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Abstract 

Vibration reduction is an essential component of structural engineering that guarantees 

the functionality and endurance of numerous mechanical and architectural systems 

during design and maintenance. The field has been significantly improved in recent 

years with the introduction of piezoelectric materials, which provide novel solutions for 

regulating and mitigating vibrations. This thesis presents an approach to enhance 

vibration attenuation in cantilever structures by integrating piezoelectric patches and a 

shunt circuit, thereby advancing the field of vibration control in cantilever structures. 

The thesis begins with an introduction that provides a thorough overview of the 

classifications of vibration control and the importance attributed to vibration 

attenuation techniques. A comprehensive literature review aims to analyze previous 

studies and their methodologies in piezoelectric material vibration control is provided.  

A mathematical model that governs the dynamics of a cantilever beam combined with 

a piezoelectric transducer and a shunted circuit is developed. The model's initial 

emphasis is on the single-mode vibration occurring within a linear structure. The major 

innovation of this study is the systemic integration of a nonlinear electrical component 

that is introduced to activate the two-to-one internal resonance. The internal resonance 

is a nonlinear phenomenon that has demonstrated the potential to enhance the 

suppression of vibrations significantly.  In order to attain optimal attenuation efficiency, 

the mathematical model is numerically simulated using MATLAB. This process 

includes modifying the shunt circuit's electrical parameters and tuning the absorber's 

frequencies with the structure’s natural frequency.  Moreover, the model is extended to 

account for the nonlinearity of the host structure to examine the robustness of the 

proposed model. The main outcome of this study is a development in the domain of 

vibration control, providing a solution for engineering applications that require 

vibration attenuation that is both more effective and adaptable. 

 

Keywords: Vibration Suppression; Internal Resonance; Piezoelectric Shunted 

Circuit; Nonlinear Dynamics. 
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Chapter 1. Introduction 

In this chapter, we introduce vibration damping and how it can be conducted by a 

shunted circuit, exploring several types of control methodologies. We also discuss the 

contribution of internal resonances to vibration attenuation. Then, we present the thesis 

objectives and contribution. Finally, the thesis organization is outlined at the end of this 

chapter. 

1.1. Overview 

Mechanical vibration is essential to the study of dynamic systems and structural 

integrity. These vibrations can emerge in various ways ranging from minor oscillations 

to catastrophic movements. In many mechanical systems, vibration is undesirable and 

even harmful. For example, vibration in an airplane frame induces fatigue and can 

eventually lead to failure [1]. Therefore, it is essential to consider the consequences of 

vibration while constructing engineering machines and structures. As a result, 

efficiently dampening vibrations has become critical in a wide range of technical 

applications.  

1.1.1.  Background 

It is essential to recognize the strategies that have been important in engineering and 

construction as we examine vibration-damping techniques. Traditional methods, such 

as mass-dampers and viscoelastic materials, have long been reliable instruments for 

reducing vibrations and providing effective solutions to practical problems. However, 

they often exhibit limitations in terms of adaptability, accuracy, and efficiency. 

Nonetheless, innovation always intends to push boundaries in the dynamic realm of 

vibration control. Piezoelectric shunted circuits are one such innovation that has drawn 

growing interest. In 1880, Pierre and Jacques Curie first discovered the piezoelectric 

effect. They showed that once certain crystalline materials were stressed, a counter-

reaction happened. The piezoelectric effect has two types: the direct effect, which 

describes how a material can convert mechanical strain into electrical charge, and the 

reverse effect, which describes how a material can transform an applied electrical 

potential into mechanical strain energy [2]. In 1979, Forward [3] proposed changing 

the system's physical parameters to control the vibration of a structure by converting 

the dynamic strain energy from the structure into electrical energy using piezoelectric 
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transducers connected to an electrical impedance, as demonstrated in Figure 1. From 

that day onwards, the development of Forward invention didn’t stop.  

 

Figure 1: A cantilever beam coupled with an electrical shunted circuit by a piezoelectric patch [4]. 

1.1.2. Shunted Circuit Classifications  

The researchers divided the types of piezoelectric shunted circuits into three 

subcategories based on their controlling techniques: passive, active, and semi-active.  

The choice of one of those types depends on the electrical elements in the shunted 

circuits and the presence of any external energy source. The passive technique relies on 

the inherent ability of piezoelectric material to absorb vibrational energy, resulting in 

passive energy dissipation without any external power source. On the other hand, active 

methods utilize sensors and actuators to achieve vibration sensing and activation to 

suppress vibration in real time [5]. The active control method has successfully reduced 

vibration in a wide range of structures, from simple beams to more complicated space 

structures. An active control system frequently requires powerful power amplifiers and 

high-performance digital signal processors, which are inappropriate for space 

applications, to drive actuators. Despite being simpler to construct than active control 

systems, passive control methods are less resistant to system disturbances [6]. 

Therefore, the interest in semi-active control systems has increased because of their 

potential to successfully offer vibration damping using piezoelectric materials. These 

systems combine the benefits of adaptability and energy efficiency to provide an 

adaptable way of reducing vibrations in various applications. It is essential to keep in 

mind that while active damping can be used to limit low-frequency vibrations, passive 

damping can be highly effective at damping high-frequency excitations. Additionally, 

Semi-active damping techniques are necessary for good control over wide frequency 
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bands, where the semi-active method combines the best attributes from active and 

passive approaches [7].   

1.1.3. Internal Resonances 

Each vibration mode in a purely linear structure can be excited independently, for 

example, by applying an external force, leaving the other modes at rest; however, this 

isn't necessarily the case in nonlinear systems. Internal resonances take place when two 

modes of a nonlinear system are mutually synchronized [8], which means their 

frequencies are in a simple integer ratio. This condition can be utilized to result in a 

unique interaction between these modes, known as saturation phenomena. The 

saturation phenomenon was first discovered by Nayfeh et al. [9], which causes an 

energy exchange by creating a threshold for one of the modes and transferring the 

energy to the other mode whenever an external excitation is applied to the first mode. 

This technique can significantly influence the vibration amplitude and system behavior. 

The type of nonlinearity coupling between the modes and tuning the frequency ratio 

between them determines the type of internal resonance in the system. If the frequency 

ratio between the modes is doubled, then a quadratic nonlinearity in the system is 

required to achieve a 2:1 internal resonance. Also, another type of internal resonance, 

3:1, is caused by cubic nonlinearity when the frequency ratio of the two modes equals 

three [10].   

1.2. Thesis Objectives  

Driven by the interest in exploring the physics behind vibration damping associated 

with nonlinearities in the system, we focus on developing a model that can exploit 

internal resonance to achieve a high damping performance. The model consists of a 

cantilever beam (structure), a piezoelectric patch (transducer), and the shunted circuit 

(nonlinear absorber), which will contain a nonlinear electrical component to create the 

internal resonance. Tuning in frequencies to achieve internal resonance and choosing 

the optimal circuit parameters will be conducted by performing a parametric study. 

Moreover, the absorber's performance dealing with other sources of nonlinearity, such 

as geometrical nonlinearity, will be analyzed and discussed. 
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1.3. Research Contribution 

The contributions of this research work are summarized as follows: 

• Developing a nonlinear vibration absorber that utilizes the internal resonance 

phenomena to dampen the vibration of a linear structure by tuning the 

electromechanical frequencies and optimizing circuit parameters. 

• Investigating the performance of the nonlinear absorber when dealing with 

another source of nonlinearity from the structure for a single vibration mode. 

1.4. Thesis Organization 

The rest of the thesis is organized as follows: 

Chapter 2 provides extensive literature on the work that has been done on vibration 

damping by shunted circuits and the previous utilization of internal resonance in that 

matter. Chapter 3 discusses a detailed formulation for the model and the implementation 

of nonlinear electrical components on the shunted circuit. It also introduces the 

implementation of nonlinearity into the structure. Chapter 4 presents the results 

obtained from numerically simulating the model in Chapter 3. Chapter 5 concludes the 

work and discusses future work, and finally, the reference list is presented.   
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Chapter 2. Literature Review 

This chapter covers shunted circuit vibration control methods, including active, 

passive, and semi-active systems. The literature review aims to explore more about 

these systems' capabilities, drawbacks, and how internal resonance might improve 

vibration control. This review attempts to provide a comprehensive picture of the status 

of shunted circuit technology in vibration control and what has been done until now. 

2.1. Passive Vibration Control  

In some applications, the passive vibration-dampening techniques using piezoelectric 

transducers have significant advantages. For example, its ability to operate without 

active control systems or external power simplifies implementation and minimizes 

energy consumption. Those advantages significantly brought it to light and made it 

preferable over other control methods. Hagood and Flotow [11] were the first to 

investigate the idea of using a piezoelectric transducer connected to a passive electrical 

circuit to dissipate mechanical energy. They achieved this by connecting the 

piezoelectric transducer to a resistor, as shown in Figure 2a, which acts as a viscoelastic 

damper. Moreover, they added a series resistor-inductor circuit (resonant) to the system 

in a different instance as illustrated in Figure 2b. To mitigate the maximum vibration 

amplitude by the RL circuit, they adjusted the electric circuit's impedance frequency to 

match the structural resonance frequency for a single mode. Their method has a 

drawback: large inductors are needed to achieve the low electrical resonance needed to 

dampen a low-frequency resonance.  

 

Figure 2: a) Piezoelectric patch coupled to a resistor. b) Piezoelectric patch coupled to an RL circuit 

[11]. 
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Many researchers tried to solve the drawbacks that Hagood and Flotow [11] faced in 

their work  [12]. Yamada [13] proposed using a multi-layered piezoelectric transducer 

connected to a (RL) circuit. The purpose of multi-layering the piezoelectric element 

was to increase its capacitance, reducing the requirement for a high inductance value at 

low frequencies. Figure 3 shows the model that was used to illustrate the effect of a 

multi-layered piezoelectric patch. The author ignored using a resistive shunt circuit 

because of their low damping contribution. Another approach to solving this problem 

was proposed by Lossouarn et al. [14]. The research investigates how to improve 

inductance values using closed magnetic cores composed of materials with high 

permeability. It demonstrates how customized designs can enable the use of passive 

resonant shunt techniques at lower frequencies. 

 

Figure 3: A model for a multi-layered piezoelectric patch on a cantilever beam with RL circuit  [13]. 

Previous works have focused on utilizing a single piezoelectric device to suppress a 

single structural mode. However, many systems have several vibration modes, which 

have a massive role in the system's vibration. Holkamp [15]  was able to develop an 

approach for suppressing multiple modes using a single piezoelectric element.  

Additional L-R-C circuit branches are coupled parallel to an RL branch into a single 

piezoelectric component, as demonstrated in Figure 4. The number of RLC branches 

equals the number of modes chosen to be damped. A cantilevered beam was used to 

test the multimode damper experimentally. In the second and third bending modes, the 

results showed reductions in vibration amplitude of 19 dB and 12 dB, respectively. 

Holkamp's work was lacking in presenting a control method to tune each branch 

separately.  
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Figure 4: Holkamp circuit [15]. 

Many researchers have proposed other circuit configurations to control the branches. 

Wu  [16,17] have developed a multi-mode shunt that utilizes a current-blocking circuit, 

as shown in Figure 5a. The electrical impedance of the LC anti-resonant circuits is 

designed to reach infinity and act as an open circuit at other branch frequencies, while 

the targeted branch that matches the resonance frequency of the structure operates and 

damps the vibration. On the other hand, Behrens et al. [18,19] It is proposed using 

“current-flowing” branches in the shunted circuit, as demonstrated in Figure 5b. The 

function of the current-blocking shunt and the current-flowing shunt is similar. The 

current-flowing shunt permits the current to flow rather than stopping it at the natural 

frequency. This method is better than "current-blocking" because the latter requires an 

equal number of inductors for each mode.  

 

Figure 5: a) Current Blocking circuit. b) Current Flowing circuit [20]. 

Raze et al. [21] introduced a groundbreaking tuning approach for a simplified current-

blocking shunt circuit, a method they validated using a cantilever beam both 



17 

 

numerically and experimentally. Their innovative strategy, which focuses on the impact 

of non-resonant modes and the electromechanical coupling between the structure and 

the shunt branches, aims to improve multimode damping without the need for any 

optimization algorithm. The approach's ability to control many modes is demonstrated 

through the frequency response (FRF) for the first four modes, as shown in Figure 6. 

This approach stands out from others that use optimization algorithms for tuning circuit 

parameters, such as Particle swarm optimization [22,23], Ant colony optimization [24], 

and other tuning techniques [25,26].  

 

Figure 6: FRF for the first four modes where the black line represents the open-circuited patches, and 

the blue line represents the current blocking shunt [21]. 

2.2. Active Vibration Control 

Active piezoelectric damping has drawn a great deal of attention in the field of 

structural engineering as an advanced vibration control approach. Active piezoelectric 

damping had a greater scope that went beyond the basic functionality of piezoelectric 

devices. Other damping control systems frequently fell short of providing the needed 

amount of vibration reduction, especially in settings with dynamic loads and 

unpredictable disturbances. Compared to passive systems, which are constrained by 

their physical attributes and are often made for particular frequency ranges. They are 

more efficient in a broader range of applications. They can achieve multimode vibration 

control because they can be instantly adapted in response to changing vibration 

frequencies and amplitudes in real time [27]. However, an external power source is not 
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suitable for some applications. The external power source adds weight and complexity 

to the main structure, which is undesirable in many cases. Piezoelectric passive systems 

use shunted circuits to introduce damping to the system without needing an external 

power source. In contrast with passive methods, the active control approach doesn’t 

rely on a shunt circuit most of the time; piezoelectric transducers are utilized mainly as 

sensors or actuators in active vibration control and other applications. A reconstruction 

of the internal piezoelectric strain voltage can be produced by subtracting the capacitive 

voltage drop from the applied terminal voltage. This approach is now known as 

piezoelectric self-sensing. The reconstructed strain voltage can be used as an active 

feedback sensor, eliminating the necessity for an additional transducer [28,29].  

Several researchers have worked on introducing an active electrical component to the 

shunted circuit, Forward [30] proposed using an active electronic circuit to reduce the 

capacitance of the transducer artificially, thereby increasing the mechanical energy-to-

electric energy conversion rate. One of the most used active elements is the negative 

capacitor. Negative capacitors are commonly used to counteract the positive 

capacitance that is intrinsic to piezoelectric materials. The capacitance of piezoelectric 

transducers frequently limits the frequency response and effectiveness of standard 

passive vibration control systems. Nevertheless, implementing a negative capacitor in 

the circuit significantly overcomes these constraints. The shunt circuit that contains a 

negative capacitor demonstrates improved capabilities for energy transfer and 

dissipation, which ultimately contribute to more efficient vibration suppression over a 

broader frequency spectrum [31].  

The implementation of a negative capacitance controller in active vibration attenuation 

is investigated by Behrens et al. [32]. An experimental and theoretical analysis of the 

controller's effect on a piezoelectric laminated structure is provided. It is demonstrated 

that the active shunt negative capacitance controller effectively dampens multiple 

vibration modes. It is less sensitive to environmental changes, easier to implement, and 

functions as a broad-spectrum vibration absorber. The paper shows the effectiveness of 

this method in damping the first six vibration modes, as shown in Figure 7 and 

illustrates its advantages in comparison to passive methods. 
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Figure 7: FRF for the first 6 modes, the dashed line is the undamped condition, and the solid line is the 

damped condition [32]. 

Park and Park [33] proposed an innovative shunt circuit that utilizes piezoceramic 

patches to attenuate multi-mode vibration amplitudes. The characteristics of 

piezoelectric dampers connected in series and parallel to resistor-negative capacitor 

branch circuits are investigated, as shown in Figure 8. The model used Hamilton's 

principle to formulate governing equations of motion for a piezo/beam system 

incorporating negative capacitive shunting. The theoretical analysis provides evidence 

that this system is capable of significantly minimizing the amplitudes of multiple-mode 

vibrations throughout the entire frequency range of the structure.  

 

Figure 8: Schematic drawing of a resistor-negative capacitor in series or parallel coupled with a 

cantilever beam by a piezoelectric patch [33]. 

Benjamin et al. [34] concentrated their efforts on employing shunted piezoelectric 

patches to mitigate vibrations in a stiffened airplane panel. They investigate the ability 

of negative capacitance shunts to suppress vibrations throughout a wide frequency 

range. Using numerical models and experimental research, the study evaluates how well 

negative capacitance shunts reduce vibrations in complicated structures, specifically a 
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stiffened airplane test panel. The outcomes show this method's potential for actual 

vibration control applications. 

2.3. Semi-active Vibration Control  

In order to operate actuators, an active control system often needs powerful power 

amplifiers and high-performance digital signal processors, which are unsuitable for 

space applications. While passive control systems are easier to implement than active 

control systems, they are less robust to system disturbances. Semi-active control 

systems, also known as semi-active systems, have attracted a lot of interest in providing 

vibration damping effectively utilizing piezoelectric materials. These systems offer an 

adaptable way to reduce vibrations in various applications by combining the advantages 

of adaptability and energy efficiency. In the context of shunt circuit vibration control, 

semi-active systems need a supply of external energy to actively modify system 

characteristics such as damping and stiffness. While this offers great accuracy in 

vibration reduction control, it also reduces system complexity and energy consumption 

in comparison to fully active systems [35]. 

Clark [36] proposed a semi-active control method for mechanical systems that uses 

state-switched piezoelectric actuators. To store and release energy as needed, the 

piezoelectric actuator switches between an open-circuit, short-circuit, or resistive-

circuit state. The control law for state-switching is derived from the system's motion 

with respect to its equilibrium. As the system deviates from equilibrium, the circuit 

transitions to a high-stiffness condition, where it becomes an open circuit. On the other 

hand, when the system is approaching a condition of balance, it is transitioned to a state 

of low stiffness and dissipation (such as a short or resistive circuit). Comparing the OC-

SC system's damped impulse response to that of the RS system and the OC-RS system 

as demonstrated in Figure 9. 

 

Figure 9: Three circuit configurations that are used in the study [37]. 



21 

 

The outcome of the numerical simulation reveals that the passive-resistive shunt circuit 

offers slightly greater damping, as demonstrated in Figure 10. The state-switched 

systems, however, are less sensitive to changes in actuator material compliance and 

mass. Additionally, the state-switched systems work well in the low-frequency range, 

where stiffness dominates, according to harmonic response analysis, making them a 

suitable substitute for active control systems.  

 

Figure 10: The time response from impulse excitation for three cases [37]. 

The Synchronized Switch Damping (SSD) method for resonance damping in 

mechanical systems is presented by Richard et al. [37]. With this semi-active technique, 

a piezoelectric device is continuously switched from open to short circuit in time with 

the motion of the structure. Energy dissipation results from this transition because it 

causes a phase shift between voltage and piezoelectric strain. One new feature is that 

the piezoelectric device is connected to a small inductor to improve damping and 

optimize voltage amplitude instead of discharging during a short circuit. With the 

exception of the switch device's low-power circuitry, the technique works at any 

frequency and doesn't require a huge inductor for low frequencies. It also doesn't require 

an external power source. Significant improvements in damping have been shown in 

experimental results on a variety of material beams.  

Lefeuvre et al. [38] presented an improved semi-active damping technique (SSDV). 

Optimizing the damping of structural vibrations, this technique synchronizes the 
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switching of a piezoelectric device with voltage sources. The methodology enhances 

the effectiveness of energy dissipation and structural attenuation by artificially 

augmenting the voltage's amplitude. Resonant cantilever beams exhibit considerable 

vibration attenuation, as demonstrated by both theoretical predictions and experimental 

findings.  

A novel semi-active multi-modal vibration control method utilizing a piezoceramic 

actuator combined with a switching resistor/inductor shunt is presented by Corr and 

Clarck [39]. Applying a signed charge for energy dissipation through timing-based 

shunt switching based on the rate of energy change in controlled modes is the 

technique's method. Several structures are subjected to numerical and experimental 

tests, demonstrating the effectiveness of this approach in dissipating energy in several 

modes with a single actuator, as shown in Figure 11. 

 

Figure 11: FRF of the mechanical energy dissipation for 2nd, 3rd and 4th modes [39]. 

By using a self-sensing method based on nonlinear synchronized switch damping on 

negative capacitance (SSDNC). Wei et al. [40] presented a novel method for semi-

active vibration control. The suggested method offers a more straightforward and 

reliable method, eliminating the need for external sensors and controls. The 

experiments examined the self-sensing SSDNC technique's dampening capabilities by 

changing the negative capacitance values. The outcomes showed how well the 

suggested method mitigates vibration, with better results shown when the negative 
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capacitance is raised. Additionally, various negative capacitance (NC) values in the 

saturation area showed that the damping performance would improve with a higher 

power supply voltage. 

2.4. Exploiting Internal Resonances in Vibration Absorbers 

The use of internal resonances in vibration damping was first proposed by Hacton and 

Barr [41] in which their passive vibration damper is a nonlinear autoparametric 

absorber that works based on internal resonance. Their approach relies on connecting 

the single-degree-of-freedom system to a cantilever beam with a tip mass. After forcing 

the system to resonance, they discovered that the absorber could efficiently limit and 

create a threshold for the amplitude of oscillations of the main mass by tuning the beam 

and the other system frequencies.   

Moreover, most of the researchers have used internal resonance in active control 

systems [42,43]. Utilizing two-to-one internal resonances and quadratic nonlinearities, 

Oueini et al. [44] presented a novel active nonlinear vibration absorber for flexible 

structures. The method used sensors and actuators to connect second-order controllers 

to a cantilever beam.  Using strain gauges for feedback and piezoceramic patches for 

actuation, as shown in Figure 12, it is the first internal resonance vibration absorption 

system to use piezoelectric materials. 

 

Figure 12:  the implementation of piezoelectric actuators and sensors on a cantilever beam [44]. 

A semi-active nonlinear vibration attenuation approach is proposed by Shami et al. [45]. 

A quadratic nonlinearity was added to a shunted circuit to be tuned to obtain a 2:1 
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internal resonance between the mechanical resonance and the electrical resonance. This 

created a nonlinear antiresonance and a saturation phenomenon, thus allowing the 

mechanical amplitude to be independent of the forcing amplitude above a threshold. 

The tuning of the nonlinear parameters of the shunted circuit has been studied and 

optimized. Two scenarios have been numerically tested and are shown in Figure 13. 

One with a nonlinear capacitor (a) that depends on charge amplitude, and the other is a 

voltage source (b) that is proportional to the square of the voltage produced by the 

piezoelectric element. This is the only work that has been done regarding the use of 

internal resonance in shunted circuits. 

 

Figure 13: Nonlinear shunt circuit coupled to a structure by piezoelectric patches [45]. 
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Chapter 3. Model  

The objective of this chapter is to improve structural damping using an in-depth 

methodology that includes modal analysis, electromechanical coupling, and internal 

resonance. To begin with, a full modal analysis of the structure will be undertaken to 

understand its dynamic properties better. The structure will then be coupled with a 

shunted circuit via piezoelectric materials, exploiting their electromechanical 

capabilities for energy dissipation. To improve damping, this crucial stage involves 

implementing and controlling internal resonance inside the system. Also, the same 

procedure will be done on a nonlinear structure to demonstrate the coupling between 

the shunted circuit and a nonlinear cantilever beam, a mathematical model representing 

this relationship and demonstrating the internal resonance will be formulated at the end 

of this chapter. 

3.1. Modal Analysis of a Cantilever Beam. 

 The governing equation for the linear harmonically excited vibration of an Euler-

Bernoulli beam is 

𝑚
𝜕2𝑢

𝜕𝑡2
+ 𝐸𝐼

𝜕4𝑢

𝜕𝑥4
= 𝐹(𝑥) cos(Ω𝑡) (1) 

Where 𝑢(𝑥, 𝑡) is the lateral deflection, 𝐸, 𝐼, and 𝑚 are, respectively, the modules of 

elasticity, the second moment of area, and the mass per unit length of the beam.  𝐹(x) 

is the applied force distribution and Ω is its frequency. The deflection of the beam is 

approximated as 

𝑢(𝑥, 𝑡) = 𝜑(𝑥) 𝑒𝑗𝜔𝑡 (2) 

Where 𝜑(𝑥) is the mode shape. The boundary conditions of the cantilever beam are as 

follows: 

𝑢 = 0,
𝜕𝑢

𝑑𝑥
= 0       𝑎𝑡 𝑥 = 0 (3) 

𝜕2𝑢

𝜕𝑥2
= 0,

𝜕3𝑢

𝜕𝑥3
= 0       𝑎𝑡 𝑥 = 𝑙 (4) 

By using the boundary conditions for solving the Euler-Bernoulli equation, the mode 

shapes can be derived as 
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𝜑𝑖(𝑥) = sin(𝐾𝑖𝑥) − sinh(𝐾𝑖𝑥) − 𝜎(cos (𝐾𝑖𝑥) − cosh (𝐾𝑖𝑥)) (5) 

𝜎 =
sinh(𝐾𝑖𝑙)  + sin(𝐾𝑖𝑙)

cosh(𝐾𝑖𝑙) + cos(𝐾𝑖𝑙)
  (6) 

For consistency and simplicity, we are going to non-dimensionalize the mode shape 

with respect to the beam length by assuming 𝜁 =
𝑥

𝑙
, where the mode shape becomes 

𝜑(𝜁) = sin(𝐾𝑖𝜁) − sinh(𝐾𝑖𝜁) − 𝜎(cos (𝐾𝑖𝜁) − cosh (𝐾𝑖𝜁)) (7) 

𝜎 =
sinh(𝐾𝑖)  + sin(𝐾𝑖)

cosh(𝐾𝑖) + cos(𝐾𝑖)
  (8) 

To obtain the natural frequencies, 𝑡ℎ𝑒 𝐾 values for several modes are derived from the 

following characteristic equation: 

𝑐𝑜𝑠ℎ(𝐾𝑖) ∗ 𝑐𝑜𝑠(𝐾𝑖) + 1 = 0 (9) 

The constant 𝐾𝑖 for the first 5 modes is equal to 1.875, 4.694, 7.855, 10.995, and 14.137, 

respectively. After defining the mode shape, the lateral deflection of the beam is going 

to be defined as 

𝑢(𝜁, 𝑡) = 𝜑(𝜁) ×  𝑞(𝑡) (10) 

Substituting Eq. (10) into Eq. (1), the discretized equation is obtained as follows: 

𝑚 ∑𝑞𝑖̈(𝑡)𝜑𝑖(𝜁)

𝑁

𝑖=1

+ 𝐸𝐼 ∑𝑞𝑖(𝑡)𝜑𝑖
′′′′(𝜁)

𝑁

𝑖=1

= 𝐹 cosΩ𝑡 (11) 

Galerkin’s method is used to discretize the governing equation by multiplying Eq. (11) 

by a mode shape 𝜑𝑗 and integrating over the domain 

𝑚 ∫ ∑𝜑𝑖(𝜁) × 𝑞̈𝑖(𝑡) × 𝜑𝑗(𝜁)

𝑁

𝑖=1

1

0

𝑑𝜁

+ 𝐸𝐼 ∫ ∑𝜑𝑖
′′′′(𝜁) × 𝑞𝑖(𝑡) × 𝜑𝑗(𝜁)

𝑁

𝑖=1

1

0

 𝑑𝜁 = ∫ 𝐹(𝜁) cosΩ𝑡 × 𝜑𝑗(𝜁)𝑑𝜁
1

0

  (12)

 

The solution of the free vibration defines the following orthogonality conditions: 

∫ 𝜑𝑗(𝜁) × 𝜑𝑖
′′′′(𝜁) 𝑑𝜁 =

1

0

{
𝐾𝑖

4 , 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

 (13) 
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∫ 𝜑𝑗(𝜁) × 𝜑𝑖(𝜁) 𝑑𝜁 =
1

0

{
1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

 (14) 

The resulting modal equations of the linear system after applying the orthogonality 

conditions on Eq. (12) are  

𝑞̈𝑖 + ω𝑖
2𝑞𝑖 = 𝑓𝑖 cosΩ𝑡 (15) 

Where the forcing term is 𝑓𝑗 =
1

𝑚
∫ 𝐹(𝜁)𝜙𝑗𝑑𝜁

1

0
 , and the ith mode natural frequency 

𝜔𝑖 is defined as  

𝜔𝑖 = √
𝐸𝐼

𝑚𝑙4
𝐾𝑖

2 (16) 

3.2. Coupling a Cantilever Beam with a Shunted Circuit 

To control the vibration of a beam by a shunted circuit, the coupling between the beam, 

piezoelectric patch, and the circuit should be analyzed. Following Shami et al. [46], a 

set of coupled equations that represents the coupling between a cantilever beam and a 

passive shunted circuit is derived.  The equations represent the beam, piezoelectric 

patch, and the circuit are, respectively, given as  

𝑞̈𝑖 + ω𝑖
2𝑞𝑖 + 𝐾𝑐𝑉 = 𝑓𝑖  𝑐𝑜𝑠(Ω𝑡) (17) 

𝐶𝑝𝑉 − 𝑄 − 𝐾𝑐𝑞𝑖 = 0 (18) 

𝑉 + 𝐿𝑄̈ + 𝑅𝑄̇ + 𝑉𝑛𝑙 = 0 (19) 

Where the parameters are defined as follows: 𝐾𝑐 is the coupling factor of the 

piezoelectric patch, 𝐶𝑝 is the capacitance of the piezoelectric patch, and V and Q 

represent the voltage and electrical charges, respectively, L and R are the inductance 

and resistance of the RL shunted circuit.  The voltage in Eq. (18) will be substituted in 

Eq. (17) and Eq. (19) to couple the shunted circuit directly to the structure, optimizing 

the circuit elements and studying their contribution to vibration damping. 

𝑞̈𝑖 + (ω𝑖
2 +

𝐾𝑐
2

𝐶𝑝
)𝑞𝑖 +

𝐾𝑐

𝐶𝑝
𝑄 = 𝑓𝑖  𝑐𝑜𝑠(Ω𝑡) (20) 

𝑄̈ + 2𝜁𝑒𝜔𝑒𝑄̇ + 𝜔𝑒
2𝑄 +

𝐾𝑐

𝐿𝐶𝑝
𝑞𝑖 = 0 (21) 
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Where the electrical natural frequency and electrical damping ratio are defined as 

ω𝑒 =
1

√𝐿𝐶𝑝

 (22) 

ζ𝑒 =
𝑅

2
√

𝐶𝑝

𝐿
 (23) 

Investigating Eq. (20), the effective natural frequency is defined as follows: 

 𝜔̂𝑖
2 = ω𝑖

2 +
𝐾𝑐

2

𝐶𝑝
 (24) 

Introducing modal damping into the structural equation of motion, the governing 

equations of the system are represented by 

𝑞̈𝑖 + 2ζ𝑖ω̂𝑖𝑞̇𝑖 + 𝜔̂𝑖
2𝑞𝑖 +

𝐾𝑐

𝐶𝑝
𝑄 = 𝑓𝑖  𝑐𝑜𝑠(Ω𝑡) (25) 

𝑄̈ + 2ζ𝑒ω𝑒𝑄̇ + 𝜔𝑒
2𝑄 +

𝐾𝑐

𝐿𝐶𝑝
𝑞𝑖 = 0 (26) 

3.3.  Inducing Internal Resonances into the System 

The internal resonance depends on the coupling between two modes that have 

nonlinearity with an integer ratio between their natural frequencies. To introduce a 2:1 

internal resonance, the modes should have a quadratically nonlinear coupling. 

Nonlinearity can be induced in active systems by quadratic feedback and control signals 

[44]. Also, nonlinearity can be induced in passive and semi-active systems by using 

nonlinear electrical components such as nonlinear capacitors in which its capacitance 

depends inversely on the amplitude of the charge. The implementation of the nonlinear 

capacitor to the shunted circuit can be represented as 

𝐶𝑛𝑙 =
1

𝑄
(27) 

𝑉𝑛𝑙 = 𝑁
𝑄

𝐶𝑛𝑙
= 𝑁𝑄2 (28) 

Where Eq. (19) becomes  
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𝑄̈ + 2ζ𝑒ω𝑒𝑄̇ + 𝜔𝑒
2𝑄 +

𝐾𝑐

𝐿𝐶𝑝
𝑞 +

 𝑁 𝑄2

𝐿
= 0 (29)  

To demonstrate the design of the proposed model, Figure 14 presents the cantilever 

beam (structure), the piezoelectric patch (transducer), and the shunted circuit 

(absorber). The components of the circuit are the resistor, the inductor, and the 

nonlinear capacitor that will create the internal resonance. 

 

Figure 14: A cantilever beam coupled with a shunted circuit that has a nonlinear capacitor. 

It's obvious that the coupling terms in the system are not the same as shown in Eqs. (25-

26). Therefore, we are going to define the following dimensionless parameters to unify 

the coupling term: 

𝜏 =  𝜔̂1 𝑡 , 𝑞̃ = 𝑞 , 𝑄̃ = √𝐿 𝑄, Ω̃ =
Ω

 𝜔̂1
 (30) 

The open-circuit natural frequency of the ith structural mode after connecting it to the 

circuit is 

𝜔̂𝑖 = √𝜔𝑖
2 + 

𝐾𝑐
2

  𝐶𝑝
  (31) 

Substituting the nondimensional parameters into the system of equations, we obtain 

𝑞̈̃𝑖 + 2ζ𝑖 𝑞̇̃𝑖 + 𝑞̃𝑖 +
𝐾𝑐

 𝜔̂1
2𝐶𝑝√𝐿

𝑄̃ =
𝑓𝑖

𝜔̂1
2  𝑐𝑜𝑠(Ω̃𝜏) (32) 

𝑄̈̃ + 2𝜁𝑒𝜔𝑟 𝑄̇̃ + 𝜔𝑟
2𝑄̃ +

𝐾𝑐

𝜔̂1
2𝐶𝑝√𝐿

𝑞̃𝑖 +
𝑁𝑄̃2

𝐿
3
2𝜔̂1

2
= 0 (33) 
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To simplify the notations, the hat (~) will be omitted and the derivatives take place 

with the nondimensional time. The internal resonance phenomena don’t appear in Eq. 

(32) and Eq. (33) that are in the physical co-ordination because they are coupled 

linearly, so a modal analysis is required to transform the equations into the modal co-

ordination where modal coupling between the mechanical mode and electrical mode 

can be observed since the properties of the internal resonance are directly linked to the 

modal co-ordinates. For the modal analysis, first, we have to assume the model to be 

free, linear, and undamped 

𝑞̈𝑖 + 𝑞𝑖 + 𝛼 𝑄 = 0 (34) 

𝑄̈ + 𝜔𝑟
2 𝑄 + 𝛼 𝑞𝑖 = 0 (35) 

Where  

𝛼 = 𝑘𝑖𝜔𝑟 =
 𝐾𝑐

𝜔̂1
2𝐶𝑝√𝐿

(36) 

And 𝜔𝑟 is the frequency ratio and 𝑘𝑖 is the electromechanical coupling factor 

𝜔𝑟 =
𝜔𝑒

𝜔̂1
 (37) 

𝑘𝑖 =
𝐾𝑐

𝜔̂1√𝐶𝑝

 (38) 

Rearranging Eqs. (34-35) in a matrix form yields 

[
1 0
0 1

] (
𝑞̈

𝑄̈
) + [

1 𝛼
𝛼 𝜔𝑟

2] (
𝑞 

𝑄
) = (

0

0
) (39) 

By letting 

𝑞̃𝑖 = 𝐶1𝑒
𝑗𝜔𝑡 (40) 

𝑄̃ = 𝐶2𝑒
𝑗𝜔𝑡 (41) 

And solving for the eigenvalues ω 

[[𝐾] − ω2[𝐼]] [
𝐶1

𝐶2
] = [

0
0
] (42) 
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 |
1 − ω2 𝛼

𝛼 ω𝑟
2−ω2| = 0 (43) 

The eigenvalues are obtained as follows: 

ω1
2 = 

(1+𝜔𝑟
2)−√(1+𝜔𝑟

2)
2
−4(𝜔𝑟

2−𝛼2)

2
 (44) 

ω2
2 = 

(1+𝜔𝑟
2)+√(1+𝜔𝑟

2)
2
−4(𝜔𝑟

2−𝛼2)

2
 (45) 

Now to calculate the eigenvectors, we substitute Eqs. (44) and (45) into Eq. (43) 

[
 
 
 
 1 − 

(1 + 𝜔𝑟
2) ± √𝜑

2
𝛼

𝛼 ω𝑟
2 −

(1 + 𝜔𝑟
2) ± √𝜑

2 ]
 
 
 
 

[
𝐶1

𝐶2
] = 0 (46) 

𝜑 = (1 + 𝜔𝑟
2)2 − 4(𝜔𝑟

2 − 𝛼2) (47) 

The eigenvectors are obtained as follows: 

𝑉1 = 𝛽1 [
−𝜃
1

] (48) 

𝑉2 = 𝛽2 [
1
𝜃
] (49) 

Where 𝜃 is equal to 

𝜃 =
2𝛼

1 − 𝜔𝑟
2 + √(1 + 𝜔𝑟

2)2 − 4(𝜔𝑟
2 − 𝛼2)

 (50) 

By the orthogonality condition 

𝑉𝑇𝐼𝑉 = 1 (51) 

𝛽1 = 𝛽2 = √
1

𝜃2 + 1
 (52) 

The eigenvector matrix can be arranged as follows: 
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𝜙 =

[
 
 
 
 
 
−𝜃√

1

𝜃2 + 1
√

1

𝜃2 + 1

√
1

𝜃2 + 1
𝜃√

1

𝜃2 + 1]
 
 
 
 
 

 (53) 

For the transformation from the physical coordinates to the principal coordinates, the 

expansion theorem is utilized 

(
𝑞

𝑄
) = (𝜙) (

𝑥1

𝑥2
) (54) 

By substituting Eq. (54) into Eq. (32) and Eq. (33), and pre-multiplying by 𝜙𝑇, the 

modal system of equations becomes 

[1 + 𝜃2 0
0 1 + 𝜃2] [

𝑥̈1

𝑥̈2
] + [

2ζ𝑖𝜃
2 + 2𝜁𝑒𝜔𝑟 −2ζ𝑖𝜃 + 2𝜁𝑒𝜔𝑟𝜃

−2ζ𝑖𝜃 + 2𝜁𝑒𝜔𝑟𝜃 2ζ𝑖 + 2𝜁𝑒𝜔𝑟𝜃
2 ] [

𝑥̇1

𝑥̇2
] 

+[
𝜃2 − 2𝜃𝛼 + 𝜔𝑟

2 −𝜃 − 𝛼𝜃2 + 𝜃𝜔𝑟
2 + 𝛼

−𝜃 − 𝛼𝜃2 + 𝜃𝜔𝑟
2 + 𝛼 1 + 2𝛼𝜃 + 𝜃𝜔𝑟

2 ] [
𝑥1

𝑥2
] 

+

[
 
 
 
 

𝑁

√𝐿3 𝜔̂1
2

2𝑁𝜃

√𝐿3 𝜔̂1
2

𝑁θ2

√𝐿3 𝜔̂1
2

𝜃𝑁

√𝐿3 𝜔̂1
2

2𝑁𝜃2

√𝐿3 𝜔̂1
2

𝑁𝜃3

√𝐿3 𝜔̂1
2]
 
 
 
 

[
𝑥1

2

𝑥1𝑥2

𝑥2
2

] = [
−𝜃

𝑓𝑖  

𝜔̂2
 𝑐𝑜𝑠(Ω̃𝜏) 

𝑓𝑖  

𝜔̂2
 𝑐𝑜𝑠(Ω̃𝜏) 

] 

The value of 𝜃 is considered to be small, therefore we are going to assume 𝜃2 ≈ 0. The 

nonlinear coupled equations that represent the system are as follows: 

𝑥̈1 + 𝜉1𝑥̇1 + 𝜉2𝑥̇2 + 𝜔𝑟
2𝑥1 + 

𝑁

√𝐿3 𝜔̂1
2
 𝑥1

2 + 
2𝑁𝜃

√𝐿3 𝜔̂1
2
 𝑥1𝑥2 +

𝑁𝜃2

√𝐿3 𝜔̂1
2
 𝑥2

2 = −𝜃𝐹̅ (55) 

𝑥̈2 + 𝜉2𝑥̇1 + 𝜉3𝑥̇2 + 𝑥2 + 𝜃 
𝑁

√𝐿3 𝜔̂1
2
 𝑥1

2 + 
2𝑁𝜃2

√𝐿3 𝜔̂1
2
 𝑥1𝑥2 +

𝑁𝜃3

√𝐿3 𝜔̂1
2
 𝑥2

2 = 𝐹̅ (56) 

Were after subsitiuting 𝜃 and 𝛼, the stifness matrix became a diagonal matrix of 𝜔𝑟
2  

and 1 Representing the electrical and mechanical natural frequencies respectively with 

devided by the mechanical frequency. We defined the following parameters to simplify 

the equations above: 
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𝐹̅ =
𝑓

𝜔̂1
2  𝑐𝑜𝑠(Ω̃𝜏),  𝜉1 = 2ζ1𝜃

2 + 2𝜁𝑒𝜔𝑟,  𝜉2 = −2ζ1𝜃 + 2𝜁𝑒𝜔𝑟𝜃,   𝜉3 = 2ζ1 +

2𝜁𝑒𝜔𝑟𝜃
2 

3.4. Adding the Structural Nonlinearity 

In the previous section, we demonstrated the implementation of a shunted circuit on a 

linear cantilever beam to damp vibrations through internal resonance. Expanding upon 

the existing knowledge, the present section explores the complex field of nonlinear 

structures. Vibration control in nonlinear systems is challenging due to their distinctive 

nonlinear dynamic responses to external excitations. Nonlinear systems differ from 

linear systems in that the relationship between applied forces and resulting 

displacements is not straightforward. Nonlinear systems reveal behaviors like 

amplitude-dependent frequencies, which add complexity to their vibration mitigation. 

To study the performance of the absorber under the influence of other nonlinear effects 

related to the structure, we will investigate how the absorber deals with the nonlinearity 

that comes from the nonplanar oscillations presented by Arafat et al [47]. The nonplanar 

oscillations are caused by geometric nonlinearities and inertia nonlinearities. In 

particular, nonlinearity arises from the coupling of flexural and torsional motions that 

are caused by large deformation. To account for the nonlinearity, we follow Arafat et 

al. [47], therefore, we are going to end up with the following equation of motion for the 

nonlinear structure: 

𝐸𝐼𝑢⁗ + 𝑚𝑢̈ +
𝑚

2
{ 𝑢′ ∫

𝜕2

𝜕𝑡2

𝜁

1

  [∫ (𝑢′)2 𝑑𝜁
𝜁

0

] 𝑑𝜁}

′

+ 𝐸𝐼[𝑢′(𝑢′𝑢″)′]′

= 𝐹(𝑥) cos(Ω𝑡) (57)

 

Where the displacement 𝑢 is expanded as follows: 

𝑢(𝜁, 𝑡) = 𝜑(𝜁) 𝑞(𝑡) (58) 

For the discretization, Eq. (58) will be substituted in Eq. (57). The equation of motion 

of a free cantilever beam accounting for the geometric/inertia nonlinearities becomes  

𝐸𝐼𝜑⁗(𝜁)𝑞(𝑡) + 𝑚𝜑(𝜁)𝑞̈(𝑡) +
𝑚

2
 {𝜑′(𝜁)𝑞(𝑡)∫

𝜕2

𝜕𝑡2

𝜁

1

  [∫ (𝜑′(𝜁)𝑞(𝑡))
2
𝑑𝜁

𝜁

0

] 𝑑𝜁}

′

 

+𝐸𝐼 [ 𝜑′(𝜁)𝑞(𝑡) (𝜑′(𝜁)𝜑″(𝜁)𝑞2(𝑡))
′
]
′

= 𝐹(𝑥) cos(Ω𝑡) (59)   
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For the discretization of the equation, we followed the same procedure in Section 3.1 

with the non-dimensionalizing and the assumption of a free-linear-undamped structure 

to derive the mode shape and the eigenfrequencies. Once we have added the nonlinear, 

and excitation terms, we can apply the Galerkin’s method to obtain the following 

equation: 

𝐸𝐼 ∫ ∑𝜑𝑖
′′′′(𝜁) × 𝑞𝑖(𝑡) × 𝜑𝑗(𝜁)

𝑁

𝑖=1

1

0

 𝑑𝜁 + 𝑚 ∫ ∑𝜑𝑖(𝜁) × 𝑞̈𝑖(𝑡) × 𝜑𝑗(𝜁)

𝑁

𝑖=1

1

0

𝑑𝜁 

+
𝑚

2
∫  {𝜑′(𝜁)𝑞(𝑡)∫

𝜕2

𝜕𝑡2

𝜁

1

  [∫ (𝜑′(𝜁)𝑞(𝑡))
2
𝑑𝜁

𝜁

0

] 𝑑𝜁}

′

𝜑(𝜁) 𝑑𝜁 
1

0

  

+𝐸𝐼 ∫ [ 𝜑′(𝜁)𝑞(𝑡) (𝜑′(𝜁)𝜑″(𝜁)𝑞2(𝑡))
′
]
′

𝜑(𝜁)
1

0

 

= ∫ 𝐹𝑐𝑜𝑠(Ω𝑡)𝜑(𝜁)
1

0

 𝑑𝜁 (60) 

Following the orthogonality conditions mentioned in Eq. (13) and Eq. (14), the equation 

of motion will be 

𝑞̈𝑖 + 𝜔𝑖
2𝑞𝑖  

+
1

2
∫  {𝜑′(𝜁)𝑞(𝑡)∫

𝜕2

𝜕𝑡2

𝜁

1

  [∫ (𝜑′(𝜁)𝑞(𝑡))
2
𝑑𝜁

𝜁

0

] 𝑑𝜁}

′

𝜑(𝜁) 𝑑𝜁 
1

0

 

+
𝐸𝐼

𝑚
 ∫ [ 𝜑′(𝜁)𝑞(𝑡) (𝜑′(𝜁)𝜑″(𝜁)𝑞2(𝑡))

′
]
′

𝜑(𝜁)
1

0

 

=
1

𝑚
∫ 𝐹𝑐𝑜𝑠(Ω𝑡)𝜑(𝜁)

1

0

 𝑑𝜁 (61) 

The first nonlinear term in Eq. (61) is known as a nonlinear inertia term, which is weak 

and does not contribute to the first mode. It also has an extremely small coefficient, as 

demonstrated in the following equation: 

1

2𝑙2
∫ {𝜑′(𝜁)𝑞(𝑡)∫

𝜕2

𝜕𝑡2

𝜁

1

  [∫ (𝜑′(𝜁)𝑞(𝑡))
2
𝑑𝜁

𝜁

0

] 𝑑𝜁}

′

𝜑(𝜁) 𝑑𝜁 
1

0

 

=
7.1055 × 10−15

𝑙2
 (𝑞̈𝑞2 + 𝑞̇2𝑞) (62) 
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 Therefore, we will exclude this term from the equation of motion. On the other hand, 

the other nonlinear term is considered a geometric nonlinearity, which is dominant in 

the first mode, and it’s kept in the equation as follows: 

𝐸𝐼

𝑚
∫ [ 𝜑′(𝜁)𝑞(𝑡) (𝜑′(𝜁)𝜑″(𝜁)𝑞2(𝑡))

′
]
′

𝜑(𝜁)
1

0

=
40.477𝐸𝐼

𝑚𝑙6
𝑞3 = 𝐶𝑞3 (63) 

After applying the Galerkin’s procedure, the system of discretized equations 

considering a single-mode approximation becomes 

𝑞̈ + 𝜔1
2𝑞 + 𝐶𝑞3 = 𝑓 ∗ cos(Ωt)     (64) 

Where the forcing term is 𝑓 =
1

𝑚
∫ 𝐹(𝜁)𝜙1𝑑𝜁

1

0
. The coupled system of equations that 

represents the structure, piezoelectric patch, and the circuit will be 

𝑞̈ + 2𝜁1𝜔1𝑞̇ + 𝜔1
2𝑞 + 𝐶𝑞3  + 𝐾𝑐𝑉 = 𝑓 cos(Ωt) (65) 

𝐶𝑝𝑉 − 𝑄 − 𝐾𝑐𝑞 = 0 (66) 

𝑉 + 𝐿𝑄̈ + 𝑅𝑄̇  + 𝑉𝑛𝑙 = 0 (67) 

After coupling the equations of the structure and the circuit by using the equation of the 

patch, and also following the same non-dimensionalization in Section 3.3 by adding the 

modal damping: 

𝑞̈̃𝑖 + 2ζ𝑖 𝑞̇̃𝑖 + 𝑞̃𝑖 +
𝐾𝑐

 𝜔̂1
2𝐶𝑝√𝐿

𝑄̃  +
𝐶

𝜔̂1
2  𝑞̃𝑖

3  =
𝑓𝑖

𝜔̂1
2  𝑐𝑜𝑠(Ω̃𝜏) (68) 

𝑄̈̃ +
2𝜁𝑒𝜔𝑒

  𝜔̂1
 𝑄̇̃ + 𝜔𝑟

2𝑄̃ +
𝐾𝑐

𝜔̂1
2𝐶𝑝√𝐿

𝑞̃𝑖 +
𝑁𝑄̃2

𝐿
3
2𝜔̂1

2
= 0 (69) 

For simplification, the hat (~) will be omitted. We will follow the same procedure of 

modal expansion to transfer the system from the physical coordinates to the modal 

coordinates as follows: 

(
𝑞

𝑄
) = (𝜙) (

𝑥1

𝑥2
) (70) 

The system of equations that represents the system in the modal coordinates is given 

as: 
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𝑥̈1 + 𝜉1𝑥̇1 + 𝜉2𝑥̇2 + 𝜔𝑟
2𝑥1 + 

𝑁

√𝐿3 𝜔̂1
2
 𝑥1

2 + 
2𝑁𝜃

√𝐿3 𝜔̂1
2
 𝑥1𝑥2 +

𝑁𝜃2

√𝐿3 𝜔̂1
2
 𝑥2

2 + 
𝐶𝜃4

𝜔̂1
2 𝑥1

3 

+ 
3𝐶𝜃3

𝜔̂1
2 𝑥1

2𝑥2  +  
3𝐶𝜃2

𝜔̂1
2 𝑥1𝑥2

2 + 
𝐶𝜃

𝜔̂1
2 𝑥2

3  = −𝜃𝐹̅ (71) 

𝑥̈2 + 𝜉2𝑥̇1 + 𝜉3𝑥̇2 + 𝑥2 + 
𝑁𝜃

√𝐿3 𝜔̂1
2
 𝑥1

2 + 
2𝑁𝜃2

√𝐿3 𝜔̂1
2
 𝑥1𝑥2 +

𝑁𝜃3

√𝐿3 𝜔̂1
2
 𝑥2

2 + 
𝐶𝜃3

𝜔̂1
2 𝑥1

3 

+
3𝐶𝜃2

𝜔̂1
2 𝑥1

2𝑥2 + 
3𝐶𝜃

𝜔̂1
2 𝑥1𝑥2

2 +  
𝐶

𝜔̂1
2  𝑥2

3  = 𝐹̅ (72)  

3.5. The System Parameters 

The chosen structure is a steel cantilever beam with the following characteristics: 

Parameter: Length 

(L) 

Width 

(b) 

Thickness 

(t) 

Elastic modulus 

(E) 

Density (𝜌) 

Value: 0.26 m 0.015 m 0.001 m 210 GPa 7850 Kg/𝑚3 

 

Also, we are going to use soft PZT-P (Zr.Ti)O3 C-82 as the material for the piezoelectric 

patches that has the following parameters [48]: 

Parameter Length 

(𝐿𝑝) 

Width 

(𝑏𝑝) 

Thickness 

(𝑡𝑝) 

Permittivity 

(ϵT)  

Piezoelectric 

charge 

coefficient (𝑑31) 

Numerical 

value 

0.1 m 0.015 m 0.0005 m 3650 266 × 10−12 C/N 

 

The natural frequencies are defined as  

ωi = √
𝐸𝐼

ρ𝐴𝐿4
𝐾𝑖

2 (73) 

Where their numerical values for the case in hand are 
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𝜔1 = 77.65
𝑟𝑎𝑑

𝑠
 

𝜔2 = 486.65
𝑟𝑎𝑑

𝑠
 

𝜔3 = 1362.8
𝑟𝑎𝑑

𝑠
 

The capacitance of the piezoelectric patches is calculated by 

𝐶𝑝 =
2ϵTϵo𝐿𝑝𝑏𝑝

𝑡𝑝
 (74) 

𝐶𝑝 = 193.16 𝑛𝐹 

The nonlinear constant (N) that acts as a constant gain for the quadratic nonlinearity is 

defined as 

𝑁 = 1 × 1010 𝑉/𝐶2  

The piezoelectric coupling factor can be calculated for the first mode as follows [49]: 

𝐾𝑐 =
1

𝑚
∫ 2𝐸𝑝𝑑31𝑏𝑝

𝑡 + 𝑡𝑝

2

𝐿𝑝/𝐿

0

𝛷″(𝜁)Δ𝐻 𝑑𝜁 (75) 

Where Δ𝐻 = 𝐻(𝜁 − 𝜁1) − 𝐻(𝜁 − 𝜁2) is the Heaviside function to locate the covered 

area by the piezoelectric patch. 𝐸𝑝 is the Elastic modulus for piezoelectric material.  
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Chapter 4. Results and Analysis 

This chapter summarizes the numerical results produced from studying the dynamic 

behaviors using the mathematical models that are derived in Chapter 3. This study 

considers two main cases: a linear structure and a nonlinear structure. Both structures 

are connected to a circuit that contains a nonlinear electrical element. This study aims 

to investigate the performance of internal resonance in different situations and presents 

a parametric analysis that guides the modeling of the electrical components in the 

circuit. 

4.1. Electromechanical Coupling Factor (ECMF) Detuning Effect. 

As seen in Eq. (75), the electromechanical coupling factor is determined by the 

interaction between the material characteristics of the piezoelectric patch and the 

components of the shunted circuit. The EMCF significantly impacts the frequency ratio 

(𝜔𝑟) as determined by Eq. (44) and Eq. (45). The effect appears in Figure 15a, 

illustrating a rapid and exponential increase of the deviation in the electromechanical 

frequency ratio as the EMCF increases. This observation is specific to a frequency ratio 

of 0.5. To create a 2:1 internal resonance in the system, the electromechanical frequency 

ratio must be set close to 0.5. Figure 15b demonstrates the variation of the frequency 

ratio with the electromechanical frequency ratio for four distinct EMCF values. For 

example, in a system with an EMCF of 0.2, the electromechanical frequency ratio 

required to induce internal resonance is 0.5175. This factor must be taken into account 

when modeling the shunted circuit and tweaking its electrical frequency.  

4.2. Response of the Linear Structure Coupled with Shunted Circuit  

Following the mathematical model that is developed in Section 3.3, the performance of 

the model is examined through numerical simulations. Figure 16 presents the time 

response of a cantilever beam with a piezoelectric patch positioned exactly at the beam's 

center. The figure displays the electrical mode amplitude, which represents the 

absorber, and the mechanical mode amplitude, which represents the structure. The 

cantilever beam is subjected to an excitation force of 0.5 N. Additionally, the circuit 

element parameters are set as follows: L=3470 H, R=3500 Ω, and N=1 × 1010. These 

parameters are chosen as reference values for the circuit and to achieve a frequency 
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ratio of 0.5 with the structure. The time response shows how the mechanical mode 

(structure) interacts with the electrical mode (Absorbers).  

 

 

Figure 15: a) the response of the frequency ratio with increasing the EMCF while having the 

electromechanical frequency ratio as 0.5. b) the detuning between the frequency ratio and the 

electromechanical frequency ratio with increasing the EMCF. 

The effect of the internal resonance from the nonlinear capacitor starts to appear by 

creating an energy transfer between the modes. Before 𝜏=522, the structure is under 

oscillation and the piezoelectric patch starts to deform to feed the electrical circuit with 

constant electrical charges. After 𝜏=522, the energy exchange between the modes can 

be observed by damping the amplitude of the structure and transferring more energy to 
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the circuit. After 𝜏=1038, both modes reach steady states, and the vibration of the 

structure is mitigated because the same energy exchange rate remains constant through 

time. Although it may seem that the dimensionless time (𝜏) required for the system to 

achieve a steady state is large, it is considered acceptable since the physical time 

required to achieve this state is 13.4 seconds. 

 

Figure 16: The time response for the electrical mode (Circuit) and the mechanical mode (Structure). 

The primary goal of inducing the internal resonance in any system is to produce a 

saturation phenomenon, in which, regardless of the amount of excitation applied to the 

structure, the energy transferred to the mechanical mode will remain constant after a 

certain amount of excitation and create a threshold. The saturation phenomena could 

not be observed in the time response simulations, it requires a force response as the one 

that is presented in Figure 17. The figure shows how the mechanical amplitude follows 

a linear behavior as usual, increasing excitation while the circuit is inactive. However, 

after exceeding a threshold excitation of 0.16 N, the energy transfer occurs and the 

saturation phenomenon appears by creating a threshold of 0.044 for the mechanical 

amplitude (structure), while all the excessive energy is directly transferred to the 

unexcited electrical mode (circuit) and activates it. The saturation amplitude and the 

forcing threshold depend on the circuit's resistance and capacitance of the circuit, the 

modal damping of the structure, and the piezoelectric patch size and configuration. The 
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significance of those characteristics will be further investigated in the upcoming 

sections.  

 

Figure 17: The force response for the electrical mode (Circuit) and the mechanical mode (Structure). 

To demonstrate the model's performance, Figure 18 presents a comparison of the 

response for a cantilever beam under two different conditions: in the first scenario, the 

beam vibrates while uncoupled from the shunted circuit when subjected to harmonic 

excitation. In contrast, the second scenario links the beam to a shunted circuit (coupled), 

subjecting it to the same excitation as in the first case. This figure illustrates how crucial 

and efficient the absorber is. Figure 18a presents the time response for both cases under 

an excitation force of 0.5 N. We observe a significant gap in the structure amplitude 

value between the two cases, demonstrating the shunted circuit's excellent performance 

in damping the structure's vibration. This can also be seen in Figure 18b, where the 

uncoupled beam amplitude will increase linearly with the increasing excitation force, 

unlike the coupled case, where after exceeding the forcing threshold (0.16 N), the 

amplitude will remain constant at (0.044), therefore exploiting the saturation 

phenomenon to the fullest. 

4.3. Design Parameters 

To perform a parametric study on the system for optimizing the parameters to have the  
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best performance, we are going to divide the parameters into three categories: the 

parameters that are circuit-related, the second is for the modal damping which is 

structural-related, and the last is for parameters that are patch-related. 

 

 

Figure 18: a) the time response for the cantilever beam while it's coupled and uncoupled to the shunted 

circuit and under excitation of 0.5 N. b) the force response for the cantilever beam while it's coupled 

and uncoupled to the shunted circuit. 

4.3.1. Circuit Parameters 

We first investigate the effect of the design parameters by studying the system's 

behavior under various electrical damping values in the shunted circuit, which the 
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electrical resistance controls. We confirmed this by monitoring the force response for 

the mechanical structure across four different resistors in the circuit as shown in Figure 

19. A cantilever beam connected to a circuit with a resistor of 4000 Ω has a forcing 

threshold and a saturation limit equal to 0.18 N and 0.05, respectively, while on the 

other hand, a 3000 Ω has a forcing threshold of 0.145 N and a saturation limit of 0.04. 

This indicates that with decreasing resistance (decreasing electrical damping), the 

saturation limit and the forcing threshold will decrease, thus enhancing the circuit 

performance. The results in Figure 19 are the same as those in [50] where an RL 

piezoelectric shunted circuit showed that a smaller resistor gives better damping to the 

structure. 

 

Figure 19: The force response for the mechanical mode (Structure) for different electrical resistor 

values in the shunted circuit. 

The nonlinear constant (N) is another design parameter that can influence both the 

saturation amplitude and the forcing threshold. This parameter's role is to act as a 

constant gain for controlling the significance of the quadratic nonlinearity in the system. 

We examined the effect of the nonlinear constant on the absorber's performance by 

simulating three cases, each with the same resistor and inductor, but with different 

nonlinear constant values for the nonlinear capacitor (1 × 1010 𝑉/𝐶2, 2 × 1010 𝑉/

𝐶2, 𝑎𝑛𝑑 3 × 1010 𝑉/𝐶2). The absorber generates internal resonance in all three cases, 

presenting the saturation phenomenon in each case. However, Figure 20 displays an 
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inverse proportional relationship between the nonlinear constant and the saturation 

amplitude; increasing the nonlinear constant will decrease the amplitude, Eq. (55) and 

Eq. (56) confirm this, as an increase in the nonlinear constant magnifies the nonlinear 

coupling terms in the system, increasing the coupling between the structure and the 

absorber and therefore enhancing the vibration damping of the structure. 

 

Figure 20: The force response for the mechanical mode (Structure) for different nonlinear constant 

values for the nonlinear capacitor. 

4.3.2. Structure Parameters (modal damping ratio) 

As we can see in the previous results, the performance of the shunted circuit can 

significantly depend on the electrical element's value. In addition, other factors affect 

energy exchange between the structure and absorber. The structure's modal damping 

ratio plays a significant role in the emergence of the saturation phenomenon. Figure 21 

shows how the damping ratio variation can affect the amount of excitation needed to 

activate the energy transfer (forcing threshold).  

Unlike the electrical components of the circuit, changing the structure's damping ratio 

does not affect the saturation amplitude. The saturation amplitude is the same for the 

three different values of damping ratios (0.044). However, the forcing threshold varies 

in each case. Increasing the modal damping ratio will increase the forcing threshold. 
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On the other hand, as we reduce the modal damping, the forcing threshold decreases, 

ensuring that the system damps the vibration at earlier stages of force. 

 However, this may impact the system's behavior, resulting in some underdamped-like 

behavior for the damping ratio of 0.003. This may not seem to be a problem because 

this small disturbance is acceptable, but for much smaller damping ratios, this behavior 

can turn into a severe disturbance that can vanish the saturation phenomena 

 

Figure 21: The force response for the mechanical mode (Structure) for a variation of modal damping 

ratios of the cantilever beam. 

4.3.3. Piezoelectric Patch Parameters 

The piezoelectric patch, due to its unique electromechanical coupling properties, is the 

system's core and the link between the structure and the circuit. Therefore, optimizing 

the patch's characteristics is crucial for achieving a high electromechanical coupling 

factor and improved performance. Numerous factors, including the placement of the 

piezoelectric patch, influence the rate of energy conversion a piezoelectric patch can 

handle, as demonstrated by the calculation of the electromechanical coupling 

coefficient. We will place the piezoelectric patch in three different locations on top of 

the cantilever beam, as illustrated in Figure 22.  
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Figure 22: The piezoelectric patch position on the cantilever beam: a) on the fixed end, b) on the 

center, and c) on the free end. 

The first location is on the beginning of the fixed side (𝑘1 = 6.31%), then at the center 

(𝑘1 = 2.97%), and finally on the tip of the beam (𝑘1 = 0.06%) and because of the 

variation in the EM coupling factor, each frequency ratio is tuned based on Figure 15 

to achieve a 2:1 frequency ratio. In Figure 23, we can see that there is a big difference 

between how well the patch works in the three places. The numerical simulation 

showed that the place with the highest EMCF (Position (a)) does the best out of all the 

places based on both their saturation amplitude and their forcing threshold values. A 

justification and explanation for this can be found in [51], where they found out that the 

most stored strain energy is on the fixed side of the beam, leading to a higher rate of 

energy conversion and a higher EMCF. Position (b) didn’t mitigate the vibration in the 

same efficient way that Position (a) did, but it was still considered a satisfactory 

performance. However, due to its low EMCF, Position (c) performed significantly 

worse than the other two positions with a 76% increase in saturation amplitude 

compared to Position (b). 

The size of the piezoelectric patch can significantly affect the performance of the 

shunted circuit. Two characteristics, the EMCF and the capacitance of the patch, 

demonstrate the crucial role the patch size plays in the system's performance. To 

analyze the patch size effect, we are going to study the two main factors that matter in 

the dimensions of the piezoelectric patch, which are the surface area and the thickness 

of the patch. The performance of four patches with different lengths and widths is going 
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to be tested next to the original patch (Patch A) that was chosen in the previous results 

for the surface area. Table 1 provides the dimensions of the patches. 

 

Figure 23: The force response for the mechanical mode (structure) for three patch positions (on the 

fixed end, on the center, on the free tip). 

Figure 24 presents the variation of structural amplitudes from the piezoelectric patches 

based on each patch's dimensions and the resulting electromechanical coupling factor. 

The figure combines the results for five different patches. We selected the first patch 

(Patch A) as the reference patch for this study and compared it with the other patches. 

The second and third patches (Patch B and Patch C) are the smallest and largest patches, 

respectively, in terms of surface area, electromechanical coupling factor, and 

capacitance. Figure 24 reveals a significant difference, suggesting that a larger patch 

can yield superior performance, and vice versa. 

Table 1: A size variation and properties for five different piezoelectric patches. 

Patch Dimensions (Lp x bp) Surface 

area 

 EMFC (𝒌𝟏)  PZT 

Capacitance 

A 0.10 m x 0.015 m 0.0015 

m2 

 2.97 %  96.58 𝑛𝐹 

B 0.09 m x 0.014 m 0.00126 

m2 

 2.71%  81.13 𝑛𝐹 
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C 0.11 m x 0.016 m 0.00176 

m2 

 3.23%  113.3 𝑛𝐹 

D 0.12 m x 0.01167 m 0.0014 

m2 

 2.90%  90.17 𝑛𝐹 

E 0.08 m x 0.0175 m 0.0014 

m2 

 2.85%  90.14 𝑛𝐹 

 

Moreover, to understand the method of optimizing the patch size, we studied two 

patches (Patch D and Patch E) that have the same surface area but different dimensions. 

The first patch (Patch D) has a higher length-to-width ratio than the other patch (Patch 

E). This caused (Patch D) to have better capacitance and higher EMCF, as well as better 

suppression than (Patch E), indicating that the absorber efficiency is a little bit more 

sensitive to the length of the patch than its width. 

 

Figure 24: The force response for the mechanical mode (structure) for five piezoelectric patches that 

have different surface areas. 

Another factor that should be considered in studying the patch size effect is the 

thickness of the patch. As we saw in the previous study, increasing the patch surface 

area will increase the EMCF and the capacitance, but unfortunately, we can’t determine 

who has the bigger effect on the performance of the absorber. Therefore, varying the 
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patch thickness as shown in Table 2 will be a good approach for exploring the effect of 

varying the EMCF and the capacitance, with one increasing while the other decreasing. 

Table 2: A thickness variation and properties for three different piezoelectric patches. 

Patch Thickness (𝒕𝒑)  Electromechanical 

factor (𝒌𝟏) 

 PZT 

Capacitance 

A 0.3 mm  2.00 %  161.0 𝑛𝐹 

B 0.5 mm  2.97 %  96.58 𝑛𝐹 

C 0.7 mm  3.98%  68.98 𝑛𝐹 

 

Figure 25 charts the force responses of three distinct patches. The first plot (Patch A) 

showed a larger saturation amplitude and forcing threshold compared to the other 

patches. As we increase the thickness from the second plot (Patch B) to the third plot 

(Patch C), the EMCF increases while the capacitance continues to decrease. This 

indicates that the EMCF is the most crucial factor in piezoelectric patch design and 

should be considered as the objective function when aiming to optimize the patch size. 

 

Figure 25: The force response for the mechanical mode (structure) for three piezoelectric patches that 

have different thicknesses. 
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4.4. Response of the Nonlinear Structure Coupled with the Shunted Circuit 

Following the previous section's study, we first investigate the nonlinear cantilever 

beam's behavior without connecting the piezoelectric shunted circuit to the structure. 

This will help demonstrate how the structure's behavior becomes amplitude-dependent 

upon the frequency. Figure 26 illustrates the frequency response as the force excitation 

amplitude increases on a cantilever beam that shares the same dimensions and 

properties selected in the linear section. The figure highlights a significant distinction 

between a linear structure and a nonlinear structure: the nonlinear structure experiences 

amplitude shifting due to the hardening effect, which intensifies as the excitation force 

increases. The first section of the figure illustrates how the nonlinear structure responds 

to an applied force of 0.1 N. It shows almost a linear response because the amplitude is 

low and can't cause the nonlinear effect yet. As we increase the excitation to 0.3 N, the 

structure's amplitude bends to the right, signifying the existence of a multivalued 

frequency region that triggers a jump phenomenon. This hardening stems from the 

geometrical cubic nonlinear term in Eq. (63). Because we are only interested in the first 

mode, the only nonlinear effect that appears is the hardening effect, in the case of the 

second and third modes, the dominant term is the inertia term that induces a softening  

 

Figure 26: The frequency response for a nonlinear cantilever beam under different excitations. 

effect [52]. Increasing the excitation force to 0.5 N yields a higher amplitude and more 

bending in the curve with the same trend. Many applications do not favor this behavior 

as it can lead to catastrophic failure in the structure. 
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 Figure 27 displays the frequency response of the nonlinear structure mode for two 

situations: first when the structure is not connected to the absorber as in Figure 26, and 

second, when it is coupled to the shunted circuit. This shows how well the shunted 

circuit works to stop the vibration of a nonlinear structure. In the coupled cases, we tune 

the shunted circuit to half the natural frequency of the structure to create the saturation 

phenomenon. The absorber parameters are going to be optimized based on the 

parametric analysis in the last section to obtain the optimal performance. The patch will 

be attached to the fixed tip of the beam, also, the non-linear constant for the non-linear 

capacitor (𝑁) will be chosen as 3 × 1010 𝑉/𝐶2. 

When the cantilever beam vibrates under an excitation force of 0.1 N, Figure 27a shows 

how the absorber can damp it. A double peak phenomenon is visible, confirming the 

excellent performance of the shunted circuit. However, this does not demonstrate the 

absorber's ability to mitigate nonlinear structures, as the excitation force alone is 

insufficient to induce a significant nonlinear behavior in the structure. Therefore, the 

structure vibrates as if it were a linear structure. 

To excite the nonlinear behavior, Figure 27b demonstrates the significant impact of 

nonlinearity in shifting the amplitude peak to the right after increasing the force to 0.3 

N. In the coupled case, we see a significant reduction in amplitude. Increasing the 

excitation force to 0.5 N, as shown in Figure 27c, shows an increase in the amplitude 

with more amplitude peak shifting. The coupled case demonstrates that even with 

higher excitations and amplitudes, the absorber keeps damping the vibration to a 

relatively small amplitude, indicating its great performance. 

Adding on the previous results, Figure 28a presents the time response for the nonlinear 

beam under excitation of 0.5 N. The energy transfer from the structure and the damping 

of it can be seen after 𝜏 = 100  (1.3 seconds). It can be observed that the absorber in 

the coupled case takes a time of 𝜏 = 290 (3.76 seconds) to reach a steady state and 

dampen the vibration. Also in Figure 28b, we can see the force response of the nonlinear 

structure and how with increasing the force the hardening nonlinear effect starts to 

appear in the Uncoupled case, However, when coupling the structure to the shunted 

circuit, the internal resonance is activated and the saturation limit appears after 

excitation of 0.035 N. 
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Figure 27: The frequency response for nonlinear cantilever beam in two cases: coupled to a shunted 

circuit and uncoupled under excitation of a) 0.1 N, b) 0.3 N, c) 0.5 N. 
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Figure 28: a) the time response for the nonlinear structure while it is coupled and uncoupled under an 

excitation of 0.5 N b) the force response for the nonlinear structure while it is coupled and uncoupled. 
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Chapter 5. Conclusion and Future Work 

In this thesis, piezoelectric shunted circuits are considered to mitigate the vibration of 

a cantilever beam. The nonlinear absorber consists of a piezoelectric patch and a 

shunted circuit. The shunted circuit is considered a semi-active control system. This 

work aims to create an internal resonance phenomenon by adding a nonlinear electrical 

component into the shunted circuit and creating a quadratic nonlinear coupling between 

the modes of the structure (cantilever beam) and the absorber (circuit) while having the 

frequency ratio between them to be 2:1 respectively. Also, the performance of the 

absorber was investigated when damping a nonlinear structure to study how the 

absorber behaves when countering another source of nonlinearity. 

A mathematical model was developed to numerically simulate the damping 

performance of the nonlinear absorber when coupled to a linear structure, the absorber 

demonstrated a great performance, especially with creating a saturation limit for the 

structure where with increasing the excitation force, the amplitude of structural mode 

remains constant. A parametric analysis was performed to serve as a design guideline 

for optimizing the system parameters, we concluded that increasing the modal damping 

ratio and the constant of the nonlinear capacitor while decreasing the resistor value will 

enhance the suppression from the absorber. Also, the piezoelectric patch position and 

size were studied, and the results proved that the most optimum location for a patch to 

be placed on is the fixed end of the beam due to the higher strain energy that is stored 

there. 

A cantilever beam with cubic geometrical nonlinearity was presented to study the 

performance of the shunted circuit while dealing with an external source of 

nonlinearity. The results demonstrated the ability of the shunted circuit by showing the 

frequency response for the structure under different levels of excitation and maintaining 

a saturation limit for the structural mode amplitude in the force response. 

The current work might be expanded to investigate more complicated scenarios, since 

it successfully modelled an absorber that can dampen a single mode of vibration in a 

structure that exhibits geometrical nonlinearity. Researchers may look at the possibility 

of dampening several vibration modes by using various circuit designs. Furthermore, 

there is plenty of room to experiment with other forms of electrical nonlinear 
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components. These might be constructed to successfully reduce vibrations in structures 

with a wider range of nonlinearities, increasing the adaptability and usability of 

vibration damping systems in a variety of structural designs. Moreover, experimental 

validation of this study is required to test the mathematical models and simulations, 

provide practical insights, and prove the efficiency of the suggested methodologies in 

real-world applications. 
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