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Article

Convergence Speed of Bermudan, Randomized Bermudan, and
Canadian Options
Guillaume Leduc

Department of Mathematics and Statistics, American University of Sharjah,
Sharjah P.O. Box 26666, United Arab Emirates; gleduc@aus.edu; Tel.: +971-6-515-2341

Abstract: American options have long received considerable attention in the literature, with
numerous publications dedicated to their pricing. Bermudan and randomized Bermudan
options are broadly used to estimate their prices efficiently. Notably, the penalty method
yields option prices that coincide with those of randomized Bermudan options. However,
theoretical results regarding the speed of convergence of these approximations to the Amer-
ican option price remain scarce. In this paper, we address this gap by establishing a general
result on the convergence speed of Bermudan and randomized Bermudan option prices to
their American limits. We prove that for convex payoff functions, the convergence speed
is linear; that is, of order 1/n, where n denotes the number of exercisable opportunities
in the Bermudan case and serves as the intensity parameter of the underlying Poisson
process in the randomized Bermudan case. Our framework is quite general, encompassing
Lévy models, stochastic volatility models, and nearly any risk-neutral model that can be
incorporated within a strong Markov framework. We extend our analysis to Canadian
options, showing under mild conditions a convergence rate of 1/

√
n to their American

limits. To our knowledge, this is the first study addressing the speed of convergence in
Canadian option pricing.

Keywords: Bermudan option; American option; randomization; convergence speed

MSC: 60G40; 91G20; 91G60

1. Introduction
Due to their importance and the challenges of pricing them, there has been a lot of

interest in American options. Many numerical schemes use Bermudan options as proxies
to estimate the price P of an American option. With linear extrapolation, the convergence
may be accelerated. Extremely efficient examples are the CONV [1] and COS methods [2].
For Lévy models, they allow for the very rapid and accurate evaluation of Bermudan
options. Let n denote the number of discrete exercise opportunities within the maturity
period T, with intervals of length ∆t = T/n. It is assumed [1] (p. 1692) that an expansion of
the Bermudan price Pn in powers of ∆t = T/n exists with constant coefficients that is

Pn = P +
∞

∑
i=1

αi(∆t)γi ,

with 0 < γi < γi+1 and αi not depending on n. When such an expansion exists, we say that
smooth convergence occurs. Then, it is possible [3,4] to use repeated Richardson extrapolation
(RRE) to obtain extremely fast convergence of the Bermudan price to its American limit. It
is noted in [1] that γi = i is consistent with numerical experiments. However, to the best of
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our knowledge, the existence of an expansion in powers of ∆t has never been established,
even in the Black–Scholes model. Outside the Black–Scholes setting, it has not yet even
been proved that the convergence of Bermudan option prices to the American put is linear;
that is, the speed of convergence is O(1/n).

When an option can be exercised at maturity, or prior to maturity, at any of the
jumps of an independent Poisson process N with intensity proportional to n, we have a
randomized Bermudan option. The scheme has been studied under different names by many
authors, such as in [5–14]. In the finite maturity case, it was shown in [7,11] (see also [9])
that the price of such options corresponds to the classical solution of the penalty method
introduced in [15], which is widely acknowledged to be an efficient [16] way of pricing
American options.

As far as we are aware, very few results have been established about the speed of
convergence of Bermudan or randomized Bermudan option prices, in spite of the fact that
both are broadly used in the computation of American options. In the Black–Scholes model
with convex payoff functions, a speed of convergence of 1/n is obtained in [6,16,17], where
n is the reciprocal of the (expected) time between two exercise opportunities. For Lévy
models, a convergence speed of order 1/

√
n is obtained in [7,16]. The speed of convergence

depends on the convexity of the payoff function: indeed, it is shown in [16] that for
non-convex payoff, the optimal speed of convergence can be of order 1/

√
n. The most

important case is the convex case since it includes the American put. We are not aware
of any convergence speed results for stochastic volatility models. In the Volterra Heston
model [18,19], which includes rough volatility models, convergence of Bermudan option
prices is established in [20] for the put option and other non-smooth payoff functions.
In [21], the authors study a form of modified Bermudan options through the lens of discrete
approximations and corrected stopping boundaries, achieving a convergence rate of 1/n in
the context of geometric Brownian motion.

The approximation of the American option price using Bermudan options or randomized
Bermudan options (i.e., the penalty method) is broadly used in the literature. But how good
is that approximation? What is the speed of convergence? Several articles, such as [22–26],
refer to [17] or [1–3] to support the assumption that the convergence of Bermudan option
prices to the American limit is linear or even smooth. However, in [1–3], linear and smooth
convergence are mere assumptions backed by numerical experimentations. As pointed out
in [1,2] it appears that [17] is the only paper in which an expansion of the Bermudan option
price in terms of ∆t is considered and linear convergence is established; that is, the error
decreases to zero at a speed of order ∆t = T/n, where T/n is the expected time between
two exercisable times.

Despite this sparse theoretical foundation, many papers, for instance [1,10,17,20,22–35], rely
on the assumption of smooth or rapid convergence of the (randomized) Bermudan scheme
to its American limit. This gap is the main motivation for this paper. We believe that
establishing a general result of linear convergence of (randomized) Bermudan option prices
to their American limit is long overdue. In a broad setting, we prove that (randomized)
Bermudan option prices converge at a speed of 1/n for convex payoff functions. This is the
main contribution of this article to the literature.

As an application of the results in this paper, we also show that under mild condi-
tions, Canadian option prices converge at a speed of 1/

√
n to their American limit, when

the intensity n/T of the associated Poisson process tends to infinity. To the best of our
knowledge, it is the first time that the speed of convergence of Carr’s maturity-randomized
option is studied, in spite of the immense popularity and influence of [36]. This is the
second contribution of this article to the literature.



Mathematics 2025, 13, 213 3 of 14

The paper is organized in the following manner. First, we gather the notation and
assumptions used throughout this paper. Then, we establish the maximal expected gain
that can result from an immediate exercise of the option rather than a randomly delayed
one. Next, we prove the linear convergence of randomized Bermudan option prices to their
American limits. As a corollary, we obtain the same speed of convergence for Bermudan
options. Finally, we study the speed of convergence of Canadian options.

2. Setting, Notation and Assumptions
Discounted underlying asset price. For simplicity, we assume a constant interest rate,
r ≥ 0. We also assume that the underlying asset St is risk-neutral, meaning e−rtSt is a
martingale. As St is meant to be the price of some underlying asset, we also require that
St ≥ 0. Furthermore, we consider an associated process Vt such that the pair (St, Vt) forms
a right process. A typical example arises in stochastic volatility models where Vt represents
the stochastic volatility, making (St, Vt) a Markov process even though St alone is not.
If St is already a right process, Vt can be omitted. Recall that right processes form a very
broad class of strong Markov processes characterized by càdlàg (right-continuous with
left limits) trajectories. This class encompasses Hunt, Feller, Lévy, and diffusion processes,
such as geometric Brownian motion, among others. As noted in [37], “the requirement
of the strong Markov property is not onerous, as this includes solutions of stochastic
differential equations and integrals of Lévy processes, so almost all common models used
in quantitative finance”. The additional condition that the strong Markov process be a right
process is similarly unrestrictive.
Payoff functions. Recall that the value h(St) is called the intrinsic value of the option at
time t. For simplicity, we consider payoff functions h(x) which are bounded, convex, and
Lipschitz with compact support. For the American put, h(x) = max(K − x, 0), for some
K > 0.
Probability space and counting process N. We consider a probability space, denoted
by (Ω,F ,F [α, β], E), which satisfies the usual conditions. We assume that the processes
(St, Vt) and a counting process Nt are realized on this probability space, with Nt being
independent of (St, Vt).
Conditional expectation notation. In this article, Et,x,v,m denotes the conditional expecta-
tion given that (St, Vt, Nt) = (x, v, m). Similarly, Et,x,v denotes the conditional expectation
given that (St, Vt) = (x, v), and Et,m denotes the conditional expectation given that Nt = m.
Stopping time τℓ. Fix t ≥ 0 and an integer ℓ ≥ 0, we denote by τℓ the first time u ≥ t such
that Nu ≥ ℓ.
Randomized options. Throughout this paper, we fix some maturity T > 0, a payoff
function h, and some integer n > 0. In order to avoid undue generality, we focus on
two cases: (a) the Poisson case, where Nt is a Poisson process with intensity n/T; and (b)
the deterministic case where the jumps of Nt occur at times kT/n, for k = 1, 2, .... We are
interested in the following randomized American-style options, which at time t = 0 can be
described in the following manner:

1. The Canadian option can be exercised at any time until τn.
2. The randomized Bermudan option can be exercised at times τk ∧ T, for k = 1, 2, ....

Randomized option prices. Fix 0 ≤ t ≤ T, integer m ≥ 0, and the payoff function h.
Suppose that St = x, Vt = v, and Nt = m. We denote by At,Th(x, v) the value of the
American option, by BRn

t,T h(x, v) the value of the randomized Bermudan option, and by
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Cn
t h(x, v, m) the value of the Canadian option. For m = 0, ..., n, let Tℓ be the class of stopping

times τ such that for every ω ∈ Ω, t ≤ τ(ω) ≤ τℓ(ω). Then

Cn
t h(x, v, m) = sup

τ∈Tn−m

Et,x,v,m
(
e−rτh(Sτ)

)
.

Let T be the class of stopping times τ ≥ t such that for every ω ∈ Ω, τ(ω) ∈ {τk(ω) ∧ T,
for k = 1, 2, ...}. Then BRn

T,Th(x, v) = h(x) and for 0 ≤ t < T,

BRn
t,T h(x, v) = sup

t<τ∈T
Et,x,v

(
e−rτh(Sτ)

)
.

Note that the price of a randomized Bermudan option might be less than its intrinsic value
since, by definition, it is not exercisable at inception. An optimal stopping time exists: it is
the first exercisable time at which the intrinsic value is no less than the option’s value. Note
also that replacing Et,x,v by Et,x,v,m does not affect the value of the randomized Bermudan
option because the increments of a Poisson process are independent and identically dis-
tributed. (In the deterministic case, where the jumps of Nt occur at times kT/n, the value
of Nt is uniquely determined by t).
Uniform O-terms. Consider real valued functions f (θ), g(θ) and φ(θ) ≥ 0, where θ ∈ Θ
for some arbitrary set Θ. We say that f (θ) = g(θ) + h(θ)O(φ(θ)) uniformly if there exists
a function ρ(θ) such that f (θ) = g(θ) + h(θ)ρ(θ) for every θ ∈ Θ and a constant c, that
may depend only on r, T and h, such that |ρ(θ)| ≤ cφ(θ) for every θ ∈ Θ. In this paper, all
O-terms are uniform.

3. Convergence Speed of Randomized Options
3.1. Maximal Immediate Expected Gain

Here, we establish a uniform upper bound in the form of an O-term for the expected
gain, should such a gain exist, that results from an immediate exercise of the option rather
than a randomly delayed one. The underlying context is the following: assume that (t, x, v)
is a point on the optimal exercise boundary of some American option in the setting of
Section 2. Assume that m jumps of N have been observed. How bad is it to delay the
exercise until the next exercisable time t + ∆? Put differently, how advantageous is it to
exercise now? Here, the immediate expected gain is defined as the difference between the
intrinsic value and the expected discounted delayed intrinsic value, provided this difference
is positive. Otherwise, the gain is null.

Gain = max
(

h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
, 0
)

.

In the theorem below, we provide a maximal gain, the maximal immediate expected gain, in the
form of an O-term, which can be viewed as an upper bound for this gain in terms of the
expected length of ∆.

Fix 0 ≤ t ≤ T, an integer m ≥ 0, and the payoff function h. Suppose that St = x,
Vt = v, and Nt = m. Fix an integer ℓ ≥ 0, and let

τℓ = inf{u ≥ t : Nu ≥ ℓ}.

We are interested in the class of stopping times θ, which are either mere constants, such as
T − t, or take the form θ = α ∨ τℓ ∧ β, where α and β are constants satisfying t ≤ α < β. We
refer to this class of stopping times as the N-stopping times because they depend only on
the process N and are completely independent of the trajectories of (Su, Vu) for u ≥ t.
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Theorem 1 (Maximal immediate expected gain). Under the settings of Section 2, let
0 ≤ t ≤ 2T, let x, v > 0, and let m ≥ 0 be an integer. Additionally, let θ be an N-stopping
time such that t ≤ θ ≤ 2T, and define ∆ = θ − t. Then

max
(

h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
, 0
)
= O(Et,m(∆)), (1)

where the O-term is uniform, and Et,m is the conditional expectation given that Nt = m.

Proof. Fix t, T ≥ 0, x, v > 0, and an integer m > 0. Recall that Et,x,v,m is the conditional
expectation given that (St, Vt, Nt) = (x, v, m), Et,x,v is the conditional expectation given that
(St, Vt) = (x, v), and Et,m is the conditional expectation given that Nt = m. Indeed, these
quantities are the transition probability functions of their respective strong Markov right
processes. Recall also that ∆ is independent of the process u → (Su, Vu), for u restricted to
the interval [t, ∞). Therefore, if f (δ) is a non-negative bounded measurable function,

Et,x,v,m[ f (∆)St+∆ | ∆] = Et,x,v[ f (δ)St+δ] evaluated at δ = ∆.

Note that
Et,x,v,m[ f (∆)] = Et,m[ f (∆)],

since ∆ depends in no way on the value of (St, Vt).
First, we show that

Et,x,v,m(St+∆) = x(1 +O(Et,m(∆))), (2)

where the O-term is uniform. From the optional stopping theorem and the fact that e−rtSt

is a martingale,

Et,x,v,m(St+∆) = Et,x,v,m

(
er∆e−r∆St+∆

)
≤ er2TEt,x,v,m

(
e−r∆St+∆

)
= xer2T .

Then,

|Et,x,v,m(St+∆)− x| ≤
∣∣∣Et,x,v,m

(
e−r∆St+∆ − x

)∣∣∣
+

∣∣∣Et,x,v,m

((
1 − e−r∆

)
St+∆

)∣∣∣
= Et,x,v,m

((
1 − e−r∆

)
St+∆

)
= Et,m

[(
1 − e−r∆

)
Et,x,v,m[St+∆ | ∆]

]
.

The reasoning yielding Et,x,v,m(St+∆) ≤ xer2T certainly holds if we replace Et,x,v,m(St+∆) by
Et,x,v,m[St+∆ | ∆]. Therefore,

|Et,x,v,m(St+∆)− x| ≤ Et,m

(
r∆xer2T

)
= rxer2TEt,m(∆)

= xO(Et,m(∆)).

This is equivalent to (2).
We will now establish (1). Utilizing the identity

h(s) = e−rδh(s) +
(

1 − e−rδ
)

h(s),
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and noting that for every r, δ ≥ 0,∣∣∣(1 − e−rδ
)

h(s)
∣∣∣ ≤ rδ∥h∥∞,

it follows, by the boundedness of h, that

Et,x,v,m(h(Sτ+∆)) = Et,x,v,m

(
e−r∆h(Sτ+∆)

)
+O(Et,m(∆)). (3)

Since h is Lipschitz with compact support, then for every x > 0,

|h(x(1 +O(Et,m(∆))))− h(x)| = O(Et,m(∆)).

Using (2), we obtain

|h(Et,x,v,m(St+∆))− h(x)| = O(Et,m(∆)).

Thus,
h(Et,x,v,m(St+∆)) = h(x) +O(Et,m(∆)). (4)

Using Jensen’s inequality and (3), we get

h(Et,x,v,m(St+∆)) ≤ Et,x,v,m(h(St+∆))

= Et,x,v,m

(
e−r∆h(St+∆)

)
+O(Et,m(∆)).

The combination of this inequality and (4) yields

Et,x,v,m

(
e−r∆h(St+∆)

)
≥ h(x) +O(Et,m(∆)).

From the above inequality, we conclude that, if

0 ≤ h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
,

then

0 ≤ max
(

h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
, 0
)

= h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
≤ h(x)− h(x)−O(Et,m(∆))

= O(Et,m(∆)).

Otherwise, if
h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
≤ 0,

then obviously

0 = max
(

h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
, 0
)
= O(Et,m(∆)).

In both cases
max

(
h(x)− Et,x,v,m

(
e−r∆h(St+∆)

)
, 0
)
= O(Et,m(∆)).

Note that, throughout the proof, the O-terms are uniform.
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3.2. Bermudan and Randomized Bermudan Options

Here, we first show that randomized Bermudan option prices converge to their Amer-
ican limits at a speed of 1/n. We then derive the convergence speed of Bermudan option
prices as a corollary.

Theorem 2 (Randomized Bermudan options). Under the settings of Section 2, we have

max
(

h(x)− BRn
t,T h(x, v), 0

)
= O

(
n−1

)
(5)

and
0 ≤ At,Th(x, v)− BRn

t,T h(x, v) = O
(

n−1
)

, (6)

where the O-terms are uniform in x, v ≥ 0 and t ∈ [0, T].

Proof. Fix 0 ≤ t ≤ T and 0 ≤ x, v. Let t + ∆n be the first exercisable time after t. In the
Poisson case, t + ∆n = (t + Xn) ∧ T where Xn is an exponential random variable with
average T/n which is independent of the process (S, V), and E(∆n) ≤ T/n. In the deter-
ministic case, ∆n = (⌊nt/T⌋(T/n)− t) + T/n where ⌊x⌋ is the truncation of x. In this case,
0 < ∆n ≤ T/n.

We first prove (5). Invoking Theorem 1, there exists a constant c such that for every
t, x, v,

max
(

h(x)− Et,x,v

(
e−r∆n h(Sτ+∆n)

)
, 0
)
≤ cT/n. (7)

Because the first exercisable time after t is suboptimal:

max
(

h(x)− BRn
t,T h(x, v), 0

)
≤ max

(
h(x)− Et,x,v

(
e−r∆n h(Sτ+∆n)

)
, 0
)
.

Thus,
max

(
h(x)− BRn

t,T h(x, v), 0
)
= O

(
n−1

)
.

We now turn our attention to (6). But first, we introduce some notation. Let t ≤ τ∗ ≤ T
be the optimal stopping time for the American option, and let t ≤ τ̂∗ ≤ T be the first
exercisable time which is greater than or equal to τ∗. Let ∆∗

n be the waiting time until τ̂∗;
that is, ∆∗

n = τ̂∗ − τ∗. Finally, let B̂Rn
t,T h(x, v) denote the discounted expectation of the payoff

at time τ̂∗, given that St = x, Vt = v. By suboptimality,

0 ≤ B̂Rn
t,T h(x, v) ≤ BRn

t,T h(x, v) ≤ At,Th(x, v).

From the strong Markov property of (St, Vt) we obtain

B̂Rn
t,T h(x, v) = Et,x,v

(
e−r(τ̂∗−t)h

(
Sτ̂∗

))
= Et,x,v

(
e−r(τ∗−t)Eτ∗ ,Sτ∗ ,Vτ∗

(
e−r∆∗

n h
(
Sτ∗+∆∗

n

)))
.

Next,

0 ≤ At,Th(x)− B̂Rn
t,T h(x)

= Et,x,v

(
e−r(τ∗−t)h(Sτ∗)

)
− Et,x,v

(
e−r(τ∗−t)Eτ∗ ,Sτ∗ ,Vτ∗

(
e−r∆∗

n h
(
Sτ∗+∆∗

n

)))
= Et,x,v

(
e−r(τ∗−t)

(
h(Sτ∗)− Eτ∗ ,Sτ∗ ,Vτ∗

(
e−r∆∗

n h
(
Sτ∗+∆∗

n

))))
.
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Exploiting (7) and more specifically

max
(

h(Sτ∗)− Eτ∗ ,Sτ∗ ,Vτ∗

(
e−r∆∗

n h
(
Sτ∗+∆∗

n

))
, 0
)
= O

(
n−1

)
, (8)

we get
0 ≤ At,Th(x)− B̂Rn

t,T h(x) = O
(

n−1
)

.

Since B̂Rn
t,T h(x, v) ≤ BRn

t,T h(x, v) ≤ At,Th(x, v), we have obtained

0 ≤ At,Th(x, v)− BRn
t,T h(x, v) = O

(
n−1

)
,

as wanted.

We now set aside the Poisson process Nt to focus exclusively on the deterministic case,
where the jumps of Nt occur at fixed times kT/n for k = 1, 2, . . . Obviously, under this
setting, the “randomized” Bermudan option is actually exercisable at “non-random” times.
Then, by definition, the difference between a Bermudan option and a randomized Bermu-
dan option is that, when purchased at time t ∈ (T/n)N, 0 ≤ t < T, the Bermudan option is
exercisable at time t, t + T/n, . . . , T, while the randomized Bermudan option is exercisable
only at time t + T/n, t + 2T/n, . . . , T. Therefore,

Bt,Th(x, v) = max
(

h(x), BRn
t,T h(x, v)

)
, (9)

where Bt,Th(x, v) is the value of a Bermudan option.
The speed of convergence of the Bermudan option price, which is of order 1/n, is

obtained as a simple corollary to Theorem 2.

Corollary 1 (Bermudan options). Under the settings of Section 2, we have that for t = kT/n,
k = 0, 1, 2, ..., n,

Bt,Th(x, v) = At,Th(x, v) +O
(

n−1
)

,

where the O-term is uniform.

Proof. Let t ∈ (T/n)N and 0 ≤ t ≤ T. Since

Bt,Th(x, v) = BRn
t,T h(x, v) + max

(
h(x)− BRn

t,T h(x, v), 0
)

,

the result follows from (5) and (6) of Theorem 2.

3.3. Canadian Options

Here, we use the maximal immediate expected gain to study the convergence speed of
Canadian options to their American limit. We make the following assumption, which is
verified, in particular, in the Black–Scholes model studied by Carr [36].

Assumption 1. Let Euh(0, x, v) = E0,x,v(e−ruh(Su, Vu)) be the price at time 0 of a European
option with maturity u when S0 = x and V0 = v. We assume that the mapping u → Euh(0, x, v)
is continuously differentiable when u > 0 and that for every T > 0,

sup
T/2≤u≤2T

∥∥E ′
uh

∥∥ < ∞,

where ∥∥E ′
uh

∥∥ = sup
x,v≥0

∣∣∣∣ ∂

∂u
Euh(0, x, v)

∣∣∣∣.
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Theorem 3 (Canadian options). Under the settings of Section 2 and Assumption 1, we have

C0h(x, v, 0) = A0,Th(x, v) +O
(

n−1/2
)

,

where the O-term is uniform. Here,

C0h(x, v, 0) = E0,x,v,0

[
e−rτ∗h(Sτ∗)

]
,

denotes the price of the Canadian option at time 0, and τ∗ is the optimal stopping time satisfying
0 ≤ τ∗ ≤ τn.

Proof. We will use Theorem 1, which has a boundedness condition on the stopping times
involved, more specifically that they are bounded by 2T. Recall that given t, τn is the first
time u ≥ t such that Nu ≥ n. Now, starting at time 0, the probability that τn is outside the
interval [T/2, 2T] goes to zero exponentially fast as n → ∞, and since h is bounded, if we
set θn = T/2 ∨ τn ∧ 2T, then clearly,

C0h(x, v, 0) = C̄0h(x, v, 0) +O
(

n−1
)

,

where
C̄th(x, v, m) = sup

t≤τ≤θn

Et,x,v,m
[
e−rτh(Sτ)

]
.

We will refer to the option exercisable until time θn as the ‘modified’ Canadian option.
The first step of the proof is to show that for m ≤ n,

C̄th(x, v, m) = Et,x,v,m

[
e−rθn h(Sθn)

]
+O(Et,m(θn − t)), (10)

where the O-term is uniform. Fix t, x, v ≥ 0 and m = 0, 1, ..., n. Let θ∗ be the optimal
stopping time for the modified Canadian option. Then, using the strong Markov property
of (S, V, N), we write

C̄0h(x, v, m)− Et,x,v,m
[
e−rθn h(Sθn)

]
= Et,x,v,m

[
e−rθ∗h(Sθ∗) + EFθ∗ e−r(θn)h(Sθn)

]
= Et,x,v,m

[
e−rθ∗

[(
h(Sθ∗)− EFθ∗ e−r∆∗

n h
(
Sθ∗+∆∗

n

))]]
,

where EFθ∗ = Eθ∗ ,Sθ∗ ,Vθ∗ ,Nθ∗ and ∆∗
n = θn − θ∗. Since θ∗ is optimal, we can continue with

= Et,x,v,m

[
e−rθ∗ max

(
h(Sθ∗)− EFθ∗ e−r∆∗

n h
(
Sθ∗+∆∗

n

)
, 0
)]

.

Then, we invoke Theorem 1 to get (10).
Now we return to the value of the modified Canadian option at time 0 and write

C̄0h(x, v, 0) = E0,x,v,0

[
1θ∗<Te−rθ∗h(Sθ∗) + 1θ∗≥Te−rTh(ST)

]
+ R0(x, v, 0),

where

R0(x, v, 0) = E0,x,v,0

[
1θ∗≥Te−rT [C̄0h(ST , VT , NT)− h(ST)]

]
≤ E0,x,v,0

[
e−rTC̄0h(ST , VT , NT)

]
− E0,x,v,0

[
e−rTh(ST)

]
.
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Set θn = θn ∨ T and ∆n = θn − T. From (10) and the Markov property we get that, for some
constant c that may depend only on r, T and h,

E0,x,v,0
[
e−rTC̄0h(ST , VT , NT)

]
≤ E0,x,v,0

[
e−rTET,ST ,VT ,NT

[
e−r∆n h(ST+∆n)

]]
+cE0,x,v,0

[
e−rTET,NT

(
θn − T

)]
= E0,x,v,0

[
e−rθn h

(
Sθn

)]
+ ce−rTE0,0

(
θn − T

)
= E0,x,v,0

[
e−rθn h

(
Sθn

)]
+O

(
n−1/2

)
.

Note that the last equality follows from the fact that τn, being the sum of n independent
exponentially distributed random variables with mean T/n, follows an Erlang distribution
with shape parameter n and scale parameter T/n. Consequently, Var(τn) = T2/n, which
leads to

0 ≤ E0,0
(
θn − T

)
≤ E0,0(|θn − T|) ≤ E0,0(|τn − T|) ≤

√
Var(τn) = Tn−1/2.

Independence of (S, V) and N and Assumption 1 give

R0(x, v, 0) ≤ E0,x,v,0

[
e−rθn h

(
Sθn

)]
− E0,x,v,0

[
e−rTh(ST)

]
+O

(
n−1/2

)
= E0,0

[
Eθn

h(0, x, v)− ETh(0, x, v)
]
+O

(
n−1/2

)
≤ DE0,0

(
θn − T

)
+O

(
n−1/2

)
= O

(
n−1/2

)
,

where D = supT/2≤u≤2T∥E ′
uh∥. Thus

C̄0h(x, v, 0) = E0,x,v,0

[
1θ∗<Te−rθ∗h(Sθ∗) + 1θ∗≥Te−rTh(ST)

]
+O

(
n−1/2

)
.

Set θ∗ = θ∗ ∧ T and note that

C̄0h(x, v, 0) = E0,x,v,0

[
e−rθ∗h

(
Sθ∗

)]
+O

(
n−1/2

)
.

Set θn = θn ∧ T and
C0h(x, v, 0) = sup

0≤τ≤θn

Et,x,v,m
[
e−rτh(Sτ)

]
.

Then, because 0 ≤ θ∗ ≤ θn,

C0h(x, v, 0) ≥ C̄0h(x, v, 0) +O
(

n−1/2
)

.

Now C0h(x, v, 0) ≤ C̄0h(x, v, 0) and therefore

C0h(x, v, 0) = C̄0h(x, v, 0) +O
(

n−1/2
)

= C0h(x, v, 0) +O
(

n−1/2
)

.

We will now demonstrate, using similar reasoning, that

C0h(x, v, 0) = A0h(x, v) +O
(

n−1/2
)

,

which yields C0h(x, v, 0) = A0,Th(x, v) +O
(

n−1/2
)

and completes the proof. Because the
proof is very similar to what has just been done, we will only highlight the main steps.
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First we use Theorem 1 to show that

At,Th(x, v) = Et,x,v

[
e−r(T−t)h(ST)

]
+O(T − t), (11)

where the O-term is uniform. Next, if θ∗ is the optimal stopping time for the American
option at time 0, we write

A0,Th(x, v) = E0,x,v,0

[
1θ∗<θn

e−rθ∗h(Sθ∗) + 1θ∗≥θn
e−rθn h

(
Sθn

)]
+ R0(x, v, 0),

R0(x, v, 0) = E0,x,v,0

[
1θ∗≥θn

e−rθn
[
Aθn ,Th

(
Sθn

, Vθn

)
− h

(
Sθn

)]]
≤ E0,x,v,0

[
e−rθn Aθn ,Th

(
Sθn

, Vθn

)]
− E0,x,v,0

[
e−rθn h

(
Sθn

)]
.

Then, with (11) and the strong Markov property, we continue with

= E0,x,v,0

[
−rTh(ST)

]
− E0,x,v,0

[
e−rθn h

(
Sθn

)]
+O

(
n−1/2

)
= E0,0

[
ETh(0, x, v)− Eθn

h(0, x, v)
]
+O

(
n−1/2

)
≤ DE0,0(T − θn) +O

(
n−1/2

)
= O

(
n−1/2

)
.

Setting θ∗ = θ∗ ∧ θn, we conclude that

A0,Th(x, v) = E0,x,v,0

[
e−rθ∗h

(
Sθ∗

)]
+O

(
n−1/2

)
.

From this, we get
A0h(x, v) = C0h(x, v, 0) +O

(
n−1/2

)
,

as wanted.

4. Numerical Illustration
A closed-form formula for the value of a Bermudan put option in the Black–Scholes

model is provided in [38]. However, as noted in [27], evaluating high-dimensional mul-
tivariate normal cumulative distribution functions makes the formula computationally
impractical, even for a small number of exercise opportunities. Here, we instead employ a
tree method—specifically that of [39]—with 100,000 time steps and Richardson extrapola-
tion to estimate the prices of American and Bermudan options. The convergence properties
of tree methods are well understood [40–44], and the simplicity of the approach makes it
easy for interested readers to replicate our results. To demonstrate that Bermudan options
converge to their American limit at a speed of order of 1/m, where m is the number of
equally spaced exercise opportunities after inception, we price American and Bermudan
put options with parameters S = 100, K = 105, r = 0.05, σ = 0.2, and T = 1. Let PBS denote
the American option price, and Pm the Bermudan option price with m exercise opportu-
nities after inception. We calculate m(Pm − PBS) for 5 ≤ m ≤ 125. The plot numerically
illustrates that m(Pm − PBS) is bounded, which is equivalent to Pm = PBS +O(1/m). The
results appear in Figure 1.
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25 50 75 100 125
−0.78000

−0.77000

−0.76000

−0.75000

−0.74000

−0.73000

Number of exercise opportunities after inception (m)

m
(P

m
−

P B
S
)

Illustration of O(1/m) convergence for Bermudan Options

Figure 1. The plot illustrates that m(Pm − PBS) remains bounded, which is equivalent to
Pm = PBS +O(1/m).

There is no closed-form formula for the value of Canadian options in the Black–Scholes
setting. However, Carr [36] provides a numerical method to estimate their value. We use
the same parameter values as above: S = 100, K = 105, r = 0.05, σ = 0.2, and T = 1. Again,
PBS denotes the American put option price, but now Pm denotes the price of a Canadian
put option when the maturity occurs at the time of the mth jump of a Poisson process
with intensity m/T. We compute

√
m(Pm − PBS) for 5 ≤ m ≤ 125. The plot numerically

illustrates that
√

m(Pm − PBS) is bounded, which is equivalent to Pm = PBS +O(1/
√

m).
The results appear in Figure 2.

25 50 75 100 125
−0.60000

−0.50000

−0.40000

−0.30000

−0.20000

−0.10000

Number of exercise opportunities after inception (m)

√
m
(P

m
−

P B
S
)

Illustration of O(1/
√

m) convergence for Canadian Options

Figure 2. The plot illustrates that
√

m(Pm − PBS) remains bounded, which is equivalent to
Pm = PBS +O(1/

√
m).
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