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Abstract

Non-Newtonian fluids are used in different processes including heat exchangers,
extrusion processes and chemical production. Numerous significant industrial fluids
exhibit non-Newtonian properties. Many non-Newtonian fluids are modelled as
power-law fluids. Research on the laminar flow of power-law fluids in the entrance
region of parallel plates has been conducted by previous investigators using a variety
of methods. The main objective of this research is to model power-law fluid flow in
the entrance region of parallel plate channels using the inlet-filled region concept. The
problem is solved using a modified boundary layer integral method and the results are
validated against published data. The results for the inlet and filled regions include
velocity, pressure drop and boundary layer thickness profiles in addition to the inlet
and filled region sizes as functions of the power-law index. The present model results
asymptotically reach the fully developed velocity profile, friction factor and centreline
velocity values for power-law fluids and demonstrate strong consistency with
published Newtonian fluid flow results in the entrance region of parallel plates.

Keywords: Power-law; Non-Newtonian; Laminar Flow; Hydrodynamic
Entrance Region; Von Karman Momentum Integral Method, Inlet Region,
Filled Region.
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Chapter 1. Introduction

1.1.  Non-Newtonian Fluids

Chemical solutions and mixtures of solid particles and liquids are used in a variety of
engineering operations on geological formations, such as improved hydrocarbon
recovery, soil remediation, and drilling operations. Industrial and environmental
applications can benefit from a clear understanding of complex fluid flows by
lowering costs, minimizing impact, and fostering cutting-edge design optimization
methods [1]. The flow and heat transfer in the entrance region have been a topic of
interest from both a practical and theoretical point of view. In recent years, several
studies have been conducted on the applications of fluid flow between parallel plates
such as microfluidics [2], food processing [3] and blood flow in microchannels [4].
The behaviour of fluids is initially categorized as either Newtonian, Non-Newtonian
or Viscoelastic. The fluids in many petrochemical, food and pharmaceutical

industries are often non-Newtonian.

Non-Newtonian fluids are further classified into time-dependent and time-
independent. Time-independent fluids are those whose rheological behavior (at
constant temperature) depends solely on the shear stress. Time-independent fluids
may further be grouped as pseudoplastic (shear thinning), Bingham plastic (shear
thinning), and dilatant (shear-thickening). On the other hand, time-dependent fluids
are divided into Thixotropic fluids and Rheopectic fluids. Viscoelastic fluids are

defined as fluids that exhibit both viscous and elastic properties.

1.2.  Overview
Many non-Newtonian fluids are pseudoplastic. The power law model [5] (Ostwald—

de Waele relationship), the relationship between the shear stress and the shear rate is

given by:
T = K(dv/dy)™ 1)
n = K(dv/dy)" ™V (2)

When referring to Newtonian fluids, K is typically represented by the symbol g,

which is the fluid viscosity, with the flow behavior index n being set to 1.
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Pseudoplastic (n<1) fluids exhibit a thinning behaviour at high shear rates because
their apparent viscosity decreases with increasing shear rate and Dilatant fluids
(n>1) are shear thickening. Several substances act as pseudoplastic fluids, including
polymer solutions, lubricants, rayon synthesis, detergent slurries, and cellulose
derivatives and their solutions. Pseudoplastic fluids do not thicken at high shear
rates, but dilatant fluids do [5].

In the present model, the entrance region is divided into two zones using the inlet-
filled region concept introduced by Ishizawa [6]: in the inlet region, viscous effects
are restricted to the boundary layer, and in the filled region, the flow is developing
with viscous effects present in any part of that region. The area, where viscous
effects are present develops, increases and significantly grows is known as the
boundary layer. In the core region, potential flow exists with viscous effects
essentially non-existent. The boundary layer grows and ultimately encloses the
cross-sectional region at some point along the direction of the axis. According to
Ishizawa [6] and Mohanty and Asthana [7], this point denotes the end of the inlet
region but not the entrance region, indicating that the velocity profile has not yet
been fully developed.

The flow of the fluid is considered to be laminar with relevant physical properties
assumed to be constants. The main objective of this research is to solve the
hydrodynamic entry length problem using the inlet-filled region concept with a
modified von Karman momentum integral method. This is done for a power-law
fluid flowing through a parallel plate to solve the continuity and momentum
equations. The expected results for the inlet and filled regions include the velocity,
pressure and boundary layer thickness profiles and the inlet and filled region as a

function of the generalized Reynolds number.

1.3.  Thesis Objectives
The primary objective of the thesis is to apply the inlet-filled region concept to
power-law fluid flow in a parallel plate channel using a momentum integral method

to solve for developing fluid flow in the channel.

1.4. Research Contribution
This thesis solves the entrance region problem of a parallel plate channel for a

power-law fluid flow fluid. This includes the velocity, pressure drop and local
12



friction factor profiles. The results for the inlet and filled regions include the
velocity, pressure and boundary layer thickness profiles and the inlet and filled
region as a function of the generalized Reynolds number. The results asymptotically
match the fully developed profiles and are in better agreement with the accurate
Newtonian fluid finite difference solution in [16] as compared to other published

results. In addition, the method is predominantly analytical.

1.5.  Thesis Organization

The rest of the thesis is organized as follows: Chapter 2 provides background about
the inlet-filled concept and its importance. Moreover, related works to this research
are discussed and the merits of the inlet-filled concept are discussed. The governing
equations for flow in the inlet and filled regions are discussed in Chapter 3. Chapter
4 presents and analyses the results obtained. Chapter 5 concludes the thesis and
suggests extensions to the present investigation.

13



Chapter 2. Background and Literature Review

Many researchers have investigated the length of the entrance region both analytically

and numerically. The traditional boundary-layer technique is discussed.

2.1.  The Boundary-layer theory

There were two schools of thought on fluid mechanics in the late nineteenth century.
The first group, the hydraulicians, used empirical equations and experimental data.
Hydrodynamicists, on the other hand, used the fundamental conservation principles.
The hydrodynamicists proposed a perfect fluid with zero viscosity and constant
density since the associated differential equations were typically too complex to solve
[8]. They failed to solve flow problems in channels and pipes, but their mathematical
solutions matched quite well for flows that did not include solid surfaces, such as
tides. Ludwig Prandtl introduced the boundary layer concept in 1904. He suggested
conceptually splitting the flow region into two sections. A region near the solid
surface where, the viscous effects there are too large to be disregarded and the
remaining region in which viscous effects can be disregarded and where the rules of

perfect-fluid flow can be used.

Prandtl began with the distinct understanding that the behaviour of the fluid at the
wall of the solid barrier is the most crucial issue pertaining to the flow of a fluid past a
wall. Very close to the wall, it appears that the flow is almost irrotational. Hence the
change in velocity from the value associated with irrotational motion to the zero-
velocity required by the condition of no slip at the wall occurs within a tiny layer next
to the wall. The transition layer becomes thinner as the viscosity decreases.
Nonetheless, the high-velocity slope generates noticeable effects that are comparable
in size to those caused by the inertia force despite the low viscosity, when the
thickness of the transition layer is proportional to the square root of the kinematic
viscosity [9]. As a result, the boundary layer is a thin transition layer where viscosity
effects are most noticeable. Outside of this layer, the flow is essentially viscosity-free

and accurately represented by an irrotational motion.
2.2. Earlier Work Done

Schiller [10] was one of the early researchers to apply an integral method to a
Newtonian fluid model with a developing boundary layer and an inviscid core in the
14



flow of a pipe. In this approach, the velocity profile is in the form of a polynomial. He
assumed a velocity distribution that is parabolic in shape inside the boundary layer.
To this, a mechanical energy balance was applied exclusively to the inviscid core.
This resulted in the neglection of the viscous dissipation in the boundary layer.
Several assumptions were made by various researchers such as Langhaar [11] applied
the linearization approach to the differential momentum balance to obtain an
approximate solution in circular pipes, Boussinesq [12] solved the approximate
solution using a perturbation term far from the entrance of the tube, Atkinson and
Goldstein [13] modified Boussinesq’s approach by employing stream function to find
the solution. Seigel [14] extended Schiller’s work by applying it as cubic and quartic
velocity representation. Following this, Campbell and Slattery [15] utilized the same
parabolic profile used by Schiller while including the viscous dissipation in the

boundary layer.

Bodoia and Osterle [16] utilized the finite-difference method in solving the two-
dimensional fluid flow in channels using a boundary layer model. Their results
included the determination of the variations of pressure and velocity. In addition, they

determined the relationship between the entrance region size and Reynolds number.

Yau and Tien [17] employed the mass and momentum integral approach using an
alternate fourth-order polynomial velocity profile at the entrance region of the power-
law fluid in flat ducts. The entrance region considered is limited to the point where the
boundary layer thickness reaches half the space between the two plates. Entrance
length, dimensionless boundary layer, velocity profile and pressure drop are provided
for different values of the power-law index. In addition to this, the approximate
velocity profile calculated by Yau and Tien [17] does not exactly match the
analytically estimated fully developed velocity profile at x equal to the hydrodynamic
length.

Magno et al. [18] applied the generalized integral transform method used in the
parallel plate channel laminar flow of power-law non-Newtonian fluids while solving
the boundary layer equations numerically. This method uses the stream function

instead of the primary variables (pressure and velocity).
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Crespi-Llorens and Galanis [19] extended the analysis of Campbell and Slattery [15]
from the case of Newtonian fluid flow in a tube to the case of power-law fluid
between parallel plates. The approximate velocity profile in the inlet region is selected
such that it matches the well-known velocity profile in the fully developed flow. The
entrance region is restricted to the boundary layer zone, referred to as the inlet region.
Crespi-Llorens and Galanis noted that the velocity profile selected by Yau and
Tien[17] does not exactly match the analytically estimated fully developed velocity
profile at the end of the boundary layer zone.

Lambride et al. [20] solved for the primary variables numerically using the finite
element method. The results yield the length of the entrance region using the

centerline velocity and local friction factor criteria.

In most studies, including the fluid flow of Newtonian fluids, the flow in the entrance
region is considered to consist of one zone in which the boundary layer thickness
increases till viscous effects cover the whole area of the flow. However, this
assumption was discarded by Goldstein [21] and Rosenhead [22] as it produced
incoherence in the slope of the velocity profile at the end of the entrance region.
Ishizawa [6] introduced the inlet-filled region concept by including a filled region in
which viscous effects in the whole cross-sectional area are present with the velocity

profile asymptotically reaching the fully developed profile.

Ishizawa’s concept applied to radial flow between parallel disks [6] was extended by
Mohanty and Asthana [7] and Mohanty and Das [23] to investigate the developing
flow in the entrance region for both a circular tube and a parallel plate channel

respectively.

Al-Ali and Selim [24] extended the inlet-filled region concept to the case of
simultaneously developing fluid through a parallel plate channel with constant heat
flux and heat transfer. After the successful extensions of Ishizawa’s inlet-filled region
concept [6] applied to Newtonian fluids in [7,22,23], Chebbi [25] extended the same
concept to power-law fluid flow in a circular pipe and led to results for the entry
length size as a function of the generalized Reynolds number, the boundary layer

thickness, velocity profile, pressure drop and local friction factor. The same concept

16



was extended by Baioumy et al. [26] to developing Bingham fluid flow for the same
circular pipe geometry with the results being successful. We extend the inlet-filled

region concept to investigate developing flow in a parallel plate channel.

In our investigation, we present a new analytical solution for the entry length problem
for power-law fluid flow in a parallel plate channel.

17



Chapter 3. Methodology

3.1.  Governing Equations
Consider the continuous laminar flow that occurs when an incompressible fluid enters

at a uniform velocity at the inlet. Figure 3-1 shows the physical model for the

entrance region of a parallel plate channel.

Fluid entrance region

NSNS INNENNNN NN NN NN NN NN NNNENNINY,

ulxy) uly) u(y)

U@

/

Ly

X
LA r Sy r s rrrrrrss

Hydrodynamic Hydrodynamic Ful!y-Dewloged
Inlet region Filled region Hydrodynamic
region

Figure 3-1: Physical model and coordinate system for the flow in the entrance region of a parallel
plate channel.

We assume steady state conditions. Viscous dissipation effects are neglected, and
physical properties are considered constant.

The governing equations include conservation of mass and momentum equations
using a boundary layer model.

Continuity Equation:

ou (’)v_

g, v ®)
6x+6y_0

Momentum Equations:

ou, ou_K 0 (6u>n 10p “)
”ax vay_pay dy p 0x
oP 0
dy (5)
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where u and v represents the velocity components in the x and y directions
respectively and P denotes pressure.

Using Ishizawa’s [6] inlet-filled concept, the entrance region is divided into

two regions namely, inlet and filled region.

3.2. Inlet Region
This is the region where viscous effects are limited to the boundary layer.

In the core region, viscous effects are neglected. This leads to:

Core region:
dU,  10P
®dx  pox (6)

Substituting Equation (4) in Equation (2)
Boundary layer region:

dUy

ou du K0 <6u>"
* dx (7)

“ox Moy " poy|\ay

where, u and v are velocity components in the x and y directions, respectively, p is

density, U,, is the velocity in the core and P is the pressure.

The inlet region boundary conditions are:

u="U, atx =0 (8)
P =P, atx =0 9)
u=0;v=0 aty =0 (10)
u= Uy (x) aty = §(x) (11)
Uy ty=26 12

Following Chebbi [25], we define a and A in the inlet region as,

o= 2 (2 3
U \dy/,_,
p 6™ 1 dU, (14)

“Kart unr-1 dx

19



Using the equation of continuity gives

au_ v

ax  dy
Therefore,

ou ou? ou

“ﬁz 0x uﬁ

Applying the equation of continuity, we get

8u_6u2+ ov
”ax_ax ”ax

Substituting equation (17), in the boundary layer equation (7) gives

dUe

ou? ov ou K ad [sou\"
&) [+
dx

ox T Mox oy T oy [\ay

Integrating the above equation from y = 0to y = §(x) yields:

5au2d +f‘50(uv)d j“SKO (au)”ld +f6U duwd
——dy y=1 —=-|la2) |4y o ——dy
o Ox o Oy o POy|[\dy 0 dx

Applying the boundary conditions, we obtain:

fsauzd U _k (au>” +dUoof5U 4
o Ox y oovy=6_p ay dx . o &Y

Integrating the continuity equation from y = 0to y = §(x) gives:

S Qu

s=—| —d
Vy=é o Ox Y

Substituting v, in the previous equation, we get

Sauzd U 5aud KI(E)u)nl eruoo 5U 4
——dy — Uy | —dy=—||l5= — w Ay
o Ox o Ox p |\0y =0 dx J,

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

Using the Leibnitz’s rule in the above equation, the two sections of the left-hand side

can be expressed as follows:

56u2d B dfa 2 gy y2 %
o Ox _dxou Y Vo lx

20
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® dx
Substituting the above two equatlons in the left-hand side of equation (22):

S 9u dé
2 (24)
U . axdy T f uly, d fudy Us

d 52d ,ds d (° dUs (° , d8

afou y—Uooa—aL quody+Wf0udy+Uooa

Sl ) e
~ p[\ay y=0+ dx J, =Y

Thus, the following is obtained:

T I

y=0
Defining the displacement thickness, §,; and momentum thickness, §,; from the

above equation:

27
= [ [t ] ey @
b= [ [1-a @)
1"_j0 [ _Uoo] Y
Substituting the above definitions in the equation, we get:

d dUe K [/ou\"
—UZ25.: = 29
V202t g U0 = [(ay)l (@)

3.2.1. Conservation of mass in the inlet region
The overall mass balance is as followed:

jpudA =pU,A (30)

Where A is the cross-sectional area for flow.
Dividing by 2wp on both sides, where w is the width of the channel:

) a (31)
an=j udy-l-f U, dy
0 )

Then, dividing by U, on both sides to the above equation:

21



aU, S u a

= = 1 (32)
U fo U dy + L dy
Integrating with respect to y gives:

an _ 6 u (33)
U —fo U—Oody+(a 6)

Adding & to both sides of equation (33) yields

Cz]U"=—f6(1—Ui)dy+5+(a—5) (34)
- -

Rearranging the above equation gives

L6(1—in)dy=a<1—g—:o) (35)

The above equation (35) shows that the displacement thickness, &;; is equal to

5i=a (1 _ ﬂ) (36)

Uo _ 51i (37)

3.2.2. Dimensionless form in the inlet region

The Reynolds Number, Re for the flow is expressed:

_pUET ()" (38)

R
€ K

The dimensionless boundary layer thickness is defined as:

5=2 (39)
a

The dimensionless axial distance is defined in the inlet and filled regions as:
g= X (40)

" aRe

The remaining dimensionless variables are defined as follows:
22



_ Oy
5 == (41)

_ O0ri

5y = — (42)

g, == (43)
U,

The dimensionless coordinate in the y-direction is defined as:

_41_7 (44)
(=1 5

The dimensionless equation of the pressure drop is defined as:

P, —P (45)
pUs/2
Integrating equation (6) gives

AP =

AP =U2% —1 (46)

The dimensionless local friction factor, defined as

Ty (47)
= ouz2

where 1, is the shear stress of the wall, is given by

C; Re = 2.|4"a™U% /57| (48)
The dimensionless equation of conservation of mass in the inlet region is expressed

using equation (37) as:

1 - 49
Lo1-5, (49)
The dimensionless equation for equation (29) is expressed as:

d ,_ 2 = dUoo — = 4"(707}) ou n (50)

(0" 8) + 3 Tbu =5~ 52)

The derivatives of the dimensionless displacement thickness &,; and the
dimensionless momentum thickness &,; with respect to € are given by:
dé,;,  A4rT, " Cant (51)

df gn+1

23



dé,; 40" Ca™ i A, - . (52)
& o | =5 282+ 52)
3.2.3. Solution of the inlet region flow problem
To solve the above equations above, we use the following approximate profile:
= (1+{D(a; + ax{ + az{?) (53)
Using the boundary conditions yields the following equations:
(al +a, + a3) =-1 (54)
a1 - O (55)

Similarly, the remaining coefficients of the above velocity profile is shown below:

A q (56)
1+ 2n(g+1) 2

Substituting equations (55) and (56) into equation (54) yields:

a2:

_4 A
B (g + D) (57)

Thus, the approximate velocity profile in the inlet region is given by:

O R Rk Cat ey )

Using the above velocity profile and integrating equation (28) yields:

a; as > (59)

5:-5( 4
1 g+2 q+3

Similarly, the momentum thickness, &,; is obtained using MATLAB tool for

integration:

_ [ a? a? a a,(as +1
5, =6 2 9 9 2(az +1) (60)
2q+3 2q+5 q+3 q+?2

Differentiating the dimensionless displacement &;; and momentum &,; thickness and

using the chain rule yields

24



ddy; ddy;

dSl_ dc Go2i — de Gz (61)
d§  Gy1G2zi — G214G1p;
and

déy; dby;
ar d_glalli - d_flleu 2
d§  G11iGaa; — G21iGa;
where,

96, 08 08, 085

Gi1i = a_él?l' Giai = a—;l; Ga1i = 6_62;' Gozi = a_;l (63)

The integration of the above differential equation is used to solve for § and A using
FORTRAN programming.

To start integration, initial values of § and A are required as & — 0. The asymptotic

solution is given by:

Sli = Clg, SZL' = ng (64)
where:
azo aso
. = _( ' _) (65)
1 q+?2 + q+3
a’ a? a a,o(@zg+1 66
C, = — 20, %30, %0 2,0(A30 ) (66)
2q+3 2q+5 q+3 q+2

Where subscript O refers to values of a, and a; at A = 0.

Using equations (51) and (52) yields

1

5o l(4ao)”<n + 1)51m (67)
C;
_ Claog (68)
A= G
where
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a, =q—a, —2a; (69)

Defining the ratio of the above with C; and C, gives C:

where,
c=2 (70)
1)

For n=1, we have C; = 0.3,C, = 0.11746 and a, = 2.

3.3. Filled Region
In the filled region, the boundary layer fills the entire core region of the cross section

of the parallel plate channel.

Core region:
n
40 _10P KO (a_“) (71)
dx pdx pdy|\dy Jy=a
Boundary layer region:
6u+ du K0 (6u)" dUu, K o (6u>”
“ox v(’)y_p(')y dy “dx poayl[\oy (72)

y=a

where, u and v are the velocity components in the x and y directions, respectively, p

is the fluid density, U, is the centreline velocity and P denotes the pressure.

Following Chebbi [25], we define @ and A in the filled region as,

d
i (5)
C y y=0
s 1 du
_p c (74)

T Kamlyrtdx

The boundary conditions in the filled region are:

u=0,v=0 aty =0 (75)
Ju
u=Uc,@=O, aty =a (76)

where a denotes half of the channel width, and U, is the centerline velocity.
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The shape factor is defined in the filled region as:

0 n-1 92 n+1
-G (), 2
y y=a Y y=aa ¢

It is used to account for the deviation of the velocity profile from the fully developed

one at the end of the entrance region.

The equation of continuity gives:

ou_ _ov (78)
0x dy
Therefore,
ou ou? ou (79)

Yox T ox  "ox

Applying the equation of continuity (78) yields

ou ou? ov (80)
Yox " ox T Yax

Substituting this equation (80), in the boundary layer equation (72) provides

ou? v du K 9 [sou\" dU, K o0 [sou\"
CR LS. PSS ) @
0x 0x dy pdy|\dy dx pady|\dy
Integrating the above equation with respect to y from y = 0to y = a yields
aauzd +fa6(uv)d
o 0x Y o Oy Y .
K o ((’)u) l f“ dU.
= dy+ | U d (82)
J;, p oy ay Y o dx Y
faK o] l 4
p ay y=a Y
Applying the boundary conditions, we obtain:
d (¢ du, (¢ K(a) 0 [fou\" ou\"
_f u?dy = Cf U,dy — (@ o (_u) —— ( u) (83)
dx J, dx J, p 0dy|\dy yea dy
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Subtracting ;—x foa uU,. dy from both sides of equation (83) we get:

d (¢ @  du au, (¢
—J. (uz—uUC)dy+f U.—dy + udy
dx J, 0 x dx J, (84)
_du, aU p K(a) 0 I(éu)”l KI(@u)"l
dx Jo < o ay|\ay yea PLOY |
The equation of continuity yields:
@ou (85)
. ady =0
Applying the above equation (85) in equation (84):
dlejau(1 u)dl+UdUCfa(1 u)d
= T\l Ty -4y
dx| ), U. U, “dx J, U, (86)

_ Kf)a) aa_y I(Z_D L +§[(Z—Ly‘) LO

We define the displacement thickness, &; ; and momentum thickness, &, in the filled

region as:
Cu u
5 =f —[1——]d 87)
2f . U. U, y
5 fa[1 u]d
v 7 hd (88)

Substituting the above definitions in equation (86), we get:

ddyy du, K(a) 0 I ou nl KI ou\"
U? +U 28,7 + 8y = ——=— (—) +— (—) (89)
¢ “dx < dx [ 2f 1f] p dy|\dy e p |\oy o

3.3.1. Conservation of mass in the filled region
The overall mass balance is as followed:

fpudA = pU,A (90)
Dividing by 2wp on both sides:
a
aU, =j udy (91)
0

Then, dividing by U, on both sides to the above equation:
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a
aU, zf idy (92)
U, o Uc

Integrating with respect to y gives:

a
al, =f idy (93)
U, o Uc

Rearranging the above equation gives:
a u U,
1——)d =a(1——0) (94)
fo ( u) U,

Equation (94), yields:

8if=a (1 — Z—‘:) (95)

Hence, the conservation of mass in the filled region gives:

Yo _ | Y (96)
U, a

3.3.2. Dimensionless form in the filled region

Defining the dimensionless displacement thickness, momentum thickness and the
centreline velocity below:

_ 5

Sip = %f (97)
_ 5 (98)
82f = _;f
_ U, (99)
U, = 7

The dimensionless coordinate in the y-direction is defined as:

Y (100)
(=1-=

Also, the dimensionless local friction factor is expressed as followed:

C; Re = 2|4"a"U," | (101)
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The dimensionless equation of conservation of mass in the filled region is obtained

from equation (96)

1 B (102)
= = 1 - 6
U 7

Cc

The dimensionless form of equation (88) is shown below:

_,d&yy  _dU.. . - (103)
U, it + U, it [26,5 + 61f]

= —4n7," ai((_ g_?) o (_ g_?) (:1]

The rate of change of dimensionless displacement Slf and momentum Szf thickness

with respect to ¢ are given by:

dbyis R (104)
& 24U, "a
db,s (105)

3.3.3. Solution of the filled region flow problem
To solve the above equations, the dimensionless velocity profile (53) is used. Using

the boundary conditions gives:

Using the boundary conditions in equation (53) the filled region gives:

(a; +a; +az)=-1 (106)
where,
(Mg (107)
aq=——-"
q
1 n-1
PRRPRY i’ S N HP N o O L
L EDma noon 1 (108)
%2 = q 2q + 2
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1 n-1
r-1 . q (—[')H an
m tn 2 ‘”T‘ (109)
45 = 2q + 2
Thus, the approximate velocity profile in the filled region is given by:
1 n-1
_ (-MNnan
u=0+J9| —
q
(e
ng n
+ { -1+ =0
L q
r (Y (110)
A, 4 g |y CDna )
n + n 2q|—1+ q ]
B 2q + 2 l}(
(r—2a =N
q._ EDnan F)n an
o + n 2q|—1+
* 2q + 2
Using velocity profile, the displacement thickness, 61f is found by integration:
§o= (-2 %2, 9 111
01 <q+1+q+2+q+3> (D

Similarly, the momentum thickness, &, is obtained by integration using MATLAB:

5 = a§+2a1a3+ a? N a3 L% a,(ay +1)
2f 2q+3 2g+1 2q+5 q+3 q+1 (112)
az(az +1)
_I_—
q+2

The rates of change of dimensionless displacement glf and momentum Szfthickness

with respect to ¢ are obtained using the chain rule:
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dbys db,s

ar d§ Goop — & Gz (113)
as B GllfGZZf - GZlfGlzf
db,s c db, s c
dA _Tdg "w T Tqg s (114)
as GllfGZZf - GZlfGlzf
where,
968, 968, 36, 36,

Gy = a_rf' Gipi = O—)If' Gy = a_rf’ Gozi = 6_/1f (115)

The integration of the above differential equation is used to solve for A and I' in the

filled region using FORTRAN programming.

To start this integration, initial values of I" and A are required. The initial value of I" is
taken as 0. The value of A at the end of the inlet region is used as the starting value in
the filled region. The pressure drop is obtained by integrating the following using
equation (71):

dAP_dU,

d—(’;:z Cd_E_2(4 W, Ta (116)
The rate of change of U, with respect to & is determined using equation (74) as:
duU,
d§

= Qa"1 Ucn_14_n (117)

3.4.  Fully-Developed Flow
The entrance region includes both the inlet and filled regions. The fully developed
velocity is given in Bird et al. [27] below:

1

1
(Po — P) a\" A+l
u:< OKL a) (%il) [1—(%) ] 0<y<a (118)

The dimensionless velocity profile in the fully developed region is given by:

g =1—9 (119)

Differentiating the above expression with respect to ¢ yields:
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dya (120)

Differentiating the above for the second derivative with respect to ¢ gives:

d2 — (121)
e = —alq - 150

The fully developed value, A4 is zero:

Arg =0 (122)
The value of ay, is given by:
du
Afa = <— fd) =q (123)
dé¢ =1

Substituting the above equations in equations (76) and equation (101) gives the fully
developed values, I; and Cr r4 Re:

I}d =—q (124)
_ n

Crra Re = 2(4™) [qU, ] (125)

where the centreline velocity, U_Cfd is given by:

— _ 2Zn+1 (126)

Uera =751
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Chapter 4. Results and Analysis

Using the above equations, the entrance region problem is solved by solving for &, 1
and I" versus the dimensionless axial distance. § and A are found by integrating
equations (61) and (62) with I is equal to O in the inlet region. The filled region

begins at the end of the inlet region where § reaches a value of one.

In the filled region, I and A are found by integrating equations (113) and (114).
Moreover, using equations (47), (48) and (49), pressure drop, the local friction factor,

and the centreline velocity are obtained in the inlet region, and using equations (100),

a=1+a;,—az;+q (127)

(101) and (102) in the filled region, where « is given by:

Figures 4-1, 4-2, 4-3, 4-4, 4-5 and 4-6 illustrate the profiles for various values of
n (n=0.75, 1,1.5and 2) for &, A, I', the local friction factor, pressure-drop, and the
centerline velocity respectively. These profiles are compared with the results of Al Ali
[28] and are found in good agreement with the present results for the case of
Newtonian fluid, n equal to 1. The dimensionless boundary layer thickness profile in
Figure 4-1 is also compared with Crespi-Llorens and Galanis [19] and Mohanty and
Das [23] for the case of Newtonian fluid. The present boundary layer thickness results
for the Newtonian fluid case coincide perfectly with both Al Ali [28] and Mohanty

and Das [23] results. The results of Crespi-Llorens and Galanis [19] show deviations.

The pressure-drop profile in Figure 4-5 is compared with Goldstein [21] and Bodoia
and Osterle [16] results for Newtonian fluid and demonstrates strong consistency. The
centerline velocity profiles shown in Figure 4-6 show good agreement with both Al
Ali [28] and Bodoia and Osterle [16] results for Newtonian fluid whereas Crespi-
Llorens and Galanis [19] results for n = 0.75 and n = 1 exhibit discrepancy from the
present results knowing that Bodoia and Osterle [16] results are considered as the
most accurate by Shah and Bhati [29], as mentioned by Crespi-Llorens and Galanis
[19]. Figure 4-7 depicts the entrance region length which is defined as the location

where the centerline velocity reaches 99% of its fully developed value.
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Chapter 5. Conclusion and Future Work

5.1. Summary

Chapter 1 introduces non-Newtonian fluid flow between parallel plates and the inlet-
filled region concept. As reported by Lambride et al. [20], entry length determination
has several major applications including hemodynamics [30], microfluidics [31],
rheometry [32] and piping systems design including transition to turbulence [33].
Chapter 2 explains the boundary layer theory and earlier work done by numerous
researchers to solve this problem. Chapter 3 provides the inlet-filled region model
used to solve the problem by extending the method of Mohanty and Das [23] to
power-law fluid flow between two parallel plates using a velocity profile matching
asymptotically the fully developed velocity profile. Chapter 4 discusses the results
and compares them with the literature [16, 19, 21, 28].

5.2.  Conclusion

In this study, the laminar flow with constant wall temperature of a non-Newtonian
power-law fluid between parallel plates was investigated using the inlet-filled concept
and modified boundary layer integral method. The results for both the inlet and filled
regions include the profiles for the entrance region length, boundary layer thickness,
pressure-drop, the local friction factor, and the centreline velocity for the different
values of the power-law fluid index, n. The present results are in good agreement with
the results of Al Ali [28], Goldstein [21] and, Bodoia and Osterle [16].

5.3. Future Work
As a prospective investigation, experimental work for various values of n should be
studied to further compare the boundary layer thickness, pressure-drop, the local

friction factor, and the centreline velocity profiles presented in this thesis.
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