this one as 

well. 

Baumann uses this result to justify the importance of earliest arrival flow (also 

called universal maximum flow) problems (EAFP), as they naturally satisfy the first 

two objectives, and hence, fulfill all three objectives simultaneously. She states that 

every flow that has the earliest arrival property is also a quickest flow because it satis-

fies objective b, but not every quickest transshipment that satisfies objective b will also 

satisfy objective a [50, p. 25].  

To further clarify the subtle difference between an Earliest Arrival Transship-

ment (EAT) and a Quickest Transshipment (QT), we point out that an algorithm to 

solve the QT problem first finds a minimum time horizon 𝜃∗ for which a transshipment 

over time is feasible i.e. 𝜃∗ is the shortest time for which all demands at the sinks can 

be fulfilled without violating flow conservation or capacity constraints. Afterward, the 
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algorithm computes a feasible flow over time that can be fulfilled within that minimum 

horizon 𝑇 = 𝜃∗. Now consider a tragic evacuation scenario in which it was not possible 

to save all evacuees. Say, a tragedy has ended the evacuation process abruptly at some 

𝜃 < 𝜃∗. Looking back at this formally infeasible network flow that did not fulfill the 

demands at the sinks, would you say that the flow up until that time 𝜃 was optimal? 

The answer is, that flow was not necessarily optimal unless it was an EAT, in which 

case, the answer would be: Yes, it was optimal, and would have been optimal for any 

𝜃, regardless of whether the demands at the sinks were fulfilled. Hence, flows with the 

earliest arrival property guarantee the best possible evacuation plan even in worst-case 

scenarios that imply violation of the set of balance constraints represented by equation 

(9) in the corresponding network. This makes the EAT problem a special case of the 

QT problem. Other arguments in favor of framing evacuation problems as EAFP/EAT 

include: 

1. EAFP/EAT provides a solution that is always superior to solving the 

maximum dynamic flow problem (MDFP) within time horizon T, be-

cause the latter does not guarantee that the solution would still be opti-

mal for time horizons shorter than T, while EAFP/EAT does.  

2. In general, dynamic network problems that require specifying a time 

horizon T (e.g. the MDFP) require us to perform guesswork about how 

long the catastrophe would last, which is often an unknown in practice. 

By contrast, EAFP/EAT does not require T to be known in advance. 

Furthermore, if there exists an EAT that sends all supplies to the sink within 

time 𝜃∗, then this termed a tight EAT problem, which is a special case of the EAT 

problem. 

While EAFP is certainly an interesting variant of the MDFP, another interesting 

one is the Lexicographically Maximum Dynamic Flow Problem (LMDFP), which 

seeks to maximizes the amount of flow leaving each source, or equivalently, minimize 

the flow entering each sink in a specific order, given a time horizon T [50, p. 31]. Hence, 

it applies an ordering on the union set of sources and sinks.  Dhamala et al. [47, p. 17] 

mention an application of the LMDFP, which is phased evacuation: Some zones in the 

building can be prioritized based on their proximity to the fire or smoke, which signif-

icantly reduces congestion in passageways compared to total simultaneous evacuation. 
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We note that this is also of interest to prioritizing the evacuation of vulnerable groups, 

such as the elderly, handicapped, pregnant women, and children, as previously men-

tioned in section 1.5. Unfortunately, the LMDFP still requires a time horizon T to be 

known in advance. Therefore, we are interested in classifying our problem as an EAT 

first and foremost. 

As mentioned earlier, transit times and arc capacities are required to formulate 

any type of dynamic problem. Since the optimization algorithms by Baumann [50] and 

Hoppe and Tardos [52] solve an EATP with constant attributes, the arc travel times and 

capacities should be pre-calculated, justifying the use of the hydraulic model.  

The hydraulic model is often used by fire engineers to estimate egress times 

from buildings, considering the effects of crowd congestion, width and terrain of pas-

sageways. In the next section, we provide an in-depth literature review of the model as 

laid out by the Society of Fire Protection (SFPE) standards. 

2.7. The Basic Hydraulic Model 

Gwynne and Rosenbaum [54] explained that there are generally four approaches to 

estimating total egress time (defined as the sum of pre-movement and movement times): 

• Approach (A) The application of prescriptive codes, which usually account 

for physical constraints imposed by the structure, and not behavioral factors. 

• Approach (B) The performance of an egress trial, where a practical evacu-

ation is conducted, which may be announced or unannounced. If it is the 

latter, ethical issues may arise, but the results are more realistic, and vice 

versa for the case of announced evacuation drills. Even at its best, a single 

drill still produces one data point (the evacuation time of the entire popula-

tion) and does not lend itself to building redesign efforts, because the struc-

ture must be already in place to conduct a trial. 

• Approach (C) The application of a computer-based simulation: Modern 

evacuation simulations are now equipped with various ways of approximat-

ing human behavior, therefore allowing for behavioral factors to be consid-

ered. However, results can vary greatly for the same scenario between dif-

ferent simulation models depending on their levels of sophistication, exper-

imental validity of their set parameters, and the expertise of the user. 
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• Approach (D) The application of an engineering calculation: Deterministic 

empirical equations are deemed to represent the evacuation in a simplified 

way, usually with an analogy to a known physical system, such as the lat-

tice-gas model or hydraulic model. As with approach (A), it overlooks many 

of the behavioral complexities. These equations can be applied to the entire 

structure to generate an overall egress time, or to individual structural com-

ponents, thereby generating egress times for each structural component. The 

latter can then be pieced together for a chain of structural components to 

form a network representation of a structure to describe the performance of 

a population when it selects a specific egress path. 

In this thesis, we subscribe to Approach (D), applying the hydraulic model 7ex-

plained by [54] to individual structural components in order to generate flow capacities 

and arc travel times. The reasons we precluded the other approaches include: 

• The proposed system requires directions to be provided to individuals in 

real-time. If computer simulations were used, the computation time may be 

practically too long. This precludes Approach (C). 

• The codes may be too restrictive and based on outdated data. For example, 

some prescriptions rely on Fruin’s Level of Service concepts, even though 

Fruin acquired his data from observations of pedestrians in city streets. 

Crowd behavior on a city street is very different from emergency egress 

behavior. Also, in many cases, crowds can accumulate beyond the measure-

ments made by Fruin [55]. 

• Evacuation trials can be used to partly validate that the proposed optimiza-

tion algorithm leads to better results compared to the shortest path method. 

However, a full-fledged experimental validation requires simulating an ac-

tual fire, which may bear ethical concerns. 

The hydrodynamic model also called the hydraulic model, assumes that the 

evacuation process is analogous to fluid flow.  It calculates the flow of a pedestrian 

stream 𝐹𝐶 as a relation between the crowd’s average density 𝐷, average crowd velocity 

𝑆, and width of the passageway 𝑊𝑒 , using the hydrodynamic relation  [56]:  

 
7 We shall refer to the SFPE hydraulic model as the Basic Hydraulic Model, to distinguish it 

from variants that will be presented later in this thesis 
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𝐹𝐶 =  𝐷𝑆𝑊𝑒 = 𝐹𝑠 𝑊𝑒 (10) 

 

where 𝐹𝑠 is the specific flow. It can be interpreted as the flow rate per unit of effective 

width. Moreover, 𝐹𝐶  can also be defined in more concrete terms as the number of pe-

destrians crossing a fixed location of a facility per unit of time: 

 

𝐹𝐶 = 
1

〈∆𝑡〉
 

(11) 

 

where < ∆𝑡 > is the average time gap between two consecutive pedestrians passing a point. 

The hydraulic model hinges on the law of flow conservation: The sum of flows 

into an egress component must equal to the sum of flows out of the same component, 

given that a steady state has been reached: 

 

∑𝐹𝐶,𝑖𝑛 = ∑𝐹𝐶,𝑜𝑢𝑡 
(12) 

 

Aside from the physical analogy, the application of the hydraulic model in-

cludes other assumptions [54]: 

• Total evacuation is assumed; all persons start to evacuate at the same time. 

Therefore, all exits are being used at maximum capacity and continuously8 

• Occupant flow does not involve interruptions caused by evacuee decisions 

or other behaviors that delay or detract from movement 

• The evacuees are free of impairments or disabilities that impede their move-

ment. In other words, the numbers of people in a structural component are 

considered rather than their identity and their individual attributes 

• Movement between egress components is considered (i.e. from room to 

room), rather than within them. This is contrary to the cellular automaton 

 
8 Gwynne and Rosenbaum [54] stated that the total evacuation assumption would lead to opti-

mistic travel times, but we beg to differ, as total evacuation, as opposed to a phased evacuation, may lead 

more frequent congestion at bottlenecks, and thus, longer queues and a longer overall evacuation time. 
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approach, and practically translates to overlooking the effect of obstacles 

inside an individual room 

The travel time predicted by the hydraulic model is related primarily to effective 

width, population flow characteristics, and transitions between components. In the next 

sections, we define the individual determinants of an arc travel time. 

2.7.1. Effective width. The effective width 𝑊𝑒 is the usable width of the com- 

ponent, which is less than the physical or clear width of the component (𝑊𝑝) as people 

normally maintain a clearance between themselves and the walls as well as other ob-

stacles. The difference between the clear width and the effective width of the path is 

twice the boundary layer (𝐵𝐿) clearance: 

 

𝑊𝑒 ≔𝑊𝑝 − 2 𝐵𝐿 (13) 

 

The standard assumptions for the one-sided boundary layer width of different 

types of egress components are available from [54] and are reproduced in Table 1. 

2.7.2. Speed.  The speed 𝑆 is defined as the movement velocity of exiting in- 

dividuals. The speed of a crowd or an individual in a crowd is a function of the crowd 

density and the nature of the structural component through which the crowd is moving. 

 

Table 1: Boundary layer widths for various egress components [54] 

Exit Route Element Boundary Layer (cm) 

Stairways – wall or side of tread 15 

Railings, handrails (use if it results in a lower effective width 9 

Theater chairs, stadium benches 0 

Corridor, ramp walls 20 

Obstacles 10 

Wide concourses, passageways 46 

Door, archways 15 

 

In general, 𝑆 decreases as the population density, D, increases through a given 

structural component. If the population density is less than approximately 0.54 
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persons/m2 of exit route, individuals will move at their own pace independent of the 

speed of others at a speed 𝑆𝑚𝑎𝑥, which can be read from Table 2. 

 

Table 2: Maximum unimpeded speed, 𝑆𝑚𝑎𝑥 [54] 

Exit route element Speed (along the line of travel) (m/s) 

Corridor, aisle, ramp, doorway 1.19 

Stairs 

Riser (cm) Tread (cm)  

19.05 25.4 0.85 

17.78 27.94 0.95 

16.51 30.48 1.00 

16.51 33.02 1.05 

 

On the other hand, if the crowd density exceeds 4 persons/m2, it is suggested 

that this would lead to crush conditions [54]. Therefore, if the population density ex-

ceeds about 3.8 persons/m2 (a conservative estimate), it is assumed that no movement 

will take place i.e. speed falls to zero until enough of the crowd has passed from the 

crowded area. For densities ranging between 0.54 and 3.8 persons/m2, the speed is rep-

resented by a linear function of density, but also involves a parameter k, which accounts 

for how the terrain affects the speed. We will refer to k hereinafter as the structural 

speed modifier, to distinguish it from other speed modifiers that will be introduced later 

in this discussion. Values of k can be read from Table 3. 

 

Table 3: Values of the structural speed modifier, k [54] 

Exit route element k (ul) 

Corridor, aisle, ramp, doorway 1.40 

Stairs 

Riser (cm) Tread (cm) 1.00 

19.05 25.4 1.08 

17.78 27.94 1.16 

16.51 30.48 1.23 
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Based on the work of Older [57], the following piecewise function has been 

derived for use as an SFPE standard [54], where 𝑆𝑚𝑎𝑥 is the maximum unimpeded speed 

of an individual: 

 

𝑆(𝐷, 𝑘)  ≔ {
𝑆𝑚𝑎𝑥, 𝐷 ≤ 0.54

  0, 𝐷 ≥ 3.8
𝑘 − 0.266𝑘𝐷, Otherwise

 

 

(14) 

The SFPE standard for the speed-density function was originally derived by 

curve-fitting the data points of Older [57, pp. 160–163]. When plotted, the speed-den-

sity graph would resemble Figure 14, which shows that moving through horizontal ter-

rain, ramps, aisles and doorways should result in higher moving speed at any density, 

compared to moving on stairs.  

 

 
 

Figure 14: Speed-density graph based on SFPE Standards [54] 

 

Other researches have conducted similar experiments and obtained a wide range 

of results, however, the dataset of Older was the most conservative, as shown in Figure 

15. The plots of S vs. D, 𝐹𝑠 vs. D, or S vs. 𝐹𝑠 are all three equivalent representations of 

the so-called the fundamental diagram. Two of these representations in Figure 15 com-

pare the data of Older and other researchers, and clearly show the fitting of the SFPE 

line to that of Older [57, pp. 160–163]. 
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Figure 15: Two equivalent representations of the fundamental diagram. Reproduced 

from [56] 

 

2.7.3. Specific flow rate. Specific flow rate, Fs, is the flow rate of evacuating 

 persons past a point in the exit route per unit time per unit of effective width, expressed 

in persons/meter/second (Persons/(m.s)-1). It is the product of speed (m/s) and density 

(persons/m2): 

 

For densities ranging between 0.54-3.8 persons/m2, substituting equation (14) 

into (15) yields a quadratic equation of Fs in D: 

 

𝐹𝑠(𝐷, 𝑘) = 𝑘𝐷(1 − 0.266𝐷) = 𝑘𝐷 − 0.266 𝑘𝐷2 (16) 

 

Equating  
𝑑𝐹𝑠

𝑑𝐷
  to zero and solving for 𝐷 yields the maximum specific flow rate 

(𝐹𝑠𝑚) when D = 1.9 persons/m2, after which, 𝐹𝑠 for any value of 𝑘 will fall rapidly. 

Hence, the 𝐹𝑠𝑚 is simply a constant multiple of 𝑘: 

 

𝐹𝑠𝑚 = 0.93974 𝑘 

 

(17) 

Values of 𝐹𝑠𝑚  for various egress components are shown in Table 4. 

 

𝐹𝑠 =  𝐷𝑆 (15) 



 

59 

 

Table 4: Maximum specific flow rate, 𝐹𝑠𝑚  [54] 

Exit route element 𝑭𝒔𝒎 (persons/m/s) 

Corridor, aisle, ramp, doorway 1.3 

Stairs 

Riser (cm) Tread (cm) 0.94 

19.05 25.4 1.01 

17.78 27.94 1.09 

16.51 30.48 1.16 

 

2.7.4. Average flow rate.  𝐹𝐶, is the rate of flow of persons moving past a point 

 in an exit route, expressed in persons/s, and is the product of effective width and spe-

cific flow rate:  

 

𝐹𝐶 = 𝐹𝑠 𝑊𝑒 (18) 

 

Substituting equation (16) into the above equation yields 𝐹𝐶 as a quadratic func-

tion of density: 

 

𝐹𝐶(𝐷,𝑊𝑒 , 𝑘) =  𝑊𝑒𝑘𝐷(1 − 0.266𝐷) (19) 

 

 This equation shows that the flow rate along an arc is essentially a function of 

the crowd density and structural determinants (the type of structural element and its 

physical width). It also implies that 𝐹𝐶 can be calculated from crowd density measure-

ments captured in real-time with crowd sensors. Otherwise, if the crowd sensors are 

subjected to thermal damage as the fire spreads, then the flow rate in one component 

can be equated to the flow in the upstream structural component, assuming that no 

merging or branching of the crowd stream has occurred. 

The maximum flow rate through an egress component can be defined as in equa-

tion (20). 

 

𝐹𝐶𝑚 ∶=  𝐹𝑠𝑚  .𝑊𝑒 (20) 
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2.7.5. Transitions. A transition is any point along the egress path where routes  

merge or branch, terrain changes, or where the effective width changes. The calculated 

flow, 𝐹𝐶 will remain the same before and after the transition if there are no merging or 

branching flows, but the density, D, and specific flow, Fs will change before, during, 

and after passing the transition. Where flows branch, an arbitrary decision needs to be 

made regarding the apportionment of the outgoing flows. The outgoing flows could, for 

example, be apportioned based on the capacities of the outgoing branches.  

In our network formulation, transshipment nodes will be placed at the points of 

transition and source nodes at occupied rooms. The arcs will represent the egress ele-

ments e.g. exit doors, corridors, stairs, passageways, etc.   

2.8. Crowd Speeds in Smoke 

Given that the speed of crowds is greatly affected by smoke, this section is ded-

icated to determining the bounds of smoke density that evacuees can move through 

safely, and secondly, review the empirical correlations between speed and smoke den-

sity from the literature to determine the most appropriate one to adopt in our transit time 

calculations. 

2.8.1. Smoke density measurement. The amount of smoke generated in a fire  

can be measured in terms of the resulting visual obscuration, the volume of smoke gen-

erated per second, grams of particles dispersed by the fire per m3, or grams of soot 

generated for each gram of the parent material burned [58]. Since we are concerned 

with speed reduction due to loss of visibility, we shall measure smoke density through-

out in terms of visual obscuration. Visual smoke density is measured using an optical 

transmitter and receiver set at a known distance 𝑑 apart, and between which the room 

air is allowed to flow. Smoke density can be measured in terms of the extinction coef-

ficient 𝐶𝑠, whose defining equation is as follows [59]: 

 

𝐶𝑠 = −
1

𝑑
 ln (

𝐼

𝐼𝑜
) (21) 

 

where d is the distance of the light path [m], 𝐼 is the luminous intensity of the transmit-

ted light after it has passed through a smoke layer [cd], and 𝐼𝑜 is the luminous intensity 
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of the incident light [cd]. 𝐶𝑠 is expressed in m-1 or dB/m. From the equation above, we 

can infer that the thicker the smoke, the lower is the brightness of the transmitted light, 

and therefore, the higher the extinction coefficient. A more concrete feel for this quan-

tity can be acquired by observing the pictures taken by Seike et al. [60] in Figure 16, 

from which one can observe that critical loss of vision occurs in the range of 0.32 to 

0.7 m-1 of smoke density. 

 

 

Figure 16: Camera captures of a smoke-filled tunnel experiment at different Cs levels. 

Reproduced from [60] 

 

It is assumed that our system would contain visual smoke density measurement 

devices at both the walking height and the crawling height to allow the system to 

properly advise evacuees whether to walk upright or to crawl. Crawling would ideally 

be recommended if the smoke is too dense for safe evacuation at the walking height but 

has not yet filled the bottom part of the room, thereby allowing people to crawl towards 

exits. This remark begs the question of where the safe smoke density threshold exists. 

Jin concluded that the maximum smoke density for safe evacuation was determined by 

the occupants’ degree of familiarity with the building layout, and advised setting max-

imum allowable Cs level at 0.15 /m for unfamiliar occupants, and at 0.5 /m for familiar 

occupants [61]. Since our system is aimed at residential buildings, we assume that oc-

cupants will all be considered familiar with the layout of the building where they live. 

Even if some occupants are unfamiliar, a map of their floor with directions should be 

already provided to all evacuees through the accompanying mobile application, thus, 

ensuring all occupants are on the same footing with regards to familiarity. For these 

reasons, the 0.5 /m threshold is adopted for safe evacuation and shall be used as a bench-

mark to trigger instructions to crawl or to not negotiate the smoke. This choice of 
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extinction coefficient value at which modeled evacuees switch from walking to crawl-

ing movement is also used in buildingEXODUS, which is the only fire egress model 

known to incorporate crawling behavior [62]. 

2.8.2. Smoke - walking speed correlations. The obscuration of light due to  

smoke and therefore, the reduction in visibility, generally reduces the speed of the oc-

cupants. There are two canonical evacuation experiments in smoke whose aim was to 

empirically derive the walking speed-smoke density correlations. These are the exper-

iments of Jin [63] and Franztich and Nilsson [64]. More experiments have been con-

ducted since then, however, these two experimental data sets are considered pioneering 

work in this area and either one of these data sets tends to be embedded in the most 

widely used fire and evacuation simulators, such as FDS+Evac, buildingEXODUS, and 

STEPS [65].   

Jin [63] conducted his experiments with both irritant and non-irritant smoke in 

a 20-m corridor section. His data showed that the walking speed falls much quicker in 

the case of irritant smoke compared to non-irritant smoke, as in Figure 17. 

 

 

Figure 17: Plot of Jin's data set featuring walking speed vs. extinction coefficient for 

irritant and non-irritant smoke [61] 

 

The walking speed is dependent on visibility, which is not only a function of 

smoke density but also depends on the participants’ visual acuity. Therefore, Jin and 

his associates: Yamada and Akizuki, decided to rewrite the speed correlations as a func-

tion of visual acuity [61]. However, to make their correlations more applicable to 
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occupants with a wide variety of physical capabilities and skills, they devised a multi-

plicative speed reduction factor 𝑅𝑣𝑠𝑚𝑜𝑘𝑒 , occasionally called ‘Mobility’ in some studies, 

which serves to reduce the initial speed of the participants 𝑣𝑜 such that: 

 

𝑣𝑠 = 𝑅𝑣𝑠𝑚𝑜𝑘𝑒 ∙ 𝑣𝑜 (22) 

 

where 𝑣𝑠 is the projected speed of an individual walking upright in smoke (m/s). 

Yamada and Akizuki expressed 𝑅𝑣𝑠𝑚𝑜𝑘𝑒  as a function of visual acuity (VA), as follows 

[61]  (R2 = 0.82): 

 

𝑅𝑣𝑠𝑚𝑜𝑘𝑒 = 0.97 (𝑉𝐴)0.12 (23) 

 

In [63], Jin derived the following correlation between visual acuity and smoke 

density in the irritant smoke region i.e. for 𝐶𝑠 ≥ 0.25 𝑚
−1: 

 

𝑉𝐴 = 0.133 − 1.47 log (𝐶𝑠) (24) 

 

Substituting equation (24) into (23), we have a speed reduction factor as a func-

tion of smoke density: 

 

𝑅𝑣𝑠𝑚𝑜𝑘𝑒 = 0.97(0.133 − 1.47 log(𝐶𝑠))
0.12 (25) 

 

However, the resulting equation has two vertical asymptotes at 0 and 1.232 

𝑚−1, making it difficult to generalize to very thin (𝐶𝑠 < 0.2) and thick smoke (𝐶𝑠 >

1.0). 

While Jin’s experiments involved relatively thin smoke (𝐶𝑠 = 0.2 − 1.0 𝑚
−1), 

Frantzich and Nilsson went on to explore human behavior in much thicker (yet artifi-

cial, non-irritant) smoke [64] 𝐶𝑠  ∈ [1.9–7.4] 𝑚−1 and compared the case of background 

illumination to that of no illumination. A comparison between their data set and that of 

Jin is shown in Figure 18. 
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Figure 18: Comparison between the data sets of Jin , Frantzich and Nilsson, from [65] 

 

Frantzich and Nilsson derived two correlations between smoke density and 

speed from their experimental data by linear regression, but these correlations have very 

poor coefficients of determination at 0.32 and 0.465 [66]. Later experimental studies 

approached this problem by deducing correlations based on a growing data set encom-

passing not just their new data, but also those of previous experiments done by other 

researchers. 

This approach appears to be more successful in terms of producing better-fitting 

and more generalizable relationships. For example, Hiu Xie compiled the data sets from 

Jin, Frantzich, and Nilsson to derive the following exponential relationship between the 

speed reduction factor 𝑅𝑣𝑠𝑚𝑜𝑘𝑒  and the extinction coefficient  𝐶𝑠 [67]: 

 

𝑅𝑣𝑠𝑚𝑜𝑘𝑒 =  
0.34 + 1.02 𝑒−𝐶𝑠 − 0.63 𝐶𝑠. 𝑒

−𝐶𝑠 + 0.45 𝐶𝑠
2. 𝑒−𝐶𝑠

1.2
 

(26) 

 

Xie’s new curve seems more promising than either of Jin’s or Frantzich’s as it 

fits the data from both experiments and has a wider range of applicability up to a smoke 

density of 8.0 𝑚−1. Moreover, it incorporates both of Jin’s irritant and non-irritant data 

sets, and therefore, its use should be applicable to both types of smoke, and practically 

preclude the need for our system to have more sophisticated (and possibly more expen-

sive) sensors for the different chemical species in the smoke to determine whether they 
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are irritant or not. Xie’s correlation is plotted with the label ‘New Non-Irritant Curve’ 

in Figure 19. 

 

Figure 19: Xie's mobility-smoke density correlation9. Reproduced from [67] 

 

A different approach to incorporating the reduced speed of occupants due to 

walking in smoke would be to restrict their maximum speed 𝑣𝑠,𝑚𝑎𝑥, rather than directly 

apply a fractional or absolute reduction to their initial speeds. It may be a more con-

servative method due to the large scatter of the experimental data points. Additionally, 

it accounts for the frequent observation that people usually do not reduce their speeds 

in thin smoke i.e. up to 0.1 for irritant smoke or 0.2 m-1 for non-irritant smoke [67]. 

Seike et al. [60] have adopted this approach and derived equation (27), which is a cor-

relation between the extinction coefficient and the maximum walking speed based on 

the datasets of Jin, Frantzich and Nilsson, and their experimental data (see Figure 20), 

for 0.1 < 𝐶𝑠 < 5.6. 

 

 

 
9 Note that the ‘New Non-Irritant Curve’ was derived only from Jin’s and Franztich et al.’s data 

sets. SHEBA and M.S. Wright’s data sets had different experimental objectives and were shown only for 

validation. 

𝑣𝑠,𝑚𝑎𝑥 = − ln(𝐶𝑠) + 2.3 (27) 



 

66 

 

So far, we have been exposed to two general approaches that attempt to account 

for speed reduction in smoke: One approach reduces the initial speed by a factor as in 

equation (22), the second approach limits the maximum walking speed as in equation 

(27). A third approach used in buildingEXODUS walks a middle ground between the 

two previous approaches, where the projected maximum walking speed in smoke 

𝑆𝑚𝑎𝑥,𝑠 is also restricted, but not to an absolute value independent of the initial travel 

speed as in equation (27). Instead, the maximum projected speed is the initial speed 𝑣𝑜 

reduced by the mobility factor, where 𝑅𝑣𝑠𝑚𝑜𝑘𝑒  was derived from Jin’s irritant speed-

density data [60], as in equation (28). 

 

𝑣𝑠,𝑚𝑎𝑥 = 𝑅𝑣𝑠𝑚𝑜𝑘𝑒 ∙ 𝑣𝑜 (28) 

 

Our overarching intention is to develop a variant of the hydraulic model that 

considers the effect of smoke on crowds, rather than individuals. Therefore, if we 

choose to maintain the general shape of the crowd speed-crowd density graph of the 

BHM in Figure 14, we must preclude approaches that only reduce 𝑣𝑠,𝑚𝑎𝑥 (whether by 

an absolute or fractional reduction) as doing so would make the speed function discon-

tinuous. Therefore, the approach summarized by equation (22) is the most preferred for 

integration with the hydraulic model.  

 

 

Figure 20: Correlation between maximum walking speed and extinction coefficient by 

Seike et al. [60] 
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2.9. Available Safe Egress Time Calculation 

The assessment of whether a path is tenable, and for how long it would remain 

so, depends on many factors, such as smoke toxicity, asphyxiation, skin burns, and heat 

strokes, etc. (refer to [68] for more details). The Available Safe Egress Time is the final 

parameter that encompasses all such complex hazard assessments and can be obtained 

from a fire model. 

The system should not recommend a route over which occupants will succumb 

to fatal burns or cumulative exposure to toxic gases. This can be addressed by compar-

ing the ASET along a path (an output from the fire simulator) to the travel time of the 

same path, such that if the ASET is shorter than the path travel time, the path should be 

excluded from the solution space. The ASET calculation requires selecting an appro-

priate fire simulator. The following section addresses the general categories of fire sim-

ulators, followed by a survey of fire models of the appropriate type that are available in 

the market or the public domain. The aim is to eventually choose one candidate for 

integration into the system. 

2.9.1. Fire simulation.  In general, there are two main types of fire models:  

Experimental models (take place with actual fire and combustible objects), or mathe-

matical models [69]. We shall limit ourselves throughout to the latter due to the obvious 

lack of practicality of experimental models. Mathematical models can be further sub-

divided into deterministic models (which solve equations from physics, chemistry, or 

empirical relationships), and probabilistic or stochastic models, which are described by 

Walton et al. [70] as computer models that treat the process of fire growth as a sequence 

of events or states, where the transfer from each state to the next is governed by proba-

bilities extracted from historical and experimental data.  Thus, stochastic and probabil-

istic models are not directly governed by the same physical laws that govern determin-

istic models. According to [71], the purpose of non-deterministic models is to predict 

whether a fire could extinguish spontaneously or proceed to flashover. This means that 

a probabilistic model may predict with a non-zero probability that a fire could extin-

guish spontaneously, in which case our proposed system would not be able to predict 

the propagation path of the fire. Therefore, we shall limit our study to deterministic fire 

models.  
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As of 2003, 168 computer modeling programs for fire and smoke were surveyed 

by Olenick and Carpenter [72], and that number shows a 127% increase in the number 

of fire models surveyed since 1992 by Friedman [73]. An undated survey by Morente 

et al. [69] has counted 177 fire modeling software, 30 of which are publicly available. 

This rapid increase in fire modeling is motivated by the fire protection engineering pro-

fession moving away from prescription building codes and toward performance-based 

design (PBD); an approach which allows fire engineers to design buildings for fire 

safety without strictly abiding by rigid fire codes, while simultaneously providing an 

equivalent level of safety. PBD helps fire safety engineers evaluate building designs 

that have unique geometries for fire safety, as well as consider the implications of a 

variety of unusual fire scenarios. 

Fire models not only predict the propagation of fire and smoke, but there are 

fire models that simulate other fire-related events, such as the response of the mechan-

ical and structural elements, the egress response of occupants, the time response of fire 

detectors, or other miscellaneous issues such as radiation, risk, water demand of fire 

suppression, or glass breakage response. Morente et al. [69] classified fire models into 

the following categories based on their fields of application: (1) Fire thermal models, 

which describe the transport of heat and smoke in enclosures  (2) Structural fire re-

sistance, or fire endurance models,  which simulate the response of the building’s struc-

tural elements in response to fire exposure, (3) Egress models, which predict the time 

for occupants to evacuate,  (4) Detector response models, which predict the time needed 

to activate a fire detector from the instance of ignition, such as a heat detector, smoke 

detector, sprinkler, or fusible link, and finally, (5) Miscellaneous models, which either 

do not fall into any of the previous categories or consist of several submodels that span 

two or more of the previous categories. Note that these categories are not mutually 

exclusive, as an egress model and fire structural model, for example, are often built on 

a thermal model to determine the ASET for the egress model, and predict the thermal 

boundary conditions of the structural elements for the structural model, respectively 

[72]. 

Fire thermal models were further subdivided by Olenick and Carpenter into 

zone models and field models. While both zone and field models predict the develop-

ment of fire, zone models are applicable to relatively enclosed volumes or 
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compartments, such as single rooms or multiple rooms connected via doors or duct-

work. The ‘zonal’ approach may divide a room into two zones in pre-flashover model-

ing or regard the room as a single control volume in the case of post-flashover model-

ing. In the first case, the two zones are two control volumes, one is the upper hot smoke 

layer and the other is the lower, cold air layer. The fire plume acts as an enthalpy pump 

between them [72], transporting mass and energy from the lower layer into the upper 

layer, as shown in Figure 21.  

 

 

Figure 21: A pre-flashover compartment fire simplified into a Two-Zone Model. Re-

produced from [74] 

 

The zonal approach applies the mass, momentum, and energy conservation 

equations as first-order ordinary differential equations to one or two control volumes 

and solves them. Field models, on the other hand, divide the geometric domain into 

thousands or millions of small control volumes and solves the conservation equations 

as a set of partial differential equations inside each of them. This is effectively the same 

technique used in Computational Fluid Dynamics (CFD) models. While the approach 

of field models makes them more adaptable to a wide range of modeling problems that 

do not involve enclosures, such as atria and outdoor fires, they are more computation-

ally expensive, require more detailed input information and thus, take more time to 

generate results than zone models [72].  Since our application requires simulation and 

optimization in near real-time, we will focus on zone models rather than CFD field 

models. Moreover, we will assume that an exemplary residential apartment building 
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would be made of insulated incombustible structural materials, such as steel and con-

crete, as opposed to combustible structural materials such as wood and timber. In this 

case, a scenario involving the collapse of the building during the first few minutes of a 

fire igniting is highly improbable. Thus, our solution would not include a structural fire 

resistance model. 

In conclusion, we believe that deterministic thermal models using the zonal ap-

proach that can switch between pre-flashover (dual-zone) and post-flashover (single-

zone) modes are the most appropriate for our application. 

2.9.2. Current fire model survey.  Now that we have identified the type of  

fire simulator we would include in our proposed system (a mathematical deterministic, 

multi-room zone model), the next step is to choose the simulator to work with. While 

access to most simulators must be purchased, some of the most popular are publicly 

available. While there are many review articles concerning opensource and commercial 

fire modeling software, such as [69], [75],  [76], [77], the most recent review is four 

years old at the time of writing, with a number of simulators in that survey having been 

upgraded to include new functionality, or retired, or no longer in the public domain. 

This has required us to conduct our very own up-to-date survey of fire modeling soft-

ware. Our survey, which is included in Appendix A spanned 46 fire models mentioned 

in [77]; for each we have included the following: 

• Availability: Whether the model is available on the web (commercially 

or freely) 

• Availability terms: For commercial software, these would be the pay-

ment plans at the time of writing, and exceptions for University students 

and researchers (if any).  

• URL: Weblink to the website where the software can be obtained 

Out of the 46 models we investigated, only 21 were found available on the In-

ternet for download, whether publicly or commercially, 17 were not found, 7 were 

available on a consultancy basis only, and 1 was inaccessible due to no response from 

the developer.  Finally, PyroSim, FDS+SMV, and CFAST were shortlisted due to active 

software support (for PyroSim), extensive documentation, a large number of verifica-

tion and validation studies, and free licensing for individual students and researchers. 

The Consolidated Model of Fire Growth and Smoke Transport (CFAST) [78] is an 
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open-source two-zone fire thermal model that can predict the time-evolution and distri-

bution of temperature, smoke, and combustion products in a multi-compartment en-

closed structure. The Fire Dynamics Simulator (FDS) is a CFD model and therefore 

excluded due to the need to run the fire simulation in real-time [79]. SmokeView 

(SMV), on the other hand, is not a fire model as it stands, but is a visualization tool that 

represents the results of numerical calculations output from either FDS or CFAST. As 

for PyroSim, it is also not a fire model, but a graphical user interface for Fire Dynamics 

Simulator (FDS) version 6.7.4. [80]. Thus, CFAST is the chosen fire model for adoption 

in our proposed system. 
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Incorporation of Smoke and Crawling Effects 

Under smoke-free conditions, the speed of crowds is influenced by the local 

crowd density and the formation of queues. The congestion effect may be the only effect 

taken into consideration in the area of general crowd management. During a fire, how-

ever, the exposure of some occupants to smoke near the danger zone may be inevitable. 

In section 2.7, we considered the effect of crowd density in smoke-free conditions using 

the Basic Hydraulic Model (BHM).  

Smoke is the most influential factor in understanding evacuation behavior under 

fire. Not only does smoke obscure visibility of evacuees, but it often irritates the eyes 

and lungs, worsening visibility and further reducing oxygen intake. Its high temperature 

causes external and internal burns to the skin and lungs. Further, the lack of visibility 

and difficulty of breathing often results in emotional instability, which makes it harder 

for evacuees to make sound decisions. All these environmental effects significantly re-

duce crowd walking speed. Not only that, but the presence of smoke can also reduce a 

crowd’s speed even further by forcing them to crawl. One of the basic fire safety train-

ing rules (and arguably, instinctive reactions to smoke) is to switch from walking up-

right to crawling [81] since smoke tends to fill compartments from the top down. There-

fore, our proposed system should be able to advise occupants in a specific node whether 

to: 

I)  Walk upright, if the smoke layer is thin enough for safe evacuation 

II) Crawl, if the smoke at the walking height is too thick for safe evacuation 

but thick smoke has not reached crawling height 

III) Not to negotiate the smoke and shelter in place, if the smoke is too thick 

for safe evacuation and the bottom of the thick smoke layer is below the 

crawling height 

Since the typical walking speed in smoke is slower than in clear conditions, and 

even slower when evacuees are forced to crawl, this implies that the speed function in 

the BHM will need to be revised to account for A) Upright walking in smoke (discussed 

in section 3.1), and B) Crawling (discussed in section 3.2). Assuming that smoke has a 

multiplicative effect on crowd speed, we propose the incorporation of this effect into 

the BHM by multiplying the crowd speed under smoke-free conditions with a reduction 
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factor derived from empirical correlations between smoke density and walking speed. 

For the case of crawling, however, slightly more elaborate modifications are required 

than simply multiplying the smoke-free crowd speed by a reduction factor. This is be-

cause the footprint of crawling evacuees increases compared to walking upright, lead-

ing to a reduction in the maximum safe density for crawling. 

Finally, a preprocessing algorithm that integrates the findings of this chapter is 

given in section 3.3 to compute arc capacities and arc travel times having taken into 

account the effects of smoke, crawling, and congestion. 

3.1. The Smoke-Modified Hydraulic Model 

Up to this point, the correlations between walking speed and smoke density ex-

plored in section 2.8.2 were relevant to individuals or low-density crowds. Eventually, 

we are interested in building a hydraulic model that predicts the speed of crowds under 

smoke, called the Smoke-Modified Hydraulic Model (SMHM). For the following dis-

cussion, let 𝑆𝑠 denote the projected speed of a crowd in smoke, while walking upright 

(m/s). Moreover, we also assume that the maximum allowable density of 3.8 persons/m2 

remains unchanged. 

 We consider Xie’s mobility-smoke density correlation as the most generaliza-

ble one encountered in our literature review. Therefore, by multiplying the mobility 

factor 𝑅𝑣𝑠𝑚𝑜𝑘𝑒  in equation (26) into the piecewise function (14), we redefine the speed 

in smoke, 𝑆𝑠  as follows for 0.1 < 𝐶𝑠 ≤ 0.5: 

 

  𝑆𝑠(𝐷, 𝑘,𝐶𝑠 ) ≔ {

𝑅𝑣 𝑠𝑚𝑜𝑘𝑒. 𝑆𝑚𝑎𝑥 , 𝐷 ≤ 0.54
  0, 𝐷 ≥ 3.8

𝑅𝑣𝑠𝑚𝑜𝑘𝑒 . (𝑘 − 0.266𝑘𝐷), 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

(29) 

 

The speed in smoke, 𝑆𝑠, is a function of crowd density 𝐷, the structural speed 

modifier 𝑘, and smoke density 𝐶𝑠. We assume that crowd density thresholds at 0.54 and 

3.8 persons/m2 and the empirical constant (0.266) remain unaffected by the exposure 

to smoke.  

As an example, consider a crowd walking through a corridor (i.e. k =1.4 and 

Smax = 1.19 m/s). The corresponding plot of 𝑆𝑠 vs. D at different levels of smoke density 
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is shown in Figure 22. The crowd speed decreases as smoke density increases at any 

given crowd density, as expected.  

 

 

Figure 22: Crowd speed-crowd density graph for passage through a corridor (k = 1.4) 

under smoke at different levels of smoke concentration 

 

Consequently, the specific flow rate of the SMHM for crowd densities between 

0.54 and 3.8 persons/m2 is redefined as follows: 

 

𝐹𝑠 =  𝐷𝑆𝑠 = 𝑅𝑣𝑠𝑚𝑜𝑘𝑒 𝑘𝐷(1 − 0.266𝐷) (30) 

 

A plot of specific flow rate vs. crowd density at different levels of smoke density 

is shown in Figure 23 for k = 1.4, which shows that the projected specific flow rate 

decreases at every point as smoke density increases while maintaining the same bound-

ary conditions as the BHM. 

The projected maximum specific flow rate 𝐹𝑠𝑚 still occurs at 1.9 persons/m2 but 

decreases as smoke density increases. Hence, 𝐹𝑠𝑚 can be simply computed from the 

equation (31) by substituting D = 1.9 into equation (30). 
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𝐹𝑠𝑚 = 0.93974 𝑅𝑣𝑠𝑚𝑜𝑘𝑒 ⋅ 𝑘 (31) 

 

The smoke-reduced Fsm values at k= 1.4 for extinction coefficients from 0.1 to 

0.5/m  are tabulated in Table 5 to three decimal places.  

 

 

Figure 23: Specific Flow Rate vs. Density graph for SMHM for passage through a 

corridor (k = 1.4) 

 

Table 5: Smoke-reduced Fsm values for passage through a corridor in different smoke 

densities 

Extinction Coefficient (𝑪𝒔) /m Projected maximum Specific Flow Rate (Fsm) 

0.1 1.327 

0.2 1.191 

0.3 1.081 

0.4 0.990 

0.5 0.916 

 

In summary, a speed reduction factor 𝑅𝑣𝑠𝑚𝑜𝑘𝑒  can be found at a given smoke 

density 𝐶𝑠 using Xie’s correlation as in equation (26). 
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When 𝑅𝑣𝑠𝑚𝑜𝑘𝑒  is multiplied into the BHM crowd speed - crowd density corre-

lation in equation (14), a correlation between crowd speed and crowd density at a given 

smoke density level can be derived as in equation (28). This correlation should be val-

idated experimentally, or at least shown to yield similar results to predictive tools that 

are currently considered well-tried and trusted, such as buildingEXODUS. This is left, 

however, to future work. 

3.2. The Crawl-Modified Hydraulic Model 

Another version of the BHM is proposed to account for speed modification due 

to crawling in a crowd. We assume that when the system instructs the occupants to 

crawl, it would do so if and only if the smoke has descended below the walking height10 

but has not yet descended to the crawling height11. Therefore, the Crawl-Modified Hy-

draulic Model (CMHM) will not consider the effect of visual obscuration by smoke as 

in the SMHM but will consider the change in crowd speed when moving on four, as 

well as the change in the floor area occupied by an individual crawler compared to 

walking upright, where the latter also impacts the maximum safe density after which 

crush conditions might develop.  

3.2.1. Maximum allowable crowd density. Modification to the  maximum  

allowable density in crawling mode requires the recalculation of the projected floor area 

of an occupant. Nagai et al. simplified the area footprint of a crawler to a rectangle, 

approximately 0.4 m × 0.8 m [83].  This representation, however, would fail to predict 

a local clogging phenomenon that Kady observed experimentally where a crawler 

‘squeezes in’ between two other crawlers ahead of her, as shown in Figure 24. 

The corresponding crawling speed vs. exit width plot in Figure 25 drew the at-

tention of Kady, as he expected the speed to increase, or at least to remain constant in 

the transition from an exit width of 4 ft to 5 ft. The seemingly counterintuitive decrease 

in crowd crawling speed as exit width increased is due to the congestion of three crawl-

ers that occurred just before the exit, as shown previously in Figure 24. 

 

 

 
10 The walking height was calculated at 1.78m, which is the eye height of the 95th percentile 

adult male based on anthropometric US data [82, p. 254] 
11 Similarly, the crawling height was determined to be 0.76 m [82, p. 87] 
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Figure 24: Congestion occurred in subfigure (c) when the exit width can accommo-

date slightly more than two crawlers. Reproduced from [84] 

 

The third crawler was able to ‘squeeze’ herself in due to the concavity of the 

shape of a crawler’s footprint: Shoulder breadth is naturally greater than hip breadth 

considering an adult male of standard anthropometric dimensions (and vice versa for 

an adult female), implying that regardless of gender, a crawler’s footprint is a concave 

shape rather than a convex shape. 

 

 

Figure 25: Plot of mean crowd crawling speed vs. exit access width, reproduced from 

[84] 

 

This creates interstitial spaces between crawlers when their shoulders are 

aligned, and such spaces are quickly taken up by other crawlers behind them. A simple 
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rectangular representation of a crawler’s footprint, thus, should be replaced with a more 

accurate, representative one. 

A closeup top view of a crawler from Figure 24 can be simplified into a rectan-

gle, a trapezoid, and a triangle, as in Figure 26. The dimensions annotated in Figure 26 

(a, b, c, d, and e) have been obtained from [82, p. 254], which contains anthropometric 

estimates for US adults aged 19 to 65 years. We have used male data at the 95th percen-

tile and added clothing corrections [82, pp. 49–53] to obtain estimates for these dimen-

sions, as in Table 6. 

 

 

Figure 26: Top view of a crawler, sectioned into three geometrical shapes. Back-

ground image adapted from [84] 

 

 

Table 6: Calculation of the footprint of the 95th  percentile US adult male in the crawl-

ing position  

Dimension 

(unclothed) 
Description 

95% Per-

centile 

(Men) 

Corrections 

(mm) 

Final dimen-

sion (mm) 

a Kneecap to foot 605 25 mm (shoes) 630 

b Hip breadth 410 
25 mm (me-

dium clothing) 
435 

c Shoulder to hip 555  555 

d 

Shoulder 

breadth (bidel-

toid) 

515 
10 mm (indoor 

clothing) 
525 

e 
Shoulder to 

crown of head 
320 0 320 
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Based on the above estimates and the proposed footprint geometry, the 

crawler’s area footprint can be calculated as the sum of the areas of the constituent 

geometries, as per equation : 

 

𝐶𝑟𝑎𝑤𝑙𝑒𝑟 𝐹𝑜𝑜𝑡𝑝𝑟𝑖𝑛𝑡 = 𝑎 × 𝑏 +
𝑏 + 𝑑

2
 𝑐 +

𝑒 × 𝑑

2
 

 

(32) 

Substituting the final values from Table 6 into equation (32), we have a footprint 

of 0.62445 m2 /person. By taking the inverse of this footprint, we arrive at the theoreti-

cal maximum number of crawlers per m2, assuming the crowd is stationary, which is 

1.6 persons/m2. This is 60% less than that of walking pedestrians, at 4 persons/m2 spec-

ified by the Life Safety Code® [54]. 

3.2.2. Crawling speed – crowd density correlations.  Compared to studies in  

the relationship between walking speed and crowd density, there is a dearth of obser-

vational and experimental studies on the fundamental relationship between crawling 

speed and crowd density until recently. Gwynne and Boyce [66] cite the works of Mu-

hdi et al. [85], [86], [84], [87], and Nagai et al. [83] as firsts in this area. 

In buildingEXODUS, the maximum crawling speed of an occupant is set at 20% 

of her initial speed by default [62]. However, experimental work by Muhdi et al. [85] 

shows that crawling at a normal pace or a fast pace implies much higher mobility factors 

at 54% and 68%, respectively, as shown in the rightmost column of Table 7: 

 

Table 7: Mobility factors for crawling, reproduced from Muhdi et al. [85] 

Activity Average speed (m/s) Proportion of walking speeds 

Normal walk 1.32  

Max walk 2.16  

Normal crawl 0.71 0.71/1.32 = 0.54 

Max crawl 1.47 1.47/2.16= 0.68 

 

These reduction factors, however, were derived from an experiment involving 

individual crawlers, rather than crowds, and therefore, do not incorporate congestion 

effects. Even though Nagai et al.’s experiment involved groups of crawlers, only initial 
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density ( initial number of crawlers ÷ capacity of corridor) was measured, rather than 

local density at the exit, [83]. In a later study, Kady12 [84] investigated crawling groups 

of individuals to obtain more data points, as shown in Figure 27. Based on his meas-

urements, he proposed the following crawling speed - crowd density correlation (R2 = 

0.427): 

 

𝑆𝑐 = 0.7973 + 0.2909𝐷 − 0.1503 𝐷2 (33) 

 

where 𝑆𝑐 denotes the speed of a group of crawlers (m/s). 

 

 

Figure 27: Plot of Kady's empirical data, reproduced from [84] 

 

The coefficient of determination for the above correlation implies that about 

43% of the variation in crawling speed is due to crowd density. Other significant factors 

influence crawling speed, such as gender, BMI, and exit route designs. Kady et al. had 

shed light on those factors through experiments and hypothesis tests in [86], [87]. Since 

our evacuation model has a global perspective, rather than an individual perspective of 

occupants (in other words, we are not interested in estimating the speed of every indi-

vidual occupant) it would not be reasonable to use speed modifiers for gender and BMI, 

as these are individual characteristics.  

 
12 Note here than Muhdi and Kady refer to the same person 
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A speed modifier for turns in egress paths, however, should be accounted for, 

but no work in the published literature at the time of writing has yet tackled the devel-

opment crawling speed modifiers for structural transitions in egress routes, such as nar-

rowing or widening passageways, ramps, stairs, doors that are not mechanically held 

open, etc. This is a much-needed research problem that is left for future work.  

3.2.3. Speed and specific flow rate. The quadratic crawling speed- 

crowd density correlation posited by Kady [84] which was reproduced in equation (33) 

is proposed for inclusion in CMHM. However, the unimpeded crawl speeds of 0.71 m/s 

at a normal pace and 1.47 m/s at a fast pace that Muhdi reported in [85] (confer Table 

7) do not lie on the curve expressed by equation (33). Moreover, the quadratic expres-

sion is nowhere near zero when the density is at its theoretical maximum of 1.6 per-

sons/m2 as demonstrated in section 3.2.1. The complication is better expressed visually 

using Figure 28. 

In simple terms, Kady’s quadratic correlation is not bound by the boundary con-

ditions, which are: 

1. Crawling speed at zero density should equal the unimpeded speed of an 

individual crawler 

2. Crawling speed should fall to zero at the maximum safe density (which 

was estimated at 1.6 persons/m2 in section 3.2.1 

Moreover, it is noteworthy that Muhdi’s maximum crawl speed (1.47 m/s) is 

higher than the maximum unimpeded walking speed of 1.19 m/s used in the BHM, 

which violates a basic assumption that speeds are reduced when crawling compared to 

walking when all else is equal. Thus, Muhdi’s normal crawl speed of 0.71 m/s seems 

more reasonable to use for the first boundary condition.  

For these reasons, we propose a different correlation that adheres to the two 

boundary conditions mentioned above, while also fitting Kady’s empirical data points 

from [84]. However, to implement the boundary conditions, the last 7 data points cor-

responding to crowd densities above the theoretical maximum of 1.6 persons/m2 were 

discarded. Moreover, we added two additional data points corresponding to the bound-

ary conditions, which are (0,0.71) and (1.6,0). 
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Figure 28: Plot of Muhdi’s unimpeded crawl speeds and Kady’s proposed correlation 

 

The remaining data points,  along with the said boundary conditions, can be 

fitted using a five-parameter exponential function of the general form: 

 

 

The optimal values of these parameters were estimated to two decimal places, and are 

shown in Table 8. 

 

Table 8: Optimal values of the five parameters in the proposed crawling speed corre-

lation 

A B C D E 

4.00 1.49 1.00 4.00 0.69 

Substituting the above values into equation (34) and denoting the crawling 

speed by 𝑆𝑐 , we have the following expression for crawling speed in crowds: 

 

𝑆𝑐(𝐷) = {
(4(1.49 − 𝐷)𝑒−4(1.49−𝐷) + 0.69), 0 ≤ 𝐷 < 1.6   

0                                                                           𝐷 ≥ 1.6 
 

(35) 

 

𝑦 = 𝐴(𝐵 − 𝑥)𝐶 ∙ 𝑒−𝐷(𝐵−𝑥) + 𝐸 (34) 
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By evaluating the function at density values of 0 and 1.6 persons/m2, we verify 

that the proposed correlation satisfies the boundary conditions up to 2 decimal places. 

The proposed correlation is plotted in Figure 29, and its goodness-of-fit statis-

tics are in Table 9. 

 

 

Figure 29: Plot of proposed crawl speed-density correlation for CMHM 

 

Table 9: Goodness-of-fit statistics for CMHM crawl speed-density correlation 

R2 SSE RMSE R2 (Adjusted) 

0.8559 0.1677 0.1057 0.8448 

 

Comparing the definition of crawling speed in equation (35) to those of speed 

in clear conditions and in smoke (equations (14) and (29), respectively), we notice that 

the former is not a function of the terrain. In other words, 𝑆 and 𝑆𝑠 are functions of k, 

but 𝑆𝑐 is not. 

This is not to say that the structure does not affect crowd crawling speed. In fact, 

Kady and Davis experimentally demonstrated that 90-degree turns in the egress path 

significantly increase the mean evacuation time of an individual crawler compared to 

crawling along a straight corridor at the α=0.05 level [86], therefore, our definition of 

𝑆𝑐 still falls short in this respect. An attempt can be made to include a structural speed 
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modifier, 𝑘𝑐 for crawling through a 90-degree turn. Consequently, equation (35) can be 

rewritten such that it becomes a function of 𝑘𝑐 and the number of 90-degree turns 𝑛90, 

once again, assuming that every 90-degree turn has a multiplicative effect on the crawl-

ing speed: 

 

𝑆𝑐(𝐷, 𝑘𝑐 , 𝑛90 ) = (4(1.49 − 𝐷)𝑒−4(1.49−𝐷) + 0.69) ∙ 𝑘𝑐 
𝑛90  (36) 

 

The structural speed modifier for crawling, 𝑘𝑐, can be estimated based on the 

findings in [86] for the case of 90-degree turns. The experimental setup involved five 

90-degree turns that resulted in an overall reduction in average crawling speed from 

0.761 m/s to 0.705 m/s. Hence, the crawling speed after taking a single 90-degree turn 

could be thought to be  √
0.705

0.761

5
 ≈ 0.985 of the initial speed, excluding acceleration and 

deceleration effects between consecutive turns. The raw data reproduced from [86] was 

used to arrive at this estimate as shown in Table 10.  

 

Table 10: Calculation steps for 𝑘𝑐, using evacuation times reproduced from [86] 
 

Straight route Indirect route (5 right-angle turns) 

BMI Males Females Males Females 

Normal 34.08 37.53 37.69 39.45 

35.33 36.9 38.98 40.58 

35.51 38.52 36.13 40.75 

Overweight 39.93 41.77 42.06 44.47 

38.76 39.71 44.41 43.92 

38.59 43.23 43.09 44.89 

Obese 39.97 47.17 45.48 47.43 

41.00 45.24 46.73 47.28 

39.85 47.85 47.69 47.24  
Average Evacuation time (s) Average Evacuation time (s) 

 
40.05 43.24 

Distance 30.48 30.48 m 

Average Speed 0.761 0.705 m/s 

𝑘𝑐 0.985 
  

 

When equation (36) is plotted at 𝑘𝑐 = 0.985 for 𝑛90 = 1, 2, 3, 4 ,5, we obtain 

the graph in Figure 30, which shows that as the number of right-angle turns increases, 

the crawling speed curve shifts downwards, and so does the unimpeded maximum 
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speed at zero density, but all curves converge to zero at the maximum theoretical den-

sity for CMHM. 

 

 

Figure 30: Plot of revised crawling speed correlation for different numbers of 90-de-

gree turns 

 

As we have done in section 3.1 for SMHM, we find the specific flow rate by 

multiplying the crowd density by the crawling speed to obtain the following expression: 

 

𝐹𝑠 =  𝐷𝑆𝑐 = [4(1.49 − 𝐷)𝑒
−4(1.49−𝐷) + 0.69] ∙ 𝐷 ∙  𝑘𝑐 

𝑛90 (37) 

 

Similarly, when the function above is plotted for different values of 𝑛90, Figure 

31 is obtained, which illustrates that the maximum specific flow decreases as the num-

ber of right-angle turns increases. Furthermore, since the crowd density at which the 

specific flow rate is always maximum is 1.0275 persons/m2, the following formula for 

computing 𝐹𝑠𝑚 can be derived by substituting D = 1.0275 into equation (37): 

 

𝐹𝑠𝑚 = 1.00786 (0.985𝑛90) (38) 
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Two better-fitting, piecewise-linear speed-density correlations for CMHM can 

be found in Appendix C. 

 

 

Figure 31: Specific flow rate vs. density graph for CMHM for different numbers of 

90-degree turns 

 

3.3. A Pre-Processing Algorithm 

Travel time through an egress component is the time needed for a group of per-

sons to move through that component along an egress route. An arc travel time can be 

computed as a traversal time or a queuing time. Consider a directed egress path P from 

the source node s to a sink node t, that passes through an arc (𝑢, 𝑣). Traversal time 

through an arc (𝑢, 𝑣) is the time required by an individual in a moving crowd to travel 

through the corresponding egress component, given that no queue has yet formed in the 

arc. It is simply the ratio of the length of the egress component (𝑑𝑢𝑣) to the speed of 

the crowd through the same component, 𝑆𝑢𝑣: 

 

𝑇𝑡(𝑢𝑣) ≔
𝑑𝑢𝑣
𝑆𝑢𝑣

 
(39) 
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To illustrate the concepts related to queuing, assume that the path P through 

nodes u,v, and w experiences a constriction at v as in Figure 32. 

 

Figure 32: A simple illustration of queue formation for the case of no merging or 

branching of streams 

 

We say that the crowd encounters a bottleneck at node 𝑣 , where a queue starts 

to form at 𝑣 propagating towards the source in the opposite direction to the flow. The 

queuing time along the arc (𝑢, 𝑣) is the time needed for the queue to dissipate, which 

is the ratio of the size of the population size accumulating at node 𝑣 (𝑀𝑣), to the flow 

capacity of the narrower section (𝑣, 𝑤): 

 

𝑄𝑡(𝑢𝑣) =
𝑀𝑣

𝐹𝐶𝑚 (𝑣𝑤)
 

(40) 

 

where 𝑀𝑣 can be estimated by apportioning the total evacuee population to the egress 

paths based on allowable path capacities. 

Since queuing time often dominates the traversal time severalfold, we need to 

identify at which component a bottleneck would occur along a path by testing a queuing 

condition. The queuing condition employed in solved examples in [54] depends on 

which of two approaches we choose to apply: First-order or second-order approxima-

tions. The first-order method is faster but makes more assumptions about crowd density 

and other flow characteristics. In the former, a queue occurs at the arc that has the 
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minimum flow capacity along a path. In the latter method, a queue is assumed to form 

when the calculated specific flow through an egress element exceeds its maximum spe-

cific flow. We adopt the simpler first-order approximation queueing rule, and explain 

its application in the following. 

Consider a directed egress path P from the source node s to a sink node t, that 

passes through nodes u, v, and w in that order as in Figure 32. The first-order approxi-

mation method finds the maximum specific flow rate  𝐹𝑠𝑚(𝑖,𝑗) of each individual arc 

along that path based only on the type of structural component it represents (consult 

Table 4), finds the corresponding flow capacity for each arc as 𝐹𝐶𝑚(𝑖.𝑗) = 𝐹𝑠𝑚 (𝑖,𝑗) ⋅

 𝑊𝑒(𝑖,𝑗), and identifies the ‘narrowest’ bottleneck along the path P, at the tail of an arc 

that along path P has the lowest flow capacity. Assume the smallest flow capacity is 

along the arc (v,w). If the flow capacity through (u,v) is greater than that through (v,w) 

i.e. 𝐹𝐶𝑚 (𝑢,𝑣) > 𝐹𝐶𝑚 (𝑣,𝑤) , then the queueing condition is satisfied in arc (u,v). In this 

case, a queue starts to form at the head of the directed arc (u,v) at node v, and node v is 

termed the controlling node, as it regulates the flow capacities through the arcs up-

stream and downstream from v. Consequently, the flow rates through all arcs along the 

path P from the source up leading up to the controlling node v are overridden and made 

equal to 𝐹𝐶𝑚(𝑣,𝑤). The flow rate for arcs downstream the controlling component will 

remain as 𝐹𝐶𝑚 (𝑣,𝑤) as long as the stream neither merges nor branches.  

The travel time of each arc downstream from the bottleneck v is its traversal 

time, which is the ratio of the distance of the egress component represented by the arc 

𝑑𝑣𝑤 to the crowd speed, 𝑆𝑣𝑤.  

 

𝑇𝑡(𝑣𝑤) = 
𝑑𝑣𝑤

𝑆(𝐷𝑣𝑤, 𝑘𝑣𝑤)
  

(41) 

 

In the first run of the network optimization algorithm, arc travel times must be 

provided a priori. However, the crowd has not yet begun to evacuate, and therefore, 

𝐷𝑣𝑤, has to be calculated rather than measured in the first iteration. Given the flow rate 

of a component and its structural determinants, the crowd density can be solved for 

using equation (19). 
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As for arcs upstream of the bottleneck v, each arc would also be assigned the 

same flow rate as the flow rate through the bottleneck at v, but their individual travel 

times cannot be reliably calculated under first-order approximation, which only esti-

mates the sum of the travel times of the arcs from the source s up to the bottleneck v by 

a single queuing time computation using equation (40). We still need, however, the 

individual arc travel times to define the network model. To get around this issue, we 

force the assumption that the queue propagating from v backward will not ‘spill’ into 

arcs upstream of node u. In which case, it would be easy to calculate the travel times of 

each arc from the source up to node u as a traversal time using equation (39). Let 𝑃𝑠𝑢 

denote the chain of arcs along path P from the source up to node u, and 𝑃𝑣𝑡 denote the 

chain of arcs from v up to the sink t. Hence, the path travel time 𝑇𝑃 becomes: 

 

𝑇𝑃 ≔ ∑
𝑑𝑎
𝑆𝑎

𝑎 ∈ 𝑃𝑠𝑢

+
𝑀𝑣

𝐹𝐶𝑚 (𝑣,𝑤)
+ ∑

𝑑𝑎
𝑆𝑎

𝑎 ∈ 𝑃𝑣𝑡

 

 

(42) 

We conclude this chapter by presenting a comprehensive travel time and capac-

ity calculation procedure for a choice of BHM, SMHM, or CMHM on each arc. The 

following procedure can be thought of as a function that takes in a network with feasible 

arcs (that are currently tenable), a user’s choice of hydraulic model variant on each arc, 

along with other arc attributes as inputs. The function TimeTravelComp() shall be 

called later in the main evacuation algorithm Evac(). Before the algorithm is presented, 

the following definitions and initializations should be made.  

Let the set of nodes and arcs representing the building network be referred to as 

N=(V, A), where V is the set of all nodes, and A is the set of all currently tenable arcs13, 

where 𝑎𝑘 is the k’th tenable arc in the set A. The size of the total population to be 

evacuated is Z.  

Let P be the set of currently tenable s-t paths in N, and 𝑃𝑖 be the i’th s-t path in 

the set P. For each path 𝑃𝑖, define 𝑎𝑗𝑖 to be the j’th arc along 𝑃𝑖 in the direction from 

 
13 We use the term ‘currently tenable arc’ to refer to an arc whose environmental conditions 

(temperature and smoke density) are presumed to be currently safe enough for egress, but its future 

tenability till evacuees are expected to reach safety has not yet been confirmed. Consequently, a currently 

tenable path is a chain of currently tenable arcs from a source to a sink. 
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source to sink, where 𝑗 = 1,… ,𝑚𝑖 where 𝑚𝑖 be the number of arcs in 𝑃𝑖.  Also, let 𝑀𝑃𝑖
 

denote the size of the population apportioned to path 𝑃𝑖; 𝑢(𝑃𝑖) be the flow capacity of 

𝑃𝑖; and 𝑆𝑢𝑚(𝑢(𝑃)) denote the sum of the capacities of all currently tenable path in the 

network N. 

For each arc 𝑎𝑗𝑖, we define: 

• The physical length of the corresponding egress component is 𝑑𝑎𝑗𝑖  

• The clear width of the egress component is 𝑊𝑝(𝑎𝑗𝑖)
 

• The average extinction coefficient along the arc is 𝐶𝑠(𝑎𝑗𝑖) 

• The travel time for an arc 𝑎𝑗𝑖 is τ(𝑎𝑗𝑖) 

• 𝑛90(𝑗𝑖) is the cumulative number of 90-degree turns along the path 𝑃𝑖  of 

a crawling crowd from the source of 𝑃𝑖 till the j’th node of the same 

path 

• The choice of the hydraulic model variant on an arc 𝑎𝑗𝑖 is represented 

by an indicator ℎ𝑚𝑣𝑗𝑖 , which can take on 1 for BHM, 2 for SMHM, or 

3 for CMHM. 

The path travel time 𝑇𝑃𝑖 for a simple s-t path in N is the sum of travel times of 

the arcs along the path. In the complete evacuation sequence (Algorithm 6 [Evac()]), 

ℎ𝑚𝑣𝑗𝑖  will be set as a result of tenability checks that will be carried out to first remove 

currently untenable paths from the set of all s-t paths. Then, path travel times and ca-

pacities would be calculated only for currently tenable s-t paths. 

The algorithm expects the following inputs for all currently tenable arcs in A: 

• The network N = (V,A) 

• The total number of occupants to evacuate, Z 

• The vector of distances [𝑑𝑎𝑘] 

• The vector of clear widths for all arcs in A [𝑊𝑝(𝑎𝑘)] 

• The vector of hydraulic model variant indicators [ℎ𝑚𝑣𝑎𝑘] 

• The vector of average smoke densities [𝐶𝑠(𝑎𝑘)] 

• The vector of structural speed modifiers [𝑘𝑎𝑘] 
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• [𝑇𝑆𝑎𝑘]: An ordered list of textual indicators of the egress element type, 

where each entry in the list takes on one of  ‘Door’, ‘Ramp’, ‘Stairway’, 

‘Corridor’, or ‘Wide concourse’ 

The first algorithm in this thesis, Algorithm 1, is presented formally below. 

Where possible, natural language was replaced with arithmetic operations and pseudo-

code. Afterwards, the logic behind each step will be explained.  

 

 Algorithm 1 [function handler: TravelTimeComp()] : Computes path 

travel times for a given HM variant14 

 

INPUTS: N, Z , [𝒅𝒂𝒌], [𝑾𝒑(𝒂𝒌)],  [𝒉𝒎𝒗𝒂𝒌], [𝑪𝒔(𝒂𝒌)], [𝒌𝒂𝒌], [𝑻𝑺𝒂𝒌] 

OUTPUTS: Vector of tenable path travel times [𝑻𝑷𝒊], vector of arc travel times [𝝉(𝒂𝒌)] 

and vector of arc capacities [𝒖(𝒂𝒌)]  

1 Enumerate all s-t paths in N using breadth/depth-first search; Add each path to set 

𝑃, which is interpreted as the set of currently tenable paths;  

𝑃𝑖 is the i’th path in set P 

𝑎𝑗𝑖 is the j’th arc in path 𝑃𝑖 

2 𝑆𝑢𝑚(𝑢(𝑃)) ≔ 0 

3 For (i=1, i=|𝑃|, i++) do   

4 For (j=1, j=𝑚𝑖, j++) do 

5 By matching 𝑇𝑆𝑗𝑖 , lookup the following parameters from Tables: 

𝐵𝐿(𝑎𝑗𝑖) from Table 1 

𝑆𝑚𝑎𝑥(𝑇𝑆𝑗𝑖) from Table 2 

6 Switch ℎ𝑚𝑣𝑗𝑖  

Case “1” 

𝐹𝑠𝑚(𝑎𝑗𝑖) = 0.93974 𝑘𝑗𝑖 

7 Case “2” 

𝑅𝑣𝑠𝑚𝑜𝑘𝑒(𝑗𝑖)

=   min {1,
0.34 + 1.02 𝑒

−𝐶
𝑠(𝑎𝑗𝑖) − 0.63 𝐶𝑠(𝑎𝑗𝑖). 𝑒

−𝐶
𝑠(𝑎𝑗𝑖) + 0.45 𝐶𝑠(𝑎𝑗𝑖)

2. 𝑒
−𝐶

𝑠(𝑎𝑗𝑖)

1.2
} 

 
14 Click to return to Algorithm 6[Evac()] 
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𝐹𝑠𝑚(𝑎𝑗𝑖) = 0.93974 𝑅𝑣𝑠𝑚𝑜𝑘𝑒(𝑗𝑖) ⋅ 𝑘𝑗𝑖 

Broadcast message “Thin smoke ahead, proceed with caution, walking up-

right” to users at the source of path 𝑃𝑖; 

8 Case “3” 

𝐹𝑠𝑚(𝑎𝑗𝑖) = 1.00786 (0.985
𝑛90(𝑗𝑖)); 

Broadcast “Crawl” instruction to users at the source of path 𝑃𝑖; 

End Switch 

9 𝑊𝑒(𝑎𝑗𝑖)
: = 𝑊𝑝(𝑎𝑗𝑖)

− 2𝐵𝐿(𝑎𝑗𝑖); 

If tail of arc 𝑎𝑗𝑖 is a source node 𝑠 ∈  𝑆+, do 

𝑢(𝑎𝑗𝑖) ≔ 𝑏(𝑠) 

Else 

𝑢(𝑎𝑗𝑖): = 𝐹𝑠𝑚(𝑎𝑗𝑖)  ⋅ 𝑊𝑒(𝑎𝑗𝑖)
; 

End If 

Add 𝑢(𝑎𝑗𝑖)  to the vectors [𝑢(𝑎𝑘)] and [𝑢(𝑎𝑗𝑖)]; 

10 End For 

11 𝑢(𝑃𝑖) = min{[𝑢(𝑎𝑗𝑖)]} ; 

𝜃𝑖 ≔ Index of min{[𝑢(𝑎𝑗𝑖)]} ; 

𝑎𝜃𝑖 ≔ Identity of the arc in the network N corresponding to index 𝜃𝑖 

12 𝑆𝑢𝑚(𝑢(𝑃)) = 𝑆𝑢𝑚(𝑢(𝑃)) + 𝑢(𝑃𝑖); 

13 𝑀𝑃𝑖
=  𝑍 ∙

𝑢(𝑃𝑖)

𝑆𝑢𝑚(𝑢(𝑃))
 ; 

14 End For 

15 For (i=1, i=n, i++) do   

16 𝑘 = 1; 

17 While 𝑇𝑅𝑈𝐸 

18 If 𝑖 = 𝑘 do 

𝑘 =  𝑘 + 1; 

Continue to next While iteration; 

19 Else If 𝑎𝜃𝑖 = 𝑎𝜃𝑘 do 

20 𝑀𝑃𝑖
= 𝑀𝑃𝑖

+𝑀𝑃𝑘; 
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21 Else 

22 𝑘 =  𝑘 + 1; 

End If 

23 End While 

24 For (j=1, j=𝑚𝑖,, j++) do 

25 𝐹𝐶(𝑎𝑗𝑖) =  𝑢(𝑃𝑖); 

26 Let 𝐷𝑗𝑖 denote the density on arc 𝑎𝑗𝑖 on path 𝑃𝑖; 

If crowd sensor at the physical location of arc 𝑎𝑗𝑖 is functional do 

Read 𝐷𝑗𝑖 from crowd sensor 

Else 

𝐷𝑗𝑖 = min {
−𝑊

𝑒(𝑎𝑗𝑖)
∙ 𝑘𝑗𝑖±√(𝑊𝑒(𝑎𝑗𝑖)

∙ 𝑘𝑗𝑖)
2−1.064 𝑊

𝑒(𝑎𝑗𝑖)
∙ 𝑘𝑗𝑖∙𝐹𝐶(𝑎𝑗𝑖)

−0.532 𝑊
𝑒(𝑎𝑗𝑖)

∙ 𝑘𝑗𝑖
} 

End If 

27 Switch (ℎ𝑚𝑣𝑗𝑖)  

28 Case “1=BHM”: 

𝑆𝑎𝑗𝑖(𝐷𝑗𝑖 , 𝑘𝑗𝑖)  ≔ {

𝑆𝑚𝑎𝑥(𝑘𝑗𝑖), 𝐷𝑗𝑖 ≤ 0.54

  0, 𝐷𝑗𝑖 ≥ 3.8

𝑘𝑗𝑖(1 − 0.266 𝑘𝑗𝑖  ∙  𝐷𝑗𝑖), Otherwise

 

29 Case “2=SMHM”: 

𝑆𝑎𝑗𝑖(𝐷𝑗𝑖 , 𝑘𝑗𝑖  , 𝑅𝑣𝑠𝑚𝑜𝑘𝑒(𝑗𝑖))

≔ {

𝑅𝑣𝑠𝑚𝑜𝑘𝑒(𝑗𝑖) ∙ 𝑆𝑚𝑎𝑥(𝑘𝑗𝑖)  , 𝐷𝑗𝑖 ≤ 0.54

  0,                 𝐷𝑗𝑖 ≥ 3.8

𝑅𝑣𝑠𝑚𝑜𝑘𝑒(𝑗𝑖) . 𝑘𝑗𝑖(1 − 0.266 𝑘𝑗𝑖  ∙  𝐷𝑗𝑖), 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

30 Case “3=CMHM”: 

𝑆𝑎𝑗𝑖(𝐷𝑗𝑖 , 𝑛90(𝑗𝑖))

= {
(4 ∙ (1.49 − 𝐷𝑗𝑖)𝑒

−4(1.49−𝐷𝑗𝑖) + 0.69) ∙ (0.985)𝑛90(𝑗𝑖) ,   0 ≤ 𝐷𝑗𝑖 < 1.6   

0 , 𝐷𝑗𝑖 ≥ 1.6 
 

31 End Switch 

32 𝜏(𝑎𝑗𝑖) ≔ 0 

33 

If 𝑗 = 𝜃𝑖 − 1 do 

Continue to next For iteration (next arc); 
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Else If 𝑆𝑎𝑗𝑖  ≠ 0 do 

𝜏(𝑎𝑗𝑖) =
𝑑𝑎𝑗𝑖

𝑆𝑎𝑗𝑖
 ; 

Else 

Broadcast message “Congested pathway! Proceed with caution or wait for 

congestion to clear up.” to occupants at the source of path 𝑃𝑖 

𝜏(𝑎𝑗𝑖) = 0; 

End If 

34 𝑇𝑃𝑖 = 𝑇𝑃𝑖 + 𝜏(𝑎𝑗𝑖); 

35 End For 

36 

𝜏(𝑎(𝜃𝑖−1)𝑖) =
𝑀𝑃𝑖

𝑢(𝑃𝑖)
; 

Add 𝜏(𝑎(𝜃𝑖−1)𝑖) to the vectors [𝜏(𝑎𝑗𝑖)] and [𝜏(𝑎𝑘)] 

38 𝑇𝑃𝑖 = 𝑇𝑃𝑖 + 𝜏(𝑎(𝜃𝑖−1)𝑖); 

39 Add 𝑇𝑃𝑖 to vector [𝑇𝑃𝑖]; 

40 End For 

 

In Step 1, a graph traversal algorithm, such as the breadth-first or depth-first 

search algorithm, acts on the set of currently tenable arcs in N to construct currently 

tenable paths and place them in a set P. In Step 2, the sum of all path capacities is 

initialized to zero. In Step 3, a for-loop that cycles through each path in the set P. Con-

sider a path 𝑃𝑖 in the set P. For each arc along that path, use the egress element type to 

retrieve the one-sided boundary layer thickness and the unimpeded maximum speed. 

Next, the computation of the flow capacity of the arc depends on its applicable hydrau-

lic model, which in turn, is the result of on tenability checks that will have already been 

performed by the main function Evac(). 

Inspecting the hydraulic model indicator for the arc under consideration in Steps 

6 through 8, the applicable 𝐹𝑠𝑚(𝑎𝑗𝑖) formula is applied. The first case (ℎ𝑚𝑣𝑗𝑖 = 1) in-

dicates that the BHM is applicable, and so, equation (17) is applied. The second case 

(ℎ𝑚𝑣𝑗𝑖 = 2) indicates that the SMHM, and consequently, equations (26) and (31) are 

applicable. Note that the equation (26) is applicable only for smoke densities greater 
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than 0.1 m-1 ; if applied otherwise, it would result in a mobility factor higher than 1, 

implying acceleration in smoke. Therefore, the right-hand-side is capped to a value of 

1 using the min{} function. Finally, the last case implies that evacuees must crawl to 

exit that arc safely, and they are informed of that through a location-specific broadcast 

message pushed to their smartphones through the mobile application. In addition,  equa-

tion (36) is applied.  

In Step 9, the effective width of the arc is calculated using equation (13), and 

the capacity of the arc - if it emanates from a transshipment node - is computed using 

equation (18). If, however, the arc emanates from a source node, the capacity should be 

set to the number of evacuees at the source node. This is because apartment doors are 

often narrower than corridors or fire exits, and so the use of equation (18) in this case 

would lead to the creation of an ‘artificial’ bottleneck at the source.  

The calculated arc capacity is added to two vectors: [𝑢(𝑎𝑘)], which is the vector 

of arc capacities for every arc 𝑎𝑘  ∈ 𝐴, and [𝑢(𝑎𝑗𝑖)] , which is the vector of arc capaci-

ties for every arc 𝑎𝑗𝑖  ∈  𝑃𝑖  . Steps 4 to 9 are repeated for each arc in the path 𝑃𝑖. 

In Step 11, the capacity of the path 𝑃𝑖 is determined as that of the arc that has 

the minimum capacity (recall, the flow rate through the bottleneck regulates the flow 

rate through the entire path). The index of the arc at which the bottleneck was identified 

is recorded and is used to find the corresponding original arc 𝑎𝑘  ∈ 𝐴. The purpose of 

performing this step will become clear in Step 20. 

In Step 12, the sum of path capacities is incremented, and in step 13, the total 

population of evacuees Z is apportioned to the paths based on path capacities. Steps 4 

to 13 are repeated for each path. 

In Step 15, another loop is started that cycles through paths once more. In steps 

17 through 23, for each path, we search for other paths whose bottlenecks occur at the 

same location, and if found, their apportioned populations are added up. The point here 

is to account for longer queuing times when different paths merge at the same bottle-

neck. For example, if Path 1 evacuates 6 people, and Path 2 evacuates 10 people, and 

they all evacuate simultaneously and proceed to the same narrow exit, the population 

queueing is 6+10 persons, and the queueing time in each of the two paths should be 

calculated based on 16 evacuees. 
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In Step 24, a loop is set up to cycle through the individual arcs in path 𝑃𝑖. This 

time, the aim is to compute the arc travel times, and consequently, the path travel times. 

In Step 25, the flow rate along each arc in the path is assumed to equal to the flow rate 

of the bottleneck, which is also the path capacity. In Step 26, we attempt to measure the 

crowd density along that arc. However, if the crowd sensors have become faulty due to 

fire or smoke, then the density is estimated by solving the quadratic equation (19) for 

the minimum root. 

In Step 27, the hydraulic model indicator is inspected again to determine the 

applicable speed correlation. Case 1 utilizes equation (14) of the BHM, Case 2 utilizes 

equation (29), and Case 3 applies equation (36). 

In Step 32, the travel time of the arc being considered is initialized to zero. After 

that, Steps 33 to 35 compute the travel time of the arc as simply the ratio of arc distance 

to the speed calculated previously, as long as the arc being considered is not the arc 

immediately preceding the path’s bottleneck (for the arc preceding the bottleneck, a 

queuing time, not a traversal time, should be calculated). Note that a check is performed 

on the speed to ensure that division by zero is prevented. When the speed is found to 

be zero, it implies that the maximum safe density has been exceeded and that there is a 

risk of crush conditions developing. Therefore, a warning message is broadcast to oc-

cupants. Although the traversal time under densities exceeding the safety limits should 

be non-zero, we set it to zero, and assume that the prolonged travel time shall be ac-

counted for in the path queueing time. 

In the final steps of the algorithm, the queuing time at the path’s bottleneck is 

calculated, added to the path travel time, and to the vectors [𝜏(𝑎𝑗𝑖)] and [𝜏(𝑎𝑘)]. Also, 

the path travel time is incremented by the queueing time. Now that the path travel time 

has been calculated, it is added to the vector of path travel times. 

 Steps 15 through 38 are repeated for all currently tenable s-t paths, and the 

algorithm outputs the vector of path travel times [𝑇𝑃𝑖], the arc travel time vector 

[𝜏(𝑎𝒌)], and the arc capacity vector [𝑢(𝑎𝑘)] for further processing as per the sequence 

of the main algorithm Evac(). A working example of this algorithm and the steps pre-

ceding its call in the main algorithm Evac() can be found in Chapter 5.  
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Building Network Optimization 

Having obtained estimates of arc capacities and transit times using the pre-pro-

cessing algorithm described in section 3.3, we now turn to solve the dynamic network 

problem. An optimization algorithm that we are interested in applying to our problem 

has been developed by Baumann [50], who adapted the LMDFP to a Lexicographically 

Earliest Arrival Transshipment (LEATP) and proposed an algorithm that does not rely 

on time expansion to optimize a multiple-source-single-sink network. Baumann’s algo-

rithm is strongly polynomial in the input plus the number of breakpoints in the arrival 

pattern. The first stage is to recursively construct the Earliest Arrival Pattern (EAP), 

and in the second stage, the pattern is used to infer the Earliest Arrival Transshipment 

(EAT) by extending the network and applying a polynomial-time, quickest transship-

ment algorithm by Hoppe and Tardos [52]. Restricting ourselves to multiple-source-

single-sink networks comes in handy as EAT always exists for this layout, but does not 

always exist in multiple-source-multiple-sink networks [50, p. 2].  

The next two sections succinctly introduce the EAP, the EAT, and summarize 

Baumann’s two-stage algorithm to compute the EAP, followed by the EAT for an in-

stance of the network problem. 

4.1. Computation of The Earliest Arrival Pattern  

Baumann defines the earliest arrival pattern as a continuous, piecewise linear 

function p: ℝ+ → ℝ+ , where the first parameter is the time step 𝜃 . She interprets 𝑝(𝜃) 

intuitively as “the maximal amount of flow that can be sent into the sink by time 𝜃 

without violating supplies at the sources, fulfilling capacity constraints and flow con-

servation” [50, p. 49]. The distinction between 𝑝(𝜃) and the value of the maximum s-t 

flow over time with time horizon 𝜃 i.e. 𝑜𝜃(𝑆+) is important, as the latter need not abide 

by the supply and demands of the sources and sinks, respectively. In fact, due to 

bounded supplies and demands, 𝑝(𝜃) ≤  𝑜𝜃(𝑆+) ∀ 𝜃 ≥ 0 ; a tight inequality. 

The pattern of the earliest arrival transshipment, 𝑝(𝜃) is a piecewise function 

formed by several s-t earliest arrival patterns, each of which results from a different 

extension of the original network. In each of these extended networks, a supersource s 

is connected to a different nested subset  𝑆𝑖 of sources in 𝑆+. The subsets (and the cor-

responding maximum s-t flows over time 𝑜𝜃(𝑆𝑖) in the extended networks) are 
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recursively constructed such that maximum s-t flow over time up to some breakpoint 

𝜃𝑖+1 never exceeds the supplies of individual sources.  

Due to the continuity of both 𝑝(𝜃) and 𝑜𝜃(𝑆+) and the tightness of the inequal-

ity 𝑝(𝜃) ≤  𝑜𝜃(𝑆+), there exists a value of 𝜃, call it 𝜃1, for which the equality holds. 

This is a time instant up to which a maximum flow over time satisfies supplies and 

demands. Since 𝑝(𝜃) and 𝑜𝜃(𝑆+) are increasing functions of 𝜃, if we let 𝜃1 ≔

max{𝜃 | 𝑝(𝜃) = 𝑜𝜃(𝑆+) }, then 𝑝(𝜃) <  𝑜𝜃(𝑆+) after time after 𝜃1 due to the finite 

supplies i.e. some sources have run empty and cannot contribute to the flow reaching 

the sink after 𝜃1. However, for 0 ≤ 𝜃 < 𝜃1, 𝑝(𝜃) =  𝑜𝜃(𝑆+) by proof in [50, pp. 53–

54]. The question now is, what is 𝑝(𝜃) equal to after time 𝜃1?  

At the time instant 𝜃1, consider a proper subset of unemptied sources 𝑆1 ⊊ 𝑆+, 

outside of which, other sources (𝑆+\𝑆1) have run empty and have transferred all their 

supplies 𝑏(𝑆+\𝑆1) to the sink. Therefore, at this time instant 𝜃1 and for this set 𝑆1, it 

holds that 𝑝(𝜃1) = 𝑜𝜃1(𝑆1) + 𝑏(𝑆
+\𝑆1), and this statement remains true for values of 

𝜃 from 𝜃1 up to the next breakpoint 𝜃2, after which the next set of unemptied sources 

𝑆2 which is strictly in 𝑆1 become responsible for the supply of future flow units. Hence, 

𝑝(𝜃) ≔ 𝑜𝜃(𝑆𝑖) + 𝑏(𝑆
+\𝑆𝑖) for 𝜃𝑖 ≤ 𝜃 < 𝜃𝑖+1, starting with i=0 and incrementing i by 

1 until the null set is reached.  

To maintain the continuity of 𝑝(𝜃) between breakpoints, the next breakpoint 

𝜃𝑖+1 is chosen as the latest time such that the maximum dynamic flow out of a subset 

of sources 𝑆′ ⊆ 𝑆𝑖 is at least as large as that out of  𝑆𝑖 after the sources in 𝑆𝑖\𝑆
′ have 

dried up. Baumann’s algorithm for computing 𝑝(𝜃), which can be implemented to run 

in strongly polynomial time, is reproduced in Algorithm 2. 

Step 3 of Algorithm 2 requires a search algorithm to find a time instance 𝜃 and 

a set 𝑆′ that satisfies the relationship  𝑜𝜃𝑖+1(𝑆′) ≥  𝑜𝜃𝑖+1(𝑆𝑖) − 𝑏(𝑆𝑖\𝑆
′). Baumann pro-

posed the use of Megiddo’s parametric search procedure [88, pp. 414–424] in which 

the linear parameter is 𝜃. The parametric search is superior to binary search (the bisec-

tion method) because it allows the problem to still be solved in strongly polynomial 

time, while a binary search procedure would make the problem pseudo-polynomial 

[89]. Thus, she was able to achieve a strongly polynomial procedure that no longer 

involved direct submodular function minimization. 
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 Algorithm 2 (function handler: EAPComp): Computing the Ear-

liest Arrival Pattern [50, P. 57] 15 

 

INPUT: (N’, 𝑺+, t) 

OUTPUT: Earliest arrival pattern 𝒑(𝜽) as a set of k breakpoints (𝜽𝒊, 𝒇𝒊) for 𝒊 =

𝟎, 𝟏,… , 𝒌 

1 𝑖 ∶= 0,  𝑆𝑖 ≔ 𝑆+, 𝜃𝑖 ∶= 0 ; 

2 While 𝑆𝑖  ≠  𝜙 do 

3 Compute 𝜃𝑖+1 ≥ 0 such that 

𝜃𝑖+1 = max {𝑜𝜃𝑖+1(𝑆′) ≥  𝑜𝜃𝑖+1(𝑆𝑖) − 𝑏(𝑆𝑖\𝑆
′)} for all 𝑆′ ⊆ 𝑆𝑖 ; 

4 Compute an inclusion-wise minimal set16 𝑆𝑖+1 ⊊ 𝑆𝑖 such that  

𝑜𝜃𝑖+1(𝑆𝑖+1) =  𝑜
𝜃𝑖+1(𝑆𝑖) −  𝑏(𝑆𝑖\𝑆𝑖+1) ; 

5 Compute 𝑜𝜃(𝑆𝑖) on the interval [𝜃𝑖  , 𝜃𝑖+1) and set 

𝑝(𝜃) ≔ 𝑜𝜃(𝑆𝑖) + 𝑏(𝑆
+\𝑆𝑖) for 𝜃 𝜖 [𝜃𝑖  , 𝜃𝑖+1)  

6 𝑖 = 𝑖 + 1; 

 End While 

7 Set 𝑝(𝜃) ∶= 𝑏(𝑆+) for all 𝜃 ≥  𝜃𝑖  

 

An essential question concerning the implementation of step 5 this algorithm is 

how 𝑜𝜃(𝑆′) can be computed. Based on results from Ford and Fulkerson’s temporally 

repeated flows, the maximum s-t flow over time up with a time horizon θ can be ob-

tained by computing a single static minimum-cost circulation in the extended network 

𝑁̅ where the travel times are interpreted as cost coefficients, as equation (3) implies. 

This network transformation was already illustrated in Figure 12, but the travel time on 

the return arc is set to – θ, i.e.  τ(t,s) = - θ and the supersource would be connected to 

only those sources in 𝑆′. 

Having connected the single sink back to the single source, we no longer have 

an s-t flow in this network. Rather, we have a circulation: A network in which flow 

conservation is satisfied at all nodes, including the source and sink. The value of the 

 
15 Click to return to Algorithm 6[Evac()] 
16 Among a collection of sets, an inclusion-wise minimal set is a set which is not a superset of 

any other set in the collection 
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maximal flow over time up to time θ is the negative of the cost of a static minimum 

cost circulation in N’. The derivation of this result can be found in [49, p. 460].  

Finally, we note that if EAP fulfills all supplies and demands by the minimum 

time horizon of feasibility 𝜃∗, i.e. 𝑜𝜃
∗
(𝑆+) = 𝑏(𝑆+) holds, then 𝜃∗ = 𝜃1 and the EAT 

problem is tight. This would also imply that the above algorithm would require only 

one iteration to find 𝜃∗ and the corresponding EAP, which equals 𝑜𝜃(𝑆+) for all 𝜃 ≤

𝜃∗ [50, p. 65]. 

4.2. Computation of The Earliest Arrival Transshipment 

An EAT is defined as a flow over time such that 𝑝(𝜃) units of flow have sim-

ultaneously reached the sink by time 𝜃, and it can be reconstructed given 𝑝(𝜃) by ap-

plying the second stage of the algorithm proposed by Baumann [50, pp. 62–65], which 

is summarized in this section. Given the EAP with k breakpoints (𝜃𝑖 , 𝑓𝑖) for 𝑖 =

0,1, … , 𝑘 where 𝜃𝑖 is a point in time, and 𝑓𝑖 is the total amount of flow that has arrived 

at the sink up to time 𝜃𝑖. Hence, 𝑓0 = 0 and 𝑓𝑘 = 𝑏(𝑆
+); also, 𝜃𝑘 becomes the time 

horizon of the corresponding feasible transshipment such that all supplies and demands 

would be fulfilled. An illustration of an example earliest arrival pattern is shown in 

Figure 33. 

To find the corresponding earliest arrival transshipment in the network N’, a 

network transformation must be applied, followed by applying the strongly polynomial 

quickest transshipment algorithm by Hoppe and Tardos [52] to the transformed network 

N”. First, we begin by describing the required network transformation, which is illus-

trated in Figure 34: 

1- Add new sinks labeled 𝑡𝑖 for 𝑖 = 1,… , 𝑘 

2- Add k additional arcs, each of which is directed from the supersink t’ to the 

additional sink 𝑡𝑖. Note that t’ now becomes an intermediate node 

3- Set the demand for each new sink 𝑏(𝑡𝑖) ≔  −(𝑓𝑖 − 𝑓𝑖−1). This results in the 

demand of all additional sinks adding up to the negative of the total supplies, 

i.e. ∑ 𝑏(𝑡𝑖) = − 𝑏(𝑆
+)𝑘

𝑖=1  

4- Set the travel time of each arc (t’, 𝑡𝑖) to 𝜃𝑘 − 𝜃𝑖 

5- Set the capacity of each arc (t’, 𝑡𝑖) to the quantity 
𝑓𝑖−𝑓𝑖−1

𝜃𝑖−𝜃𝑖−1
, which is the slope 

of 𝑝(𝜃) over the interval [𝜃𝑖−1, 𝜃𝑖] 



 

101 

 

 

 

Figure 33: An illustration of an earliest arrival pattern with six breakpoints (k = 6). 

Adapted from [50, p. 62] 

 

 

Figure 34: Illustration of the second network transformation (N’ to N”) corresponding 

to the earliest arrival pattern in Figure 3317 

 

This construction is necessary to ensure that a feasible transshipment over time 

in N” will induce an EAT in the original network N, which in turn, would result in the 

EAP derived in the previous section. The next step is to apply the QT algorithm by 

 
17 Click to return to Algorithm 6[Evac()] 
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Hoppe and Tardos to N”, which requires that the travel times are constant and integral 

[52]. These restrictions have profound consequences on our framework and imply that 

the travel times and capacities must be pre-calculated (and rounded to integers) before 

the EAP and EAT are computed. This is the reason we employ the pre-processing al-

gorithm ([TravelTimeComp()]) based on the Hydraulic Model(s) to meet this require-

ment. 

 Once travel times and capacities satisfy these preconditions, the procedure for 

computing the EAT can be explained as follows. The first step is to find the minimum 

time horizon 𝜃∗ for which a transshipment over time is feasible, followed by transform-

ing the network N” to an instance of the LMDFP, 𝑁̃, which modifies the capacities of 

the arcs outgoing from sources or incoming to sinks in such a way so as to reduce the 

maximum flow to a level that fulfills supplies and demands. Finally, the LMDFP is 

solved in 𝑁̃. The procedure by Hoppe and Tardos [52] is explained well in [50, pp. 27–

34], and is summarized in the following three sections. 

4.2.1. Finding the minimum time horizon. This is achieved by evaluating  

the feasibility criterion by Klinz, cited as a personal communication in [90] for different 

values of θ until the minimum θ for which a transshipment over time is feasible is found.  

The necessary and sufficient feasibility criterion [50, p. 28], [90] to be checked 

is stated as follows. Let 𝑋 ⊆  𝑆+ ∪ 𝑆−, 𝑏(𝑋) ≔ ∑ 𝑏(𝑣)𝑣 ∈𝑋 , and let 𝑜𝜃(𝑋) be the max-

imum amount of flow (ignoring supplies and demands) that can be sent from sources 

in 𝑆+ ∩ 𝑋 to sinks in 𝑆− \𝑋 within time 𝜃 ≥ 0. A feasible continuous flow over time 

that satisfies all supplies and demands with time horizon 𝜃 exists if and only if  𝑜𝜃(𝑋) ≥

𝑏(𝑋)  ∀ 𝑋 ⊆ 𝑆+ ∪ 𝑆−, which is a tight inequality due to the continuity of the function 

𝑜𝜃(𝑋) over 𝜃 for a given 𝑋. Therefore, there exists some 𝜃 for which the equality holds, 

i.e. 𝑜𝜃(𝑋) =  𝑏(𝑋), and since 𝑜𝜃(𝑋) is also an increasing function of 𝜃, that value of 𝜃 

for which the equality is true must be 𝜃∗: The minimum 𝜃 for which an instance of the 

transshipment over time problem is feasible. This step involves minimizing a submod-

ular function, 𝑜𝜃(. ) which can be done in strongly polynomial time using parametric 

search. 

As stated previously in section 4.1, 𝑜𝜃(𝑋) is the negative of the flow value re-

sulting from computing a static minimum-cost circulation in an extended network 𝑁̅, 
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in which a supersource s’ is connected via uncapacitated, zero-travel time arcs to 

sources in 𝑋, and likewise, a supersink t’ is connected to sinks outside of 𝑋. In addition, 

an uncapacitated arc from t’ to s’ is added with a cost coefficient equal to - 𝜃. 

Baumann shows that due to the integral capacities and travel times, 𝜃∗ will not 

be an integer, but a rational, and an integer time horizon is required to proceed. She 

suggested a scaling approach where all travel times and 𝜃∗ are multiplied by a constant 

and all capacities are divided by the same constant. However, we propose rounding of 

𝜃∗ upwards to the nearest integer as a locally conservative approach, which is both 

simpler and faster. 

4.2.2. A network transformation. The second step is to modify the chosen  

instance of the network at which 𝜃∗ was found from N” to an instance of the LMDFP, 

𝑁̃ which restricts the ability of sources to send out more flow units than their supplies.  

First, we begin by describing the initial network transformations to 𝑁0̃  that must 

be applied to network N”. Let 𝑆 ≔  𝑆+ ∪ 𝑆′ be the set of original terminals18, and 𝑆′ ≔

 𝑆′+ ∪ 𝑆′− be the set of new terminals, which is the union of the set of new sources 𝑆′+, 

and the set of new sinks 𝑆′−. 

 For each original source s ∈  𝑆+, add a new source 𝑠0 ∈ 𝑆
′+ to which the bal-

ance on s will be transferred and connect each new source 𝑠0 to its corresponding orig-

inal source s by the arc (𝑠0, s). Likewise, for each original sink 𝑡 ∈  𝑆−, add a new sink 

𝑡0 ∈  𝑆
′−, and connect each original sink 𝑡 to its corresponding new sink 𝑡0 by an arc 

(𝑡, 𝑡0) and transfer the demand of 𝑡 sink to 𝑡0. All original sources and sinks in this 

network have now become intermediate nodes. We call the new network 𝑁0̃. The trans-

formation is shown in Figure 35. 

The algorithm laid out by Hoppe and Tardos [52] that creates 𝑁̃ also creates set 

C: A set of subsets of sources and sinks. C shall have the following special properties: 

• It is a chain, which means that its subsets are nested and every two 

adjacent subsets differ by only one element.  

• Each of the sets in C is tight; a subset X is tight if  𝑜𝜃
∗
(𝑋) = 𝑏(𝑋) holds 

[50, p. 32] 

 

 
18 A terminal can be either a source or a sink 
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Figure 35: Illustration of the third network transformation from N'' to 𝑁0̃
19 

 

The nested subsets are ordered by inclusion, meaning, for the given ordering of 

terminals {𝑠0, 𝑠1, … , 𝑠𝑙 }, each element 𝑆𝑖  ∈ 𝐶 consists of the sources {𝑠0, 𝑠1, … , 𝑠𝑖}, 

where 𝑖 = 0,1, . . , 𝑙, and if some 𝑗 > 𝑖, then 𝑆𝑖  ⊊  𝑆𝑗. A simple illustration of C for l =3 

is shown in Figure 36, from which it is easy to see that |𝑆′| = 𝑙 + 1 by counting the 

number of sources, and that |𝐶| = 𝑙 + 2 by counting the number of subsets, including 

the null set. Hence, |𝐶| − |𝑆′| = 1 unless there exist any two adjacent subsets that dif-

fer by more than one element [52]. Also note that two subsets in C are termed adjacent 

if there is no intermediate subset between them, e.g. 𝑆1 and 𝑆2 in Figure 36 are adjacent, 

but 𝑆1 and 𝑆3 are not. 

 

 

Figure 36: Example illustration of a chain C with l =3 

 
19 Click to return to Algorithm 6 
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The chain C will establish the ordering on the set of sources and sinks 𝑆+ ∪

𝑆− = {𝑠1, 𝑠1, … , 𝑠𝑙  } that the LMDFP requires the modeler to provide as one of the in-

puts. Hoppe and Tardos also proved the claim that any solution to the LMDFP with 

respect to the order of chain C gives a solution to the original dynamic transshipment 

problem. To construct the chain C, the algorithm searches for pairs of nested subsets in 

an initial instance of C that are either not tight or differ by more than one element and 

inserts tight, nested subsets of terminals into C. The loop terminates when C attains the 

required structure and properties, indicated by satisfying the condition |𝐶| − |𝑆′| = 1. 

In Step 1, the chain C is instantiated to {𝜙, 𝑆′}, both of which are tight, so, before 

the first iteration, |𝐶| − |𝑆′| = 1 − 𝑙 < 1 for any network that has more than one 

source node. The next step finds a pair of adjacent subsets Q and R that differ by more 

than one element. The simpler logic of the algorithm was clearly explained in [50, p. 

33] and shall be reiterated here. 

Next, we rewrite the procedure described by Hoppe and Tardos as an algorithm 

which will continue the network transformation from 𝑁0̃ to 𝑁̃, and produce chain C as 

a by-product. Let Ω be an ordered set of terminals based on chain C, then once C is 

constructed, we can construct Ω ≔{𝑠0, 𝑆1\𝑆0 , 𝑆2\𝑆1, … , 𝑆𝑖+1\𝑆𝑖} for 𝑖 = 0,… , 𝑙 . 

 

 Algorithm 3 [function handler: NCComp()]: Computing 𝑵̃ and 

Chain C [52]20 

 

INPUT: 𝑵𝟎̃, 𝑺′, S 

OUTPUT: 𝑵̃, 𝛀 

1 𝐶 ≔ {𝜙, 𝑆′}; 

𝛿, 𝛼 non-negative integers; 

2 While |𝐶| − |𝑆′|  ≠ 1, do 

3 If there exist two adjacent subsets 𝑄, 𝑅 such that (∄ 𝐵 ∈ 𝐶: 𝑄 ⊊  𝐵 ⊊  𝑅) 

⋀( |𝑅| − |𝑄| > 1), do 

4 Randomly select a terminal 𝑣0 ∈ (𝑅\𝑄), which is connected to 𝑣 ∈ 𝑆  

5 If 𝑜𝜃
∗
(Q ∪ { 𝑣0}) =  𝑏(Q ∪ { 𝑣0}) do 

 
20 Click to return to Algorithm 6[Evac()] 
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6 Add 𝑣0 to chain C; 

Continue to next iteration of While; 

7 Else if 𝑣0 ∈ 𝑆
′+ 

Add a new source 𝑣𝑖 to 𝑆′+; 

Add arc (𝑣𝑖, 𝑣); 

𝜏((𝑣𝑖, 𝑣)) ≔ 0; 

8 Binary21 Search for an integer 𝛼∗ such that the problem is feasible 

for 𝛼 = 𝛼∗ and infeasible when 𝛼 = 𝛼∗ + 1,  where  0 < 𝛼∗ ≤

𝑢(𝑠) 

𝑢((𝑣𝑖, 𝑣)) ≔  𝛼; 

𝑄′ ≔  Q ∪ { 𝑣𝑖}; 

𝑏(𝑣𝑖) ≔ 𝑜𝜃
∗
(𝑄′) − 𝑜𝜃

∗
(𝑄); 

𝑏(𝑣0) = 𝑏(𝑣0) − 𝑏(𝑣𝑖); 

9 Add a new source 𝑣𝑖+1 to 𝑆′+; 

Add arc (𝑣𝑖+1, 𝑣); 

𝑢((𝑣𝑖+1, 𝑣)) ≔ 1; 

𝜏((𝑣𝑖+1, 𝑣)) ≔ 𝛿; 

𝑄′′ ≔ 𝑄′ ∪ { 𝑣𝑖+1}; 

𝑏(𝑣𝑖+1) ≔ 𝑜𝜃
∗
(𝑄′′) − 𝜃∗(𝑄′); 

𝑏(𝑣0) = 𝑏(𝑣0) − 𝑏(𝑣𝑖+1); 

10 Binary Search for an integer 𝛿∗ such that the problem is feasible 

for 𝛿 = 𝛿∗ and infeasible when  𝛿 = 𝛿∗ − 1 

11 Add 𝑄′′  ∪ {𝑣0} to the chain C; 

12 Else 

Add a new sink 𝑣𝑖 to 𝑆′−; 

Add arc (𝑣, 𝑣𝑖); 

𝜏(𝑣, 𝑣𝑖)) ≔ 0; 

𝑢((𝑣, 𝑣𝑖)) ≔  𝛼; 

𝑄′ ≔  Q ∪ { 𝑣𝑖}; 

 
21 While Hoppe and Tardos suggested binary search, Baumann suggested using parametric 

search instead to avoid making the algorithm pseudo-polynomial in running time 
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𝑏(𝑣𝑖) ≔ 𝑜𝜃
∗
(𝑄) − 𝑜𝜃

∗
(𝑄′); 

𝑏(𝑣0) = 𝑏(𝑣0) − 𝑏(𝑣𝑖); 

13 Binary Search for an integer 𝛼∗ such that the problem is feasible 

for 𝛼 = 𝛼∗ and infeasible when 𝛼 = 𝛼∗ + 1,  where 0 < 𝛼∗ ≤

𝑢(𝑠)  

14 Add a new sink 𝑣𝑖+1 to 𝑆′−; 

Add arc (𝑣, 𝑣𝑖+1); 

𝑢((𝑣, 𝑣𝑖+1)) ≔ 1; 

15 Binary Search for an integer 𝛿∗ such that the problem is feasible 

for 𝛿 = 𝛿∗ and infeasible when  𝛿 = 𝛿∗ − 1 

𝜏((𝑣, 𝑣𝑖+1)) ≔ 𝛿; 

𝑄′′ ≔ 𝑄′ ∪ { 𝑣𝑖+1}; 

𝑏(𝑣𝑖+1) ≔ 𝑜𝜃
∗
(𝑄′′) − 𝑜𝜃

∗
(𝑄′); 

𝑏(𝑣0) = 𝑏(𝑣0) − 𝑏(𝑣𝑖+1); 

16 Add 𝑄′′  ∪ {𝑣0} to the chain C; 

 End If 

17 End If 

18 End If 

19 End While 

20 Ω ≔{𝑠0, 𝑆1\𝑆0 , 𝑆2\𝑆1, … , 𝑆𝑖+1\𝑆𝑖} for 𝑖 = 1,… , |𝑆′| 

In Step 3, the algorithm finds two adjacent sets that differ by more than one 

element. Then in Step 4, it selects any terminal 𝑣0 in 𝑅\𝑄 and checks if the union of 

the inner set Q and 𝑣0 i.e. Q ∪ { 𝑣0} is tight. If it is, then add a new subset formed of Q 

and the new terminal to the chain and look for another pair of adjacent sets that differ 

by more than one element (Step 6). Otherwise, if the set Q ∪ { 𝑣0} is not tight and 𝑣0 is 

a source, add two sources to 𝑆′+, say 𝑣1 and 𝑣2. If 𝑣 is the original source to which 𝑣0 

is connected, add the arcs (𝑣1, 𝑠) with zero travel time and (𝑣2, 𝑠) with unit capacity. In 

Step 8, the supply of 𝑣1 and the capacity of arc (𝑣1, 𝑠) shall be carefully determined 

such that Q ∪ { 𝑣1} is tight. Then, the supply of 𝑣0 is reduced by the supply of 𝑣1 to 

maintain the equivalence of the new network instance to the original network.  
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In Step 10, the travel time of arc (𝑣2, 𝑠) and the supply of 𝑣2 are chosen such 

that Q ∪ { 𝑣1} ∪ { 𝑣2} is tight. Then, the supply of 𝑣0 is reduced again by the supply of 

𝑣2 to keep invariant the total supply of the sources.  Finally, nodes 𝑣0, 𝑣1 and 𝑣2 are 

inserted into every subset containing 𝑣0 and added in chain C. The procedure for sinks 

works analogously in Steps 12 through 16.  

In Steps 9 and 11, a search procedure is called to find values of the parameters 

𝛼 and 𝛿 sequentially, such that the problem is feasible. To check for feasibility, we 

invoke a check on the feasibility criterion by Klinz, which states that the maximum 

flow value that can be sent out of the source(s) over time must be larger than or equal 

to the supply of this source. Therefore, the problem is feasible if  𝑜𝜃
∗
(𝑆′+) − 𝑏(𝑆′+) ≥

0, and infeasible otherwise. When sinks are considered in Steps 13 and 15, the criterion 

can be adapted to 𝑜𝜃
∗
(𝑆′+) + 𝑏(𝑆′−) ≥ 0, as the maximum dynamic flow entering the 

sinks should be at least as large as the negative of the demands. 

4.2.3. Solving the LMDFP. The third and final step in Hoppe and Tardos’ 

 procedures is to solve the LMDFP, which seeks a feasible flow over time bounded by 

a time horizon (in this case, 𝜃∗) that maximizes the amount of flow leaving sources in 

a given order, or equivalently minimizes the amount of flow entering sinks in the same 

order. The LMDFP algorithm in [52] considers the ordered set of terminals in descend-

ing order, starting with the terminal of least priority 𝑠𝑙, computing several static mini-

mum cost flows in the residual graphs of previous layers, where travel times are inter-

preted as costs. In each iteration (up to l  iterations), the chain flows are increased, and 

the final chain decomposition is that of the static flow, which when temporally repeated, 

would yield the lexicographically maximum dynamic flow. Based on the description of 

the procedure in [52], the following algorithm was inferred: 

 

 Algorithm 4 [function handler: LMDFP()]: Solving the 

LMDFP [52]22 

 

INPUT: 𝑵̃=( 𝑽̃, 𝑨̃) , 𝜽∗, 𝛀  

OUTPUT: Lexicographically maximum dynamic flow, x 

1 𝑘 ≔ |𝑆+ ∪ 𝑆−|; 

 
22 Click to return to Algorithm 6[Evac()] 
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𝑖 ∶= 𝑘 − 1 ;   

Let 𝑔𝑖: A → ℕ0, a static flow function in network 𝑁𝑖; 

𝑔𝑘(𝑎) ≔ 0 ∀ 𝑎 ∈ 𝐴̃ ;  

Let 𝑁𝑖
𝑔𝑗

 be the residual graph corresponding to network 𝑁𝑖 with flow 𝑔𝑗 ; 

𝑐(𝑎) ≔ 𝜏(𝑎) ∀ 𝑎 ∈ 𝐴̃;  

2 Modify 𝑁̃ into 𝑁𝑘 by adding a supersource node 𝑠 connected to each source 

𝑠𝑖 ∈ 𝑆+ by uncapacitated, zero-transit time arcs 

3 While 𝑖 > −1 do 

4 Construct the residual graph 𝑁𝑖
𝑔𝑖+1

 of 𝑁𝑖 with flow 𝑔𝑖+1   

5 If 𝑠𝑖+1  ∈   𝑆
+ do  

6 Delete (𝑠, 𝑠𝑖+1) from 𝑁𝑖+1;  

𝑁𝑖 = 𝑁𝑖+1; 

7 𝑓𝑖 ≔ static minimum-cost maximum flow from 𝑠 to 𝑠𝑖+1 in 𝑁𝑖
𝑔𝑖+1

 ; 

8 Else 

9 Add uncapacitated arc (𝑠𝑖+1, 𝑠) to 𝑁𝑖+1; 

𝜏((𝑠𝑖+1, 𝑠) ) ≔  −𝜃∗; 

𝑁𝑖 = 𝑁𝑖+1 

10 𝑓𝑖 ≔ static minimum-cost circulation in 𝑁𝑖
𝑔𝑖+1

 ; 

End If 

11 𝑔𝑖 ≔ 𝑔𝑖+1 + 𝑓𝑖;  

12 𝑖 = 𝑖 − 1; 

13 End 

14 Construct a standard chain decomposition Γ of 𝑓0 

15 𝑥 ≔ [Γ]𝜃
∗
 

 

4.3. Complete Alarm Sequence 

In this section, we make an effort to integrate all the findings in this thesis in 

the form of a comprehensive fire alarm sequence, which will start when a fire alarm is 

verified. Algorithm 5 [Verify()] is a pre-alarm verification sequence that is used to pre-

vent initiating a total evacuation in the case of a false alarm. Infra-red cameras 



 

110 

 

distributed throughout the building may be activated in the zone in which a fire sensor 

or manual station was activated. Even when a false alarm is suspected, the building 

management system and the staff should be notified and invoked to go to the site check 

whether there is an actual fire.  

 

 Algorithm 5 (function handler: Verify()]: Fire Alarm Verifica-

tion 

 

INPUT: Activation of smoke detectors or manual station 

1 If smoke detectors are activated, do 

2 Activate Infrared cameras; 

Search for high-temperature zones; 

3 If Fire detected OR manual station activated, do 

Sound building alarm; 

Evac() 

 Else 

Notify Building Management System; 

Dispatch building staff to confirm; 

4 End If 

5 End If 

 

In case the fire alarm was legitimate, Algorithm 6 [Evac()] is initiated, and is 

the highest-level sequence in which the system will respond when a real fire is detected. 

It will make use of all relevant algorithms and network transformations adopted and 

developed in this thesis in the form of function calls that have the following format: 

(Output 1, Output 2,….Output n) = function(Input 1, Input 2,…, Input m) for an algo-

rithm or network transformation with n ordered outputs and m ordered inputs. This no-

tation is used to facilitate the understanding of the flow of Algorithm 6 [Evac()]. Occa-

sionally, we have also replaced arithmetic operations within the algorithms with natural 

language when referring to either a subroutine which is difficult to implement, such as 

submodular function minimization or to an operation whose exploration is outside of 

our scope, such as the exact technique by which an infrared camera can detect fire from 

behind walls. Furthermore, readers who use the electronic version of this document can 



 

111 

 

utilize hyperlinks within this document to aid reference to the nested algorithms as well 

as return to the main algorithm. We first present some definitions and denotations, lay 

out the formal algorithm, and then explain each step afterward. 

Alongside the definitions previously prescribed for Algorithm 1[Trav-

elTimeComp()] (which can also be reviewed in the List of Symbols), we also define 

the following: 

• 𝑎𝑘 denote the k’th arc in the list of arcs in set A, and 𝑣𝑑 denote the d’th 

node in the set of nodes 

• Available Safe Egress Time along path 𝑃𝑖 is ASET𝑃𝑖  

• 𝑇𝑀𝑃𝑎𝑘  is the current ambient temperature along the arc 𝑎𝑘 (in degrees 

Celsius) 

•  𝐶𝑠(𝒂𝒌)(𝜓) denotes the average extinction coefficient along 𝑎𝑘 measured 

at a height 𝜓 meters from the floor. As we are interested in smoke level 

at the crawling and walking heights, we would require measurements of 

the extinction coefficient at the crawling height of 0.76 m, and at the 

walking height of 1.78 m, respectively, which were calculated based on 

the anthropometric dimensions at the 95th Percentile of U.S. adult males 

[82]. 

 

 Algorithm 6 [function handler: Evac()]: Complete Evacuation Se-

quence 

 

INPUT: N= (V, A, 𝑺+, 𝑺−), [𝒅𝒂𝒌], [𝑾𝒑(𝒂𝒌)], [𝑻𝑺𝒂𝒌], [𝑻𝑴𝑷𝒂𝒌], [𝑪𝒔(𝒂𝒌)(𝟎. 𝟕𝟔)], 

[𝑪𝒔(𝒂𝒌)(𝟏. 𝟕𝟖)] 

OUTPUT: Temporally repeated dynamic transshipment x  

1 𝑏(𝑆+) ≔ 0 

Detect the number of users present in each node; 

2 For (𝑑 = 1, 𝑑 = |𝑉|, 𝑑 + +) do 

3 If node 𝑣𝑑  ∈ 𝑉 is non-empty, do 

 𝑣𝑑 ∈ 𝑆
+ 

𝑏(𝑣𝑑) ≔ Number of occupants in node 𝑣𝑑 

𝑏(𝑆+) = 𝑏(𝑆+) + 𝑏(𝑣𝑑) 
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Else If node 𝑣𝑑 is a safe area, do 

𝑣𝑑 ∈ 𝑆
− 

Else 𝑣𝑑 ∉ {𝑆
+  ∪  𝑆−} 

End If 

4 End For 

𝑍 ≔ 𝑏(𝑆+); 

5 Read [𝑇𝑀𝑃𝑎𝑘], [𝐶𝑠(𝑎𝑘)(0.76)],[𝐶𝑠(𝑎𝑘)(1.78)] from smoke and temperature 

sensors; 

6 For (𝑘 = 1, 𝑘 =  |𝐴|, 𝑘 + +) do 

7 If  𝑇𝑀𝑃𝑎𝑘 ≥ 70 do 

Remove 𝑎𝑘 from set 𝐴 and from the network N; 

Break; 

Else If 𝐶𝑠(𝑎𝑘)(0.76) ≥ 0.5 do 

Remove 𝑎𝑘 from set 𝐴 and from the network N; 

Break; 

Else If 𝐶𝑠(𝑎𝑘)(1.78) < 0.1  

ℎ𝑚𝑣𝑎𝑘 = 1; 

𝑘𝑎𝑘 = Lookup( 𝑇𝑆𝑎𝑘, Table 3) 

Else If 𝐶𝑠(𝑎𝑘)(1.78) ≥ 0.5 

8 If 𝑇𝑆𝑎𝑘 = ‘Stairway’ OR 𝑇𝑆𝑎𝑘 = ‘Ramp do 

Remove 𝑎𝑘 from set 𝐴 and from the network N; 

Else 

ℎ𝑚𝑣𝑎𝑘 = 3; 

End If 

9 Else  

ℎ𝑚𝑣𝑎𝑘 = 2; 

𝑘𝑎𝑘 = Lookup( 𝑇𝑆𝑎𝑘, Table 3) 

End If 

10 
𝐶𝑠(𝑎𝑘) ≔ 

𝐶𝑠(𝑎𝑘)
(1.78)+𝐶𝑠(𝑎𝑘)

(0.76)

2
; 

End For 
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11  (𝑃, [𝑇𝑃𝑖], [𝑢(𝑎𝑘)], [𝜏(𝑎𝑘)])

= TravelTimeComp(𝑁, 𝑍, [𝑑𝑎𝑘], [𝑊𝑝(𝑎𝑘)], [ℎ𝑚𝑣𝑎𝑘], [𝐶𝑠(𝑎𝑘)], [𝑘𝑎𝑘], [𝑇𝑆𝑎𝑘]) 

 

Round each element in vectors [𝑢(𝑎𝑘)], [𝜏(𝑎𝑘)] to the nearest integer; 

12 [ASET𝑃𝑖] = 𝐶𝐹𝐴𝑆𝑇([𝑇𝑀𝑃𝑎𝑗𝑖], [𝐶𝑠(𝒂𝒋𝒊)], … ) 

13 For (𝑖 = 1, 𝑖 =  |𝑃|, 𝑖 + +) do 

14 If 𝑇𝑃𝑖 ≥ 0.90 ASET𝑃𝑖 do 

Remove arcs on 𝑃𝑖 from N ; 

Break; 

End If 

15 End For 

16 If there exist any isolated source nodes, do  

Broadcast “Shelter in place” instruction to users at isolated nodes; 

Notify fire department and building staff; 

End If 

17 N’=NetworkTransformation1(N) 

18 𝑝(𝜃) ≔ EAPComp(𝑁′, 𝑆+, 𝑡′) 

19 N’’ = NetworkTransformation2(N’, 𝑝(𝜃)) 

20 Parametric search for the minimum time horizon 𝜃∗ ; 

21 (𝑁0̃, 𝑆
′, 𝑆) =NetworkTransformation3(N”)  

22 (𝑁̃, Ω) =NCComp(N0̃, S′, S) 

23 x = LMDFP(𝑁̃, 𝜃∗, Ω) 

 

If an actual fire is present, the total evacuation sequence as per Algorithm 6 

[Evac()] is initiated, for which we explain the procedure as follows. In Step 1, the total 

supplies are initialized to zero, and the system counts the number of evacuees in each 

node either through beacons or Wi-Fi tracking. In Step 2, the system evaluates whether 

a node is a source, sink, or transshipment node. It is assumed that the safe designated 

areas would already be stored in the system a priori and there would be no need for 

external sensing to identify sink nodes. If, however, a room is non-empty, it is regarded 

as a source, and all other nodes become transshipment nodes. 
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In Step 4, the total population to be evacuated is set to the total supplies of all 

the source nodes. In Step 5, the ambient temperatures, as well as the smoke density 

levels at the walking height and crawling height, are measured, to carry out tenability 

checks. 

In Step 6, a For-Loop cycles through each arc in set A. In Step 7, for each arc, a 

temperature check is performed to prevent recommending paths that cross through ar-

eas in which the high temperature may cause thermal injury. The science behind ther-

mal injury is vast, and there are no hard-and-fast rules for predicting the temperature at 

which lethal burns would be sustained. This is because the occurrence of skin burns 

depends on many factors aside from the temperature, such as the length of exposure, 

heat flux, thermal protective performance of clothing and initial skin temperature [91]. 

We attempt to avoid these complexities by making a conservative estimate about the 

temperature at which serious burns may occur. [92] cites 80 degrees C as a temperature 

that would cause instantaneous burns, therefore, we use 70 degrees as a lower bench-

mark. Therefore, if the temperature at any point along a path exceeds this temperature, 

this arc is excluded from the set A and the next arc is investigated. If 70 C is not ex-

ceeded anywhere along the arc, the smoke density is checked. 

To determine whether evacuees can escape by either walking or crawling, it 

suffices to check whether thick smoke (𝐶𝑠 ≥ 0.5 /𝑚 based on the discussion in section 

2.8.1) is present at the crawling height (if the smoke has reached the crawling height, 

then it has reached the walking height since smoke fills rooms from the top-down). If 

the smoke is thick at crawling height, the arc is considered untenable, and is excluded 

from the set A; the next path is investigated. If, however, smoke is not thick at crawling 

height, then the path could be tenable and now, we wish to decide which hydraulic 

model to apply. 

We would prefer walking over crawling when possible, as walking generally 

results in a faster evacuation. If smoke is very thin at walking height i.e. 𝐶𝑠 < 0.1/𝑚 

(which is the threshold for irritant smoke [67]), then the speed formula represented by 

equation (14) of the Basic Hydraulic Model is applicable. Otherwise, if the smoke is 

moderately thick (𝐶𝑠 is between 0.1 and 0.5 /m), the speed equation of the Smoke-

Modified Hydraulic Model is applicable. Finally, if the smoke is thick (𝐶𝑠 > 0.5/𝑚) at 

walking height, and since we have already verified that it is not thick at crawling height, 
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then evacuees have a chance to evacuate by crawling, and the Crawl-Modified Hydrau-

lic Model is applicable in predicting their travel time. However, we prohibit crawling 

on non-horizontal terrains, such as ramps or stairways, as evacuees may injure them-

selves and others by rolling down a flight of stairs. The choice of which hydraulic model 

was chosen for each arc is recorded in the integer variable ℎ𝑚𝑣𝑎𝑘 , which takes a value 

of 1 for BHM, 2 for SMHM, or 3 for CMHM. The following simple decision tree in  

Figure 37 summarizes the logic of these tenability checks. 

In Step 10, the average smoke density along the arc 𝑎𝑘 is calculated as the mean 

of the smoke density measurements made at the walking height and crawling height. 

This computation is required as it shall be passed on to Algorithm 1[Trav-

elTimeComp()]. 

By the end of Step 10, the set of arcs A is now a set of currently tenable arcs. 

Meaning, their environmental conditions may be bearable for now, but this may change 

in the next few minutes before occupants who traverse these arcs reach safety. The way 

to predict whether these paths will remain tenable for as long as they are occupied is by 

comparing the ASET along each path to the travel time along the same path. If the 

former is longer, then the path remains tenable. However, if it is shorter, then the path 

is excluded from the set P. To accomplish this, the ASET for all paths must be calcu-

lated by the zonal fire simulator CFAST (Step 12). Also, the path travel time is calcu-

lated using Algorithm 1[TravelTimeComp()], followed by rounding the arc capacities 

and travel times to the nearest integer (Step 11) for subsequent use in the graph optimi-

zation algorithms. Notice in Step 14 that the If-condition is 𝑇𝑃𝑖 ≥ 0.90 ASET𝑃𝑖, where 

we have added a 10% safety factor. 

Step 16 checks for the presence of isolated sources, that is, sources from which 

there is no feasible path to a sink. These are essentially occupants for whom the algo-

rithm could not find a path that is currently tenable or any that would remain tenable 

over the estimated time to reach the end of the path. Therefore, the best survival plan 

for these occupants is to shelter inside their apartments and wait for assistance from 

fire-fighters or fire wardens.  

Steps 17 through 23 perform the optimization steps covered earlier in Chapter 

4. , which are as follows: 
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Figure 37: Decision tree for the selection of hydraulic model variant 
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1. Transform the network N to the multiple-source-single-sink network 

N’. Call this operation ‘Network Transformation 1’ (See Figure 13) 

2. Compute the earliest arrival pattern (Algorithm 2[EAPComp()]) 

3. Transform the network N’ to N”. Call this operation ‘Network Trans-

formation 2’ (See Figure 34) 

4. Apply the parametric search method to find the minimum time horizon 

for feasibility. The method by Hoppe and Tardos was briefly described 

in  [52] touched upon in section 4.2.1.  

5. Transform the network N” to 𝑁0̃. Call this operation ‘Network Trans-

formation 3’ (See Figure 35) 

6. Compute the network 𝑁̃ and the ordered set of sources Ω using Algo-

rithm 3[NCComp()]. 

7. Solve for the temporally repeated flow x using Algorithm 4[LMDFP()]. 

The flow x, which represents the earliest arrival transshipment for this network 

can be resolved into path flows by chain decomposition, and the recommended paths 

can then be broadcast to users through the accompanying mobile application. Evac() 

could be made to run at periodic time intervals to keep updating the recommended paths 

as the fire develops. A worked example of a hypothetical fire scenario is found in 0to 

demonstrate the execution of Steps 1 to 17 of Evac(), including the workings of Algo-

rithm 1[TravelTimeComp()]. As for Algorithms 2[EAPComp()]), 3[NCComp()], and 

4[LMDFP()], these algorithms have been validated by Baumann in her doctoral thesis 

[50] and we refer the reader to that source for deeper insights. 
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Worked Case Study 

In this chapter, a highly simplified case study is formulated and presented to 

showcase the application of the main contributions of this thesis, namely, the hydraulic 

model variants (SMHM, CMHM), Algorithm 1 [TravelTimeComp()] and Steps 1-11 of 

Algorithm 6 [Evac()]. Specifically, a two-story apartment building experiencing a fire 

in one of the apartments on the first floor is considered. We assume no occupants are 

on the ground floor for simplicity, and that occupants cannot use elevators to egress. 

The building layout used in this study has been taken originally from [54] but 

modified to smaller dimensions and fewer occupants. Consider an apartment building 

with the following features: 

1. Two floors (ground and first floor), each floor is 50 m by 24 m. 

2. Floor-to-floor height is 3.7 m 

3. Two stairways are located at the ends of the building 

4. Each stair is 1.12 m wide (tread width) with handrails protruding 0.063 m 

5. Stair risers are 0.178 m (7 in.)  high and treads are 0.279 m (11 in.) wide 

6. There is a single 1.2 m by 2.4 m landing per floor of stairway travel 

7. There is one 0.91-m clear width door at each stairway entrance and exit. These 

are assumed not to be mechanically held open. 

8. Each floor has a single 2.4-m wide corridor extending the full length of each 

floor. Corridors terminate at stairway entrance doors. 

9. There is a population of 26 persons on the first floor 

The layout of the first floor is shown in with 6 apartments in view, marked by 

blue circles labeled 𝑠0 to 𝑠5 as they represent source nodes. The occupants can exit from 

the east or west sides of the building. To exit the building, they move through the cor-

ridor, through the stairway exit, and into the first flight of stairs, followed by a stairway 

landing, and another flight of stairs, after which they reach the ground floor and can go 

through a wide passageway leading to the wide entrance of the building.  

The sink node is the green circle labeled t just outside the wide entrance of the 

building on the ground floor. Transshipment nodes, marked as orange circles, are placed 

at the points of transition and are labeled A through O. 
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Figure 38: Floor layout for worked example (Not to scale) 

 

Directed arcs in this network are shown by arrows. Note that there are bidirec-

tional arcs between nodes A and G (AG and GA), as well as between nodes A and B 

(AB and BA), as evacuees from any of the apartments can choose to go to the right or 

the left, but once they have reached either stairway, they should not be allowed to turn 

back.  

Now assume that a fire breaks out in Apartment 𝑠5 and fills part of the corridor 

with smoke, as shown in Figure 39, representing a snapshot at some advanced time 

during the fire, say, it has been 3-5 minutes since the start of the fire. Smoke is distrib-

uted unevenly in this scenario intentionally to demonstrate the different use cases of the 

system. Assume that, due to air currents within the building, thick smoke fills the east 

side of the corridor from the apartment leading to stairway C.  
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The fire alarm is activated and has been verified by Algorithm 5 (the pre-alarm 

verification algorithm). Algorithm 6 is run, and the first step is to detect the number of 

evacuees in each node. Assume the following distribution of evacuees as in Table 11. 

 

Figure 39: A hypothetical fire scenario in the example floor layout 

 

Table 11: Distribution of evacuees for the worked example 

Terminal List b(s) 

s0 5 

s1 3 

s2 6 

s3 7 

s4 2 

s5 3 
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Step 5 of Evac() implicitly enumerates the arcs. Then, it reads the ambient tem-

perature and smoke density at 0.76 m height (crawling height) and 1.78 m height (walk-

ing height). Assume we have the following temperature (°C) and smoke distributions 



 

121 

 

(m-1) as in the leftmost three columns of Table 12. Having excluded currently untenable 

arcs, the hydraulic model is chosen for other arcs, and the choice of hydraulic model 

variant is reflected in the value of the integer indicator ℎ𝑚𝑣𝑎𝑘 , which is 1 for BHM, 2 

for SMHM, 3. The rightmost column of Table 12 shows the calculated values of ℎ𝑚𝑣𝑎𝑘  

for each currently tenable arc 𝑎𝑘. Wherever ℎ𝑚𝑣𝑎𝑘  has a value of zero, it indicates 

untenable conditions along the respective arc. By following Steps 6-8, the currently 

untenable arcs are weeded out. The removed arcs are marked on the building layout 

with a red cross sign in Figure 40. 

 

Table 12: Temperature and smoke distribution with chosen hydraulic model 

 

  
 

 

  

 

  

 

  
 

 

  
S0G 0 0 35 1 
S1A 0.3 0.4 45 2 
S2B 0.8 1 95 0 
S3G 0 0 35 1 
S4A 0.3 0.8 45 3 
S5B 1.5 2 150 0 
AB 0.7 1 50 0 
BA 0.7 1 50 0 
BC 1.2 1.5 90 0 
CD 0.7 1.1 60 0 
DE 0.3 0.7 50 3 
EF 0.2 0.5 40 0 
FM 0.05 0.1 30 2 
MN 0 0 30 1 
NO 0 0 30 1 
AG 0.15 0.3 42 2 
GA 0.15 0.3 42 2 
GH 0.05 0.1 35 2 
HI 0 0 30 1 
IJ 0 0 30 1 
JK 0 0 30 1 
KL 0 0 30 1 
LN 0 0 30 1 
Ot 0 0 30 1 

 

In Step 11, Algorithm 1 is called to find the set of currently tenable paths, the 

path travel times, arc travel times, and arc capacities. In Step 1 of TravelTimeComp(), 

all possible currently tenable paths are enumerated. There are four feasible paths, which 

are highlighted on the floor layout as in Figure 41 and Figure 42. 
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As expected, none of the feasible paths exit through Stairway C as it is blocked 

by smoke. Furthermore, the legend in Figure 41 and Figure 42 indicates the hydraulic 

model used along each arc. 

 

 

Figure 40: Currently untenable arcs removed by tenability checks 

 

Path 1 evacuates apartment 𝑠0, whose tenants are likely to encounter thin smoke 

only along arc GH, but otherwise see clear conditions. Path evacuates apartment 𝑠1, 

who face smoke along the arcs 𝑠1A, AG, and GH, but smoke density at the walking 

height did not yet exceed 0.5 m-1, and therefore, should still walk upright. The case for 

Path 3 is analogous to that of Path 1. Finally, Path 4 demonstrates a case where crawling 

is required along the arc 𝑠4A due to the spread of thick smoke at the top, emanating 

from the fire in apartment 𝑠5 next door. Having reached node A, the tenants of apart-

ment 𝑠4 revert to walking upright and proceeding to Stairway H. What about occupants 

of apartment 𝑠2? If external fire escape stairs are in place, they should be used. Other-

wise, they must shelter in place as it is unsafe for them to try to evacuate through the 

corridor. The building staff and fire department should be notified of the locations of 

the occupants who could not evacuate. 
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The next step is to compute the arc capacities on each path. We show a sample 

detailed computation for Path 4 in Table 13 as it involves the use of all three variants 

of the hydraulic model. It can be seen that the minimum flow capacity is 0.70 persons/s, 

and it occurs first along arc HI (the first flight of stairs) and second time along arc JK 

(the second flight of stairs). Full computation for all paths can be found in Appendix B. 

 

Table 13: Sample computation of arc and path capacities for Path 4 

𝑷𝟒 𝑻𝑺𝒋𝒊 𝒌𝒋𝒊 𝒉𝒎𝒗𝒋𝒊 𝑹𝒗𝒔𝒎𝒐𝒌𝒆(𝒋𝒊) 𝑭𝒔𝒎(𝒂𝒋𝒊) 

  

𝑾𝒑(𝒂𝒋𝒊) 

  

𝑩𝑳(𝒂𝒋𝒊) 𝑾𝒆(𝒂𝒋𝒊)
 

  

𝒖(𝒂𝒋𝒊) 

  

s4A door 1.4 3 0.673 1.008 0.91 0.15 0.610 2.00 

AG corridor 1.4 2 0.883 1.162 2.40 0.2 2.000 2.32 

GH door 1.4 2 1.000 1.316 0.91 0.15 0.610 0.80 

HI Stairway 1.08 1 1.000 1.015 0.99 0.15 0.694 0.70 

IJ corridor 1.4 1 1.000 1.316 1.20 0.2 0.800 1.05 

JK Stairway 1.08 1 1.000 1.015 0.99 0.15 0.694 0.70 

KL corridor 1.4 1 1.000 1.316 2.40 0.2 2.000 2.63 

LN corridor 1.4 1 1.000 1.316 2.40 0.2 2.000 2.63 

Ot door 1.4 1 1.000 1.316 1.82 0.15 1.520 2.00  
𝑢(𝑃4) 0.70 

 

Repeating the same calculations for the other feasible paths, we obtain the fol-

lowing path capacities, bottleneck locations, and population apportionment, as in Table 

14. We see that all four paths have the same bottleneck location (the stairway), and 

therefore, all were assigned the same path capacity equal to the maximum flow rate 

through that stairway. Moreover, the first apportionment of population along each arc 

is the same and was calculated as = 26 persons * 𝑢(𝑃𝑖)/𝑆𝑢𝑚(𝑢(𝑃)). However, since 

all the paths merge before the stairway, the population assigned to each path is increased 

to 26.  

Table 14: Summary of path capacity calculations 

Path 𝒖(𝑷𝒊) 𝒂𝜽𝒊  𝑴𝑷𝒊  (Step 13) 𝑴𝑷𝒊  (Step 20) 

𝑷𝟏 0.70 HI 6.5 26 

𝑷𝟐 0.70 HI 6.5 26 

𝑷𝟑 0.70 HI 6.5 26 

𝑷𝟒 0.70 HI 6.5 26 

𝑺𝒖𝒎(𝒖(𝑷)) 2.82    
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Having calculated the path and arc capacities, we turn to compute the arc and 

path travel times. We continue providing sample computations for Path 4 in Table 15 . 

The total travel time is estimated to be 1.6 minutes. Note that the longest arc travel time 

occurs at GH, just before the bottleneck at HI, due to queuing time. 

The travel time of Path 2 is the same as that of Path 4, and the estimated travel 

time for both Path 1 and Path 3 are the same, at 74.51 seconds (1.24 minutes), which is 

shorter than those of Paths 2 and 4. This is expected as Paths 1 and 3 serve apartments 

that are closer to the stairway. Finally, the fire simulator is run in Step 12 to obtain the 

available safe egress time for the first floor. If any of the paths have travel times that 

exceed the available safe egress time, then evacuees located at the source of that path 

are unlikely to make it safely and on time. They should shelter in place and wait for the 

rescue team. 

 

Table 15: Sample computation of arc and path travel times for Path 4 

 𝑷𝟒  𝑭𝑪(𝒂𝒋𝒊) 

  

𝑫𝒋𝒊 

  

𝑺𝒎𝒂𝒙 𝑹𝒗𝒔𝒎𝒐𝒌𝒆(𝒋𝒊) 

  

𝑺𝒂𝒋𝒊  

  

𝒅𝒂𝒋𝒊  

  

𝝉(𝒂𝒋𝒊)  

1 s4A 0.70 1.22 1.190 0.67 1.057 0.000 0.00 

2 AG 0.70 0.27 1.190 0.88 1.051 22.500 21.42 

3 GH 0.70 1.22 1.190 1.00 0.763 22.500 36.91 

4 HI 0.70 1.86 0.950 1.00 0.503 3.440 6.84 

5 IJ 0.70 0.80 1.190 1.00 0.984 2.400 2.44 

6 JK 0.70 1.86 0.950 1.00 0.503 3.440 6.84 

7 KL 0.70 0.27 1.190 1.00 1.190 23.160 19.46 

8 LN 0.70 0.27 1.190 1.00 1.190 2.400 2.02 

9 Ot 0.70 0.37 1.190 1.00 1.190 0.000 0.00 

 𝑇𝑃4  95.92 
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Figure 41: Illustration of currently tenable paths: Path 1 (left) and Path 2 (right) 
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Figure 42: Illustration of currently tenable paths: Path 3 (left) and Path 4 (right) 
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Summary and Conclusion  

6.1. Summary 

In Chapter 1, an extensive literature review was conducted to understand the 

dangers associated with evacuating large masses under fire. It became apparent that 

residences are the most susceptible enclosures to fire, and that if a residence is within a 

high-rise building, escape times can be prolonged and other life-threatening dangers 

due to congestion and impaired pathfinding may arise. While modern fire engineering 

has come a long way in making the built environment more fire-safe by installing highly 

sensitive fire detection systems, an unexpected behavioral problem rose to the surface, 

as people became indifferent to fire alarms. Moreover, people still require active sup-

port to evacuate in the form of clear information about the level of severity of the fire 

and what the best course of action is. Even under the best circumstances when people 

immediately respond to the fire alarm, they often use suboptimal routes to evacuate. 

The current research gap lies not in fire simulation, but the absence of active evacuation 

guidance and support during fire evacuation. One of the main outcomes of this chapter 

is a formal list of requirements specifications (section 1.5) based on the needs of the 

fire evacuation field that surfaced from our understanding of the literature. 

In section 1.7, an innovative concept of an interactive, real-time system that 

guides evacuees to safety in the case of fire was presented. The system would utilize an 

IoT architecture to communicate with occupants’ mobile devices at the front end. In the 

background, a fire simulator coupled to a graph optimization algorithm is run to assess 

current and future tenability conditions along different paths. The full design of all sys-

tem components is a multi-disciplinary effort, and therefore, we have limited our scope 

to developing the set of algorithms that shall govern the system.  

A continued review of the literature in Chapter 2 in the areas of fire simulation 

and modeling building networks piqued interest in the use of deterministic, zonal fire 

thermal models. Out of 46 surveyed fire simulators, CFAST was chosen as the most 

appropriate for this system concept. Moreover, the importance of modeling flows over 

time, as opposed to classical (static flows), was emphasized. In addition, flows over 

time are introduced in more detail, along with definitions, constraints, and general ap-

proaches to solving dynamic networks in the context of evacuation. We also explained 
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why building evacuation problems should be modeled as transshipments, rather than 

flows, even if the number of evacuees is uncertain. As mentioned earlier, the Earliest 

Arrival Flow/Transshipment Problem (EAFP/EATP) is considered by a wide segment 

of the research community as the network problem most suited for evacuation, as it 

looks for a flow or a transshipment that is optimal at any instant in time, regardless of 

whether the flow eventually makes it to the sinks. 

Since dynamic network models with constant attributes require arc transit times 

to be pre-calculated, the hydraulic model in the SFPE Handbook for Fire Engineering 

was adopted, albeit with major adaptations and two proposed variants that were intro-

duced in Chapter 3. The original hydraulic model consists of a set of deterministic, 

closed-form equations that can be used to estimate passage times on individual arcs (the 

second-order approximation) or paths (the first-order approximation) based on crowd 

densities; both approaches have pros and cons. Therefore, we proposed an innovative 

estimation method in section 3.3 based on both the first-order and second-order meth-

ods, and we call it the Basic Hydraulic Model (BHM). The BHM uses the first-order 

approximation to predict the formation of queues, which has a more realistic queuing 

rule than the second-order approximation. While the second-order approximation 

comes to a halt when flows branch out, we avoid this complexity by considering flow 

on paths, rather than flow on arcs. Nonetheless, neither the original form of the hydrau-

lic model nor the BHM can account for the reduction in speed of crowds due to the 

visual obscurity under smoke, or the same due to switching the movement mode from 

walking upright to crawling under the smoke layer.  

Since there are few to no experiments investigating the speed of crowds with 

measurable densities moving through smoke, correlations between crowd speed and 

crowd density at different levels of smoke density could not be directly found from 

experimental data. However, there are several experiments conducted to correlate the 

speed of individuals with smoke density. In order to incorporate the simultaneous ef-

fects of congestion and poorer vision, we assumed that smoke has a multiplicative effect 

on crowd speed, and employed an empirically-derived reduction factor for use with the 

speed-density correlation of the original hydraulic model, to derive a variant of the hy-

draulic model, which we called, the Smoke-Modified Hydraulic Model (SMHM) in 

section 3.1.  
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Analogously for crawling, a second variant of the hydraulic model was derived 

in section 3.2, which we named the Crawl-Modified Hydraulic Model (CMHM). The 

speed-density correlation, however, was not based on the BHM, but derived from two 

experiments [84] [85]. Moreover, a radical modification was made to the maximum 

theoretical crowd density based on the larger footprint of a crawling individual, com-

pared to walking upright. Clearly, the resulting correlations in SMHM and CMHM 

must be verified experimentally or validated against other more reliable predictive 

tools, but this is an effort left to future work. When more accurate speed-density corre-

lations are found, they can simply replace the existing speed correlations proposed 

herein without affecting other parts of the framework. Finally, this chapter is concluded 

with a pre-processing algorithm that can be used to estimate the arc and path travel 

times using any of the three variants of the hydraulic model. 

Since the system must produce solutions in real-time, it is essential that the al-

gorithms used are polynomial or strongly-polynomial in running time. Therefore, we 

adopted Baumann’s two-step approach [50] in Chapter 4 for solving the EATP in 

strongly polynomial time, as it does not require a time-expansion of the network. In the 

first step, the earliest arrival pattern is computed, and in the second step, the earliest 

arrival transshipment is derived from the pattern.  

Lastly, section 4.3 integrates all aspects of the system’s response to a fire in the 

form of the main algorithm that describes the highest-level sequence in which the sys-

tem would respond to a legitimate fire alarm. A pre-alarm verification procedure is also 

included to minimize the frequency of false alarms and the subsequent habituation of 

occupants. Figure 43 depicts how the algorithms and network transformations in this 

thesis may be integrated. 

6.2. Discussion and Future work 

In this thesis, a holistic framework for the backend processing of a real-time fire 

evacuation system was developed. The evacuation problem is framed as an EAT, which 

is widely regarded as the most appropriate network problem for optimizing evacuation 

from buildings. Moreover, it incorporates Baumann’s strongly polynomial algorithm 

for solving the EAT problem. The framework, however, is also flexible enough to uti-

lize any other graph optimization algorithm with constant attributes. In addition, a fast 
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zonal, deterministic fire simulator is used to ensure the robustness and reliability of the 

recommended paths. 

 

 

 

Figure 43: Map of algorithms constituting the framework 

 

In addition to the above, Algorithms 1 and 6, which we consider to be one of 

the major contributions of this thesis, were written in pseudocode to facilitate future 

implementation. Other contributions include the formulation of two variants of the 

SFPE hydraulic model, which can be used for general egress time estimation outside of 

this framework.   

To efficiently and fully test and validate the performance of the algorithms de-

veloped in this thesis under a variety of scenarios, they ought to be written as executable 

code. This requires applying efficient submodular function optimization techniques, 

such as the polynomial Ellipsoid Method developed by Khachiyan [93], or the fully 

combinatorial algorithm by Iwata [94], as well as an understanding of how Megiddo’s 

parametric search procedure can be applied to such problems. Another important task 

is to study how a zonal fire simulator, such as CFAST, can be set up to run autono-

mously as part of a real-time system without a human modeler’s intervention. 

As mentioned earlier, the hydraulic model variants ought to be verified experi-

mentally or validated by comparison to other predictive methods. It is the latter 
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approach that is the most attractive, as there may be difficulties in obtaining permission 

to conduct experiments that may raise concerns regarding the safety of human subjects. 

Despite our efforts to incorporate relevant predictors of crawling speed in crowds, all 

correlations derived for CMHM in this thesis do not account for the effects of the rough-

ness of the floor material, fatigue, burns, and injuries that could be sustained by crawl-

ing occupants due to friction with the floor. For example, all subjects in Kady’s exper-

iments [84]–[86], [86] were provided with knee pads and gloves and were given time 

to rest between replications. It is unlikely that future experimental studies would inves-

tigate the effect of injuries and burns due to floor friction on crawling speed as the 

ethical concerns would arise, but investigations of floor roughness and fatigue are eth-

ically viable, and much needed for generating data about crawling dynamics. More in-

vestigations are also required to determine the effect of types of structural obstacles 

(other than 90-degree turns) on the crawling speed. 

It remains to say that one of the requirements specifications stated in section 1.5 

could not be met, namely, the requirement to prioritize vulnerable evacuees. It was 

hoped that the lexicographically earliest arrival transshipment problem would have al-

lowed the modeler to arbitrarily order the source nodes. However, this is allowed only 

for lexicographically maximum s-t flow. This is because, in a transshipment, the sup-

plies and demands must be obeyed, and this restriction imposes an ordering on the ter-

minals in the network, determined by Hoppe and Tardos’ [52] algorithm. There may be 

a way, however, to achieve an optimization of a phased evacuation procedure by clus-

tering sources that house vulnerable occupants and solve the EATP for that cluster first, 

followed by the cluster of remaining occupants. 

The system framework is open to many extensions and further improvement to 

consider, for example, the estimation of travel times and arc capacities for evacuating 

via elevators. Although the use of elevators during a fire is normally prohibited, fire-

safe elevator designs were developed have been in use in tall buildings since the mid-

1980s but only for firefighter use, rather than occupant use. As the benefits of using 

fire-safe occupant-use elevators are highly tangible, they may soon become code re-

quirements [95].  
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Appendix A   

Fire Model Survey 

 

No. 
Model (with 

URL) 

Available? 

(Y/N) 
Availability Terms 

1 AnyLogic Y 
Free basic version. University researcher 

version 4250 USD perpetual license 

2 ASERI N Consultancy or Scientific Collaboration 

3 BFIRES-II N Not found 

4 BGRAF N Not found 

5 BuildingEXODUS Y 
£1100 / year (Education-1 user- must be 

bought by College/University) 

6 CRISP N Consultancy basis only 

7 Crowd:it Y 

Free starter package with limited func-

tionality. Upgraded functionality >= 

€3000 / year. Fully functional research 

version can be provided for free if the 

student rescinds the proprietary rights to 

the work 

8 EESCAPE N Not found 

9 EGRESS N Consultancy basis only 

10 EGRESS 2002 N Consultancy basis only 

11 EgressPro N Not found 

12 ELVAC Y 
 Open source. Specialized purpose (is an 

egress model using elevators only) 

13 EPT N  Consultancy basis only 

14 ERM N  Not found 

15 E-SCAPE N  Not found 

16 EVACNET4 Y  Free to download 

17 EVACS N  Not found 

18 EvacSim N  Not found 

19 EvacuatioNZ Y  freely for non-commercial use 

20 EXIT89 N  Not found 

21 EXITT N  Not found 

22 F.A.S.T  N 
 Requested from modeler. Reply pend-

ing 

23 FDS+Evac Y  Open source 

24 GridFlow N  Consultancy basis only 

25 Legion Y 
Trial version unavailable. Quote Pend-

ing 

26 
MAGNETIC 

SIMULATION 
N  Not found 

27 MASSEgress Y  freely for non-commercial use 

https://www.anylogic.com/airports-stations-shopping-malls/
https://www.ist-net.de/aseri/
http://www.firemodelsurvey.com/pdf/BGRAF_2014.pdf
http://fseg.gre.ac.uk/exodus/index.html
https://www.bregroup.com/services/advisory/fire-safety-and-security/
https://www.accu-rate.de/en/pricing-crowd-it/
http://www.firemodelsurvey.com/pdf/EESCAPE_Friedman.pdf
https://www.bregroup.com/services/advisory/fire-safety-and-security/
https://www.esrtechnology.com/index.php/services/safety-and-risk-management
http://www.firemodelsurvey.com/pdf/EgressPro_2001.pdf
https://www.nist.gov/document/elvaczip
http://tomkisko.com/ise/files/evacnet/index.html
http://www.firemodelsurvey.com/pdf/EVACS_Friedman.pdf
http://www.firemodelsurvey.com/pdf/evacsim_2014.pdf
https://evacuationz.wordpress.com/
http://www.firemodelsurvey.com/pdf/EXITT_2001.pdf
http://www.firemodelsurvey.com/pdf/FAST_2014.pdf
http://virtual.vtt.fi/virtual/proj6/fdsevac/documents/FDS+Evac_textbased_homepage.txt
https://www.bregroup.com/services/advisory/fire-safety-and-security/
https://www.bentley.com/en/products/product-line/building-design-software/legion-simulator
http://eil.stanford.edu/pengao/Egress/index.htm
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28 MassMotion Y 

 14-day free trial. Unipac subscription-

based scheme must be bought by univer-

sity representative: £1,400.00 - 

£1,900.00 annually. No provision for in-

dividual researchers 

29 Myriad II N  Not found 

30 PathFinder 2019 Y 

 30-day trial. $2100/yr OR Free for aca-

demic use. Obtained the latter for 6 

months 

31 Ped4BIM Y 
 Demo version free. € 1350/year to up-

grade to full version 

32 
Pedestrian Dy-

namics ® 

Y 

 2-week free trial. Enterprise Dynam-

ics® Student Pro License for 1 yr. @ 

€95.00 

33 PEDFLOW N  Not found 

34 PedGo Y 
 Demo license available max. 50 agents, 

Price >= €1300/Year 

35 PedSim Y  Open Source 

36 PTV Viswalk Y 

 Demo version with limited functionality 

free to download. Full version not avail-

able for purchase 

37 SEVE_P N  Consultancy basis only 

38 SGEM N  Not found 

39 Simulex Y 30-day free trial. Quote pending 

40 SimWalk Y 

Can download free demo; EUR 3,650 

for Academic version (3 licenses) / 

yearly support fee 1,500 EUR) 

41 
Social Dis-

tances 
N  Not found 

42 STEPS Y 
 2-week free trial of full version. Evacu-

ation-only version: GBP 3200 per year 

43 
Takahashi's 

Fluid Model 
N  Not found 

44 Vadere Y  Open source 

45 VEGAS N 
 Deprecated: Author created Vegas as a 

prototype for Legion 

46 ZET Y  Open source 

 

 

 

https://www.oasys-software.com/products/pedestrian-simulation/massmotion/
https://www.thunderheadeng.com/pathfinder/
https://ped4bim.com/
https://support.incontrolsim.com/en/enterprise-dynamics/54.html
https://support.incontrolsim.com/en/enterprise-dynamics/54.html
https://www.traffgo-ht.com/en/index.html
http://pedsim.silmaril.org/
https://www.ptvgroup.com/en/solutions/products/ptv-viswalk/
https://recherche.cstb.fr/fr/offres/expertises/securite-incendie/
https://www.iesve.com/software/virtual-environment/applications/egress
https://www.simwalk.com/index.html
https://www.steps.mottmac.com/
http://www.vadere.org/
http://www.gkstill.com/CV/PhD/Chapter3.html
http://zet-evakuierung.de/
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Appendix B 

Calculation Sheet for Case Study 

 

In relation to the case study in Chapter 5. , the following table lists all arcs in 

building network, along with the egress element type 𝑇𝑆𝑎𝑘, structural modifier value 

𝑘𝑎𝑘 , distance 𝑑𝑎𝑘 , clear width 𝑊𝑝(𝑎𝑘), boundary layer thickness 𝐵𝐿(𝑎𝑘), and calculated 

effective width 𝑊𝑒(𝑎𝑘): 

 

 

  
 

 

  

 

  
 

 

  

 

  

 

  

 

  
s0G door 1.4 0 0.91 0.15 0.61 

s1A door 1.4 0 0.91 0.15 0.61 

s2B door 1.4 0 0.91 0.15 0.61 

s3G door 1.4 0 0.91 0.15 0.61 

s4A door 1.4 0 0.91 0.15 0.61 

s5B door 1.4 0 0.91 0.15 0.61 

AB corridor 1.4 22.5 2.4 0.2 2 

BA corridor 1.4 22.5 2.4 0.2 2 

BC door 1.4 22.5 0.91 0.15 0.61 

CD Stairways 
(7/11) 

1.08 3.44 0.994 0.15 0.694 

DE corridor 1.4 2.4 1.2 0.2 0.8 

EF Stairways 
(7/11) 

1.08 3.44 0.994 0.15 0.694 

FM corridor 1.4 23.16 2.4 0.2 2 

MN corridor 1.4 2.4 2.4 0.2 2 

NO wide con-
course 

1.4 6 4.8 0.46 3.88 

AG corridor 1.4 22.5 2.4 0.2 2 

GA corridor 1.4 22.5 2.4 0.2 2 

GH door 1.4 22.5 0.91 0.15 0.61 

HI Stairways 
(7/11) 

1.08 3.44 0.994 0.15 0.694 

IJ corridor 1.4 2.4 1.2 0.2 0.8 

JK Stairways 
(7/11) 

1.08 3.44 0.994 0.15 0.694 

KL corridor 1.4 23.16 2.4 0.2 2 

LN corridor 1.4 2.4 2.4 0.2 2 

Ot door 1.4 0 1.82 0.15 1.52 
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Capacity Calculations 

 

Table 16: Intermediate capacity calculations for Path 1 

𝑷𝟏 𝒉𝒎𝒗𝒋𝒊 𝒏𝟗𝟎(𝒋𝒊) 𝑭𝒔𝒎(𝒂𝒋𝒊) 𝒖(𝒂𝒋𝒊) 

s0G 1 0 1.316 5.00 

GH 2 1 1.316 0.80 

HI 1 1 1.015 0.70 

IJ 1 1 1.316 1.05 

JK 1 1 1.015 0.70 

KL 1 2 1.316 2.63 

LN 1 2 1.316 2.63 

Ot 1 3 1.316 2.00 

Bottleneck Index (𝜽𝟏) Bottleneck arc(𝑎𝜃1)  𝑢(𝑃1) 0.70 

3 HI    

 

Table 17: Intermediate capacity calculations for Path 2 

𝑷𝟐 𝒉𝒎𝒗𝒋𝒊 𝒏𝟗𝟎(𝒋𝒊) 𝑭𝒔𝒎(𝒂𝒋𝒊) 𝒖(𝒂𝒋𝒊) 

s1A 2 0 1.033 3.00 

AG 2 1 1.162 2.32 

GH 2 1 1.316 0.80 

HI 1 1 1.015 0.70 

IJ 1 1 1.316 1.05 

JK 1 1 1.015 0.70 

KL 1 2 1.316 2.63 

LN 1 2 1.316 2.63 

Ot 1 3 1.316 2.00 

Bottleneck Index (𝜽𝟐) Bottleneck arc(𝑎𝜃2) 
 

𝑢(𝑃2) 0.70 

4 HI    
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Table 18: Intermediate capacity calculations for Path 3 

𝑷𝟑 𝒉𝒎𝒗𝒋𝒊 𝒏𝟗𝟎(𝒋𝒊) 𝑭𝒔𝒎(𝒂𝒋𝒊) 𝒖(𝒂𝒋𝒊) 

s3G 1 0 1.316 7.00 

GH 2 1 1.316 0.80 

HI 1 1 1.015 0.70 

IJ 1 1 1.316 1.05 

JK 1 1 1.015 0.70 

KL 1 2 1.316 2.63 

LN 1 2 1.316 2.63 

Ot 1 3 1.316 2.00 

Bottleneck Index (𝜽𝟑) Bottleneck arc(𝑎𝜃3) 
 

𝑢(𝑃3) 0.70 

3 HI    

 

Table 19: Intermediate capacity calculations for Path 4 

𝑷𝟒 𝒉𝒎𝒗𝒋𝒊 𝒏𝟗𝟎(𝒋𝒊) 𝑭𝒔𝒎(𝒂𝒋𝒊) 𝒖(𝒂𝒋𝒊) 

s4A 3 0 1.008 2.00 

AG 2 1 1.162 2.32 

GH 2 1 1.316 0.80 

HI 1 1 1.015 0.70 

IJ 1 1 1.316 1.05 

JK 1 1 1.015 0.70 

KL 1 2 1.316 2.63 

LN 1 2 1.316 2.63 

Ot 1 3 1.316 2.00 

Bottleneck Index (𝜽𝟑) Bottleneck arc(𝑎𝜃3)  𝑢(𝑃4) 0.70 

4 HI 
 

  

 

Travel Time Calculations 

Table 20: Travel time calculations for Path 1 

𝑷𝟏 𝒉𝒎𝒗𝒋𝒊 𝑭𝑪(𝒂𝒋𝒊) 𝑫𝒋𝒊 𝑹𝒗𝒔𝒎𝒐𝒌𝒆(𝒋𝒊) 𝑺𝒎𝒂𝒙 𝑺𝒂𝒋𝒊  𝒅𝒂𝒋𝒊  𝝉(𝒂𝒋𝒊) 

s0G 1 0.704 1.22 1.00 1.19 0.763 0.000 0.00 

GH 2 0.704 1.22 1.00 1.19 0.763 22.500 36.91 

HI 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

IJ 1 0.704 0.80 1.00 1.19 0.984 2.400 2.44 

JK 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

KL 1 0.704 0.27 1.00 1.19 1.190 23.160 19.46 

LN 1 0.704 0.27 1.00 1.19 1.190 2.400 2.02 

Ot 1 0.704 0.37 1.00 1.19 1.190 0.000 0.00 

       𝑇𝑃1  74.51 
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Table 21: Travel time calculations for Path 2 

𝑷𝟐 𝒉𝒎𝒗𝒋𝒊 𝑭𝑪(𝒂𝒋𝒊) 𝑫𝒋𝒊 𝑹𝒗𝒔𝒎𝒐𝒌𝒆(𝒋𝒊) 𝑺𝒎𝒂𝒙 𝑺𝒂𝒋𝒊  𝒅𝒂𝒋𝒊  𝝉(𝒂𝒋𝒊) 

s1A 2 0.704 1.22 0.79 1.19 0.599 0.000 0.00 

AG 2 0.704 0.27 0.88 1.19 1.051 22.500 21.42 

GH 2 0.704 1.22 1.00 1.19 0.763 22.500 36.91 

HI 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

IJ 1 0.704 0.80 1.00 1.19 0.984 2.400 2.44 

JK 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

KL 1 0.704 0.27 1.00 1.19 1.190 23.160 19.46 

LN 1 0.704 0.27 1.00 1.19 1.190 2.400 2.02 

Ot 1 
0.704 

0.37 1.00 1.19 1.190 0.000 0.00 

       𝑇𝑃2  95.92 

 

Table 22: Travel time calculations for Path 3 

𝑷𝟑 𝒉𝒎𝒗𝒋𝒊 𝑭𝑪(𝒂𝒋𝒊) 𝑫𝒋𝒊 𝑹𝒗𝒔𝒎𝒐𝒌𝒆(𝒋𝒊) 𝑺𝒎𝒂𝒙 𝑺𝒂𝒋𝒊  𝒅𝒂𝒋𝒊  𝝉(𝒂𝒋𝒊) 

s3G 1 0.704 1.22 1.00 1.19 0.763 0.000 0.00 

GH 2 0.704 1.22 1.00 1.19 0.763 22.500 36.91 

HI 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

IJ 1 0.704 0.80 1.00 1.19 0.984 2.400 2.44 

JK 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

KL 1 0.704 0.27 1.00 1.19 1.190 23.160 19.46 

LN 1 0.704 0.27 1.00 1.19 1.190 2.400 2.02 

Ot 1 0.704 0.37 1.00 1.19 1.190 0.000 0.00 

       𝑇𝑃3  74.51 

 

Table 23: Travel time calculations for Path 4 

𝑷𝟒 𝒉𝒎𝒗𝒋𝒊 𝑭𝑪(𝒂𝒋𝒊) 𝑫𝒋𝒊 𝑹𝒗𝒔𝒎𝒐𝒌𝒆(𝒋𝒊) 𝑺𝒎𝒂𝒙 𝑺𝒂𝒋𝒊  𝒅𝒂𝒋𝒊  𝝉(𝒂𝒋𝒊) 

s4A 3 0.704 1.22 0.67 1.19 1.057 0.000 0.00 

AG 2 0.704 0.27 0.88 1.19 1.051 22.500 21.42 

GH 2 0.704 1.22 1.00 1.19 0.763 22.500 36.91 

HI 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

IJ 1 0.704 0.80 1.00 1.19 0.984 2.400 2.44 

JK 1 0.704 1.86 1.00 0.95 0.503 3.440 6.84 

KL 1 0.704 0.27 1.00 1.19 1.190 23.160 19.46 

LN 1 0.704 0.27 1.00 1.19 1.190 2.400 2.02 

Ot 1 
0.704 

0.37 1.00 1.19 1.190 0.000 0.00 

       𝑇𝑃4  95.92 
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Appendix C 

Piecewise Correlations for the Crawl-Modified Hydraulic Model 

In addition to the speed-density correlation proposed in section 3.2, we present 

two more piecewise linear (PL) correlations that achieve a better fit to the experimental 

data points and respect the boundary condition at the theoretical maximum crowd den-

sity in CMHM. 

A Two-Segment Piecewise Linear Model 

The following two-segment PL correlation expressed below has a better fit to 

the data points (confer Table 24) compared to equation (35), as shown in Figure 44. 

 

𝑆𝑐(𝐷, 𝑛90) = {
(0.178 ∙ 𝐷 + 0.71) ∙ 𝑘𝑐

𝑛90 ,   𝐷 ≤ 1.42   

(−5.389 ∙ 𝐷 + 8.622) ∙ 𝑘𝑐
𝑛90  ,1.42 < 𝐷 ≤ 1.6 

0, 𝐷 > 1.6

 

(43) 

 

 

 
 

Figure 44: Two-segment PL speed correlation for CMHM 
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Table 24: Goodness-of-fit statistics for the two-segment PL correlation for CMHM  

R2 SSE RMSE R2 (Adjusted) 

0.9389 0.0516 0.0586 0.9342 

When the two-segment PL speed correlation is plotted for different numbers of 

right-angle turns, we obtain Figure 45. 

 

 
 

Figure 45: Plot of a two-segment PL correlation for CMHM for different numbers of 

right-angled turns 

 

As a consequence, the specific flow rate is the product of speed and crowd den-

sity in each in each segment, resulting in equation (44), and is plotted for different 

numbers of right-angled turns in Figure 46. 

 

 

𝐹𝑠(𝐷, 𝑛90) = {
(0.178 ∙ 𝐷 + 0.71)𝐷 ∙ 𝑘𝑐

𝑛90 ,   𝐷 ≤ 1.42   

(−5.389 ∙ 𝐷 + 8.622)𝐷 ∙ 𝑘𝑐
𝑛90  ,1.42 < 𝐷 ≤ 1.6 

 
(44) 

 

A Three-Segment Piecewise Model 

Similarly, a three-segment PL speed correlation can also be proposed, which is 

more conservative over the interval 𝐷 ∈  (0, 0.6) where there are no experimental data 
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points. Instead of estimating the crowd speed to be linearly increasing over this region, 

as in the two-segment PL correlation, the more conservative approach is to assume that 

the speed is constant over the interval [0,0.6), followed by a step function over the 

interval [0.6,1.42], over which experimental data points exist. 

 

 
 

Figure 46: Plot of specific flow rate for the two-segment PL speed correlation for 

CMHM for different numbers of right-angled turns 

 

The value of the step function in this range can be calculated as the average 

crowd speed of the experimental data points, which is 0.9135 m/s. The remaining seg-

ment is simply the straight line connecting the points (1.42,0.9135) to (1.6,0). The three-

segment PL speed correlation is expressed in equation (45) and plotted in Figure 47. 

 

𝑆𝑐(𝐷, 𝑛90) =

{
 

 
(0.71) ∙ 𝑘𝑐

𝑛90 ,                                      0 ≤  𝐷 ≤ 0.6   

(0.9135) ∙ 𝑘𝑐
𝑛90  ,                           0.6 < 𝐷 ≤ 1.42 

(−5.075 ∙ 𝐷 + 8.12) ∙ 𝑘𝑐
𝑛90 , 1.42 < 𝐷 ≤ 1.6

0,                                                                     𝐷 > 1.6

 

(45) 

 

The goodness-of-fit statistics for this correlation (see Table 25) are better than 

that of the two-segment PL correlation, and even higher than the exponential function 

proposed in section 3.2.3. When the three-segment PL speed correlation is plotted for 

different values of 𝑛90, Figure 48 is obtained. 
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Figure 47: Three-segment PL speed correlation for CMHM 

 

 

Table 25: Goodness-of-fit statistics for the three-segment PL speed-correlation for 

CMHM 

R2 SSE RMSE R2 (Adjusted) 

0.9664 0.0276 0.0429 0.9638 

 

The corresponding specific mass flow rate function is expressed in equation (46), and 

plotted in  

Figure 49. 

 

𝐹𝑠(𝐷, 𝑛90) =

{
 

 
(0.71) ∙ 𝐷 ∙ 𝑘𝑐

𝑛90 ,                                           𝐷 ≤ 0.6   

(0.9135) ∙ 𝐷 ∙ 𝑘𝑐
𝑛90  ,                           0.6 < 𝐷 ≤ 1.42 

(−5.075 ∙ 𝐷 + 8.12) ∙ 𝐷 ∙ 𝑘𝑐
𝑛90 , 1.42 < 𝐷 ≤ 1.6

0,                                                                     𝐷 > 1.6

 

(46) 
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Figure 48: Plot of a three-segment PL for CMHM for different numbers of right-an-

gled turns 

 

 
 

Figure 49: Plot of specific flow rate for the three-segment PL speed correlation for 

CMHM for different numbers of right-angled turns 
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