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Abstract

The aim of this thesis is to design and simulate a Dynamic Inversion based autopilot
for a fixed wing aircraft. The autopilot provides the aircraft motion stability by
commanding the different aircraft control surfaces and achieve a given set of
performance specifications. The Dynamic Inversion controller performance is
evaluated and tested against classical autopilots. Issues related to stability and
robustness are dealt with during the autopilot design. Almost all today’s autopilots are
design based on linear aircraft models using PID techniques. To insure adequate
performance of such simple PID autopilot, flight envelope is divided into many flight
modes, each with different autopilot structure. Normally, a linear gain scheduler is
used to transition these autopilots from one flight condition to the next. To achieve the
performance required, a very complex code is designed and implemented. Such large
software overhead makes the testing and certification very costly and very time
consuming. In addition, under stringent flight conditions, it is very difficult to
guarantee the performance and robustness of the system. Dynamic Inversion
controllers are a natural solution to the performance and robustness problem.
Dynamic Inversion reduces the code size significantly and simplifies the testing and
validation process of the system. So the autopilot can be run on a smaller and lighter
hardware. In addition, the stability and robustness of the Dynamic Inversion controller
are taken into account during design using mu-synthesis and therefore less testing is
required. In this thesis a 6 DOF, 12 states rigid body non-linear model of a small
fixed-wing aircraft is developed. Gravity, aerodynamic, and propulsion forces and
moments are considered. Linearized models are extracted for a set of given points by
trimming the non-linear model about some specified flight conditions. A Dynamic
Inversion control-law is derived and robustness and stability issues are addresses
during design. Our simulated results show that the performance specification of the
system is satisfied and that the tracking of the Dynamic Inversion controller is by far
much better than that of a classical PID.

Search Terms: UAV, Dynamic Inversion, Autopilot, Non-linear controller, Aircraft
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Mass element
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1 Introduction

A fixed wing aircraft is a complex non-linear system, as shown on Figure 1-1, four
resultant forces are acting on the aircraft. Gravity (mg) due to weight of aircraft pulls
it down toward earth. The Lift force (L) compensates for gravity forces and keep the
aircraft airborne. Lift is generated by wings.

.....

mg

Figure 1-1: Forces acts on aircraft [8]

Once the aircraft is moving with a velocity with respect to the air mass, the wings act
as airfoils and lift, drag, side forces, and moments are generated. Figure 1-2, shows
the air flow on top of the wing moving faster than that below the wing.

Lift
4

=N

— —— T Airflow

L I |

Figure 1-2: Airflow over wing [http://en.wikipedia.org/wiki/Lift (force)]

Faster airflow causes lower dynamic pressure, on the other hand slower airflow on
bottom of wing makes higher dynamic pressure, such difference pressure multiply by
effective area of the wing interpreted as lift force. Figure 1-3, shows the dimension of
wing which is used to calculate effective area of the wing.

Whether aircraft is using propeller or jet engine, the role of them is generate thrust
force (T), thrust force moves the aircraft toward surrounding air mass to have airspeed
and consequently lift force to fly aircraft.

Drag forces (D) is the force apposing the movement of aircraft in the air, it is due to
friction between air molecules and surface of airframe, by the way the air resistance
aerodynamic behavior is complex and vary with the speed of the object moving in the
air.

11
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Figure 1-3: Aircraft wing [8]

If airspeed considered as a velocity vector it is the most important parameter to
control the aircraft.

Figure 1-4: Airspeed vector [7]

In most of aeronautics texts, instead of considering airspeed as a velocity vector the
magnitude of that are called airspeed and to have complete description, angle of attack
(a) and side-slip angle (B) is used as shown in Figure 1-4.

Once aircraft is flying in the job of controller is keeping airspeed magnitude, angle of
attack, side-slip angle and roll angle of aircraft.

Airspeed magnitude is controlled by engine thrust (propeller or jet).

For adjust the roll angle, aircraft is equipped with the control surfaces called aileron,
as shown in Figure 1-5, ailerons are rotating in opposite direction and their deflection
has major effect on the roll angle.

Distance (L)
Resulting Motion

Figure 1-5: Ailerons [6]

Angle of attack could be controlled by pitch angle of aircraft, in order to adjust pitch
angle, elevator control surface is used, Figure 1-6.

12



Horizontal Stabilizer

Elevator

Center of
Down Force (F)

Resulting Motion

Figure 1-6: Elevator [6]

Similar to the above control surfaces, rudder deflection is used to control yaw angle
and side-slip angle, Figure 1-7.

Vertical Stabilizer
Side Force (F)

Resulting Motion

Center of
Granity

Figure 1-7: Rudder [6]

In commercial aircrafts in addition to major control surfaces: aileron, elevator and
rudder; there are other control surfaces such flaps, spoilers and so on. In this thesis we
develop the controller using three major control surfaces only and in most of parts the
thrust remains constant.

The thesis is divided into four sections, first we drive non-linear model of aircraft this
section is according to procedures in [1], [2] .

In next section conventional linear PID controller is developed for the Zagi aircraft
model in [1] .

After developing linear controller, using the method in [3] , dynamic inversion
controller is developed for the same aircraft model.

In the last section, dynamic inversion controller robustness and stability is tested
using p-synthesis tool of MATLAB ® under uncertain model parameter conditions,
and finally comparison between the performance of PID and dynamic inversion
controller with uncertain model parameters is evaluated.

In addition to the main procedure explained above, several other approaches are
reviewed. In [7], a model predictive control strategy is used to regulate the aircraft
motion about arbitrary time variant trajectories. The research resulted in a successful
flight tests and the control system performed a range of acrobatic maneuvers
autonomously.

In [9], two types of controller are developed to fly the FROG airframe model in
simulation. Classical linear controllers are designed using Simulink Response
Optimization (SRO) tool of MATLAB® / SIMULINK ®. Optimal controller
designed using linear quadratic (LQ) method.

13



In [10], a robust nonlinear controller is designed for a complete UAV mission,
employing a combination of DI and Hoo control.

In [11], a continuous time model predictive controller is designed and simulated for
“Ariel” airframe model using MATLAB® / SIMULINK ®. The model is linearized at
several different operating conditions.

In [12], the Generalized Dynamic Inversion method is developed for flight control, in
this method a prescribed dynamic constraint will be inverted rather than inverting the
system itself. As per [12], this method alleviates the need to make simplifying
assumptions regarding the controlled plant that is often required in classical dynamic
inversion to make deriving the inverse equation of motion feasible.

In [13], a global stability result is presented for nonlinear F-14 aircraft pitch-axis
models with DI control laws. The stability region of the F-14 model is sketched in
terms of the engine thrust and the selected pitch attitude.

In [14], modern control laws are developed for the AH-64D Longbow Apache
helicopter to provide improved handling qualities for hover and low speed flight. The
control laws use a model following approach to generate commands fed to the
existing partial authority control system.

In [15], a new straight forward technique is proposed based on dynamic inversion
which is applied for tracking the pilot commands using F-16 model.

In [16], the Yao’s adaptive robust control is implemented to an aircraft system. The
control methodology is implemented as an outer loop controller to an aircraft under
nonlinear dynamic inversion control. The control methodology is implemented on a
full envelope, high fidelity simulation of the F-15 IFCS aircraft as well as on a lower
fidelity full envelope F-5A simulation.

In [17], a control augmentation system is presented based on the dynamic model
inversion architecture for a highly maneuverable aircraft. The pseudo-control hedging
algorithm is applied to prevent or delay the instability of the control augmentation
system due to a slow actuator or occurrence of actuator saturation.

14



2 Modeling

In this section the non-linear model of aircraft will be developed, in the modeling of
aircraft we define two major axes system: Inertial or earth frame which is shown in
Figure 2-1, the origin of the frame is some convenient point on surface, X axis points
toward north, Y axis toward east and Z axis points toward center of earth.

Figure 2-1: Inertial Frame (Earth) [7]

Next frame is called body frame, origin is the center of gravity of aircraft, X axis
points toward aircraft nose, Y axis points toward right wing and Z axis point toward
down.

e = Pitch

Vertioal axis

-

Figure 2-2: Body Frame [7]

The aircraft assumed to be a rigid body in 3D space, the translation and rotation
equation will be developed for the aircraft under influence of unknown forces and
moments. Then forces and moments equation will be derived from aerodynamic
coefficients. Once the non-linear model is developed, the linear model will be
developed around a certain working condition for small change in the states, transfer
functions and state space linear models will be developed in this section.

15



2.1 Rigid body dynamics

The states used here to develop the rigid body model are the same in [1], list of all
twelve states as follows:

North position of aircraft in inertial (earth) frame

East position of aircraft in inertial (earth) frame

Il
|
N

Altitude of aircraft in inertial (earth) frame

Aircraft velocity along x direction in body frame
Aircraft velocity along y direction in body frame
Aircraft velocity along z direction in body frame
Roll angle of aircraft in body frame

Pitch angle of aircraft in body frame

Yaw angle of aircraft in body frame

Roll rate in body frame

Pitch rate in body frame

Yaw rate in body frame

SR RTIeET TR T e oX

Rigid body equation of motion will be developed in four steps as follows:

1- Translation equation of motion
2- Rotation equation of motion

3- Navigation equation - Position

4- Navigation equation - Orientation

Translation equation of motion:
According to Newton laws we have:

— d, —
TF=—{m?) (21)

Where, I7=[u % W]T

Let dm be an element of mass then we have: 6F = 5m62—1t/
Sum of all forces is: 25}7 =F
Velocity of dm is: V- = V. + cj{_r_

t

V.. is the translation velocity of center of gravity and 7 is the position vector of
om relative to center of gravity.

S 5F=F- jz(m‘;j (zm Iy 5mj

d - d —dr A&
S i S s Femli7 + S rs
g e 2ot Y o m Vet gm Lrom
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Since 7 is measured from center of gravity then ZF&'m =0, so we have
av.

F=m 2-2
7 (2-2)
According to relative velocity equation we have:
i) e +Exﬁ,:‘>fﬂ:=m(ﬂl +@ <7
('lf Lacalframe df BodyFrams \ ('!f BeadyFrame
Where: 7, =[u v w| and @=[p q r]
4] u ul i j ok n+qw—rv |
F=ml|v +[p q r]x vi|l=m||V|+|p q r||=mv-—pw+tur
| W] w wil [u v w W+ pv—uq |
F ] F ] F, |
: o =1 _ —~—gw+rv
m u qw—rv u m qw—rv m
F . | :
==V [+ —pwtur ||V |=| || - pwtur |=| =+ pw—ur |=
m , . m m
F w pv—uq w F pv—uq
= L —=| - - pv+uq
= 1 = _ —
V=—F-oxV (2-3)
m

Rotation equation of motion:

Newton momentum equation of dm

N = io‘H = i(f‘xf_){m
dr dr
S AL
dt

The total momentum is:

H = Zé‘[-_l = Z(?xﬁ)5m+2[7x(5x7ﬂ5m = Z?émeC +
+y [Fx(@x7) om
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Since 7 is measured from center of gravity then ZF&m =0

Fz[x y z]
o=[p q 1]
Tk qz—ry
OXr=|p q r|=|—-pz+rx
Xy z py—qx
gz—ry i j k Pyt —yqx+ pz* —rxz |
FX(E)XF):[X y z]>< -pz+rx|=| x y z |=| ¢’ —pyx+qz—ryz
py—qx | |qz—ry —-pz+rx py-—qx rxz—pzx+ry2—qzy_
DV — yax + pzt —rxz H. pZ(y2 +zz)5m —qz xyom —erzé‘m_
1-_1:2 gx* — pyx+qz° —ryz | |om = H, |= qZ(xz+zz)5m—p2xy5m—r2yzé’m
r’ = pax+ry’ —qzy . rZ(xz+y2)5m—p22x5m—q2yz5m

We define moment of inertia as follows:

=[]+
1, =[[[(x*+2")om
L=+ )om
1, =1, = [[[xyom
I =1,=|[[zy5m

I, =1, = J”xz&m

The momentum equations will be reduced to:

Hx p[x - qlxy - rIxz Ix _Ixy _Ixz p
H, |\=|-pl +ql,—rl_|=|-1, I, - |q|=>H=I1®
Hz _p I xz quz + rlz _Ixz _1 vz I z r

Implementing the relative equation of motion we have:

ZM=% voxH=Y M=H,,,, +oxd=31=lo+ox15
BodyFrame
L [x - Ixy - Ixz p ]x - Ixy - Ixz p
Mi|=|-1, I, —I_|gl|+[p ¢ rlx|-1, I, -1_|gq (2-4)
N - ]xz - ]yz ]Z ’;' - Ixz - Iyz ]z

18



i j k
oxlo= P q r
pl. —qlxy -l - p[xy + qu —r[yz - pl . —q]yz +rl,

So the equation ( 2-4 ) will be simplified to the following:

L=1p-1,9-1_7—qpl,. —qzlyz +qrl, +rpl  —rql  + rzlyz
=L =pr—lxj+qr([z —Iy)—pq]xz +1, (rp—t})+[yz (r2 —qz)

. . . 2 2
M=- Xyp+lyq—lyzr+p I +pq]yz —prl_ +prl —qr]xy i
=>M=1,4+(1,~L)pr+1_(p*—r’)=1,p—1.7+pqgl, —qrl,
N=-I_p —Iyzq' +17 —pzlxy + pq[y —pr]yz -pql, +q21xy +qrl |

=SN=Li-I_p+qrl +pq(l,-1)-1.4+1,(q -p*)-pri,

On the other hand, due to symmetry of the airframe we have: /=1 _ =0, so the

momentum equation will be simplified more as follows:

L =pr—lxj+qr(lz —Q)-quxz
M=14+(1,~1)pr+I_(p*-r")

N=Li-I_p+qrl +pq(I,-1,)
We call back the vector equation for rotation:
SM=lg+axlo=>lo=YM-axla=a=1" (M -axa)

And recall the formula for calculation the inverse of 3x3 matrix:

a, 4 4 A330y, — A3y, Ayl —Apd;  Apd)p —dy)d);,
Gy Gy Ay :Z 310y — A3y Apdy —dy A3 Ay 43 — Apdy
ay 4y Ay 30y — A3 Ay A3 Gy — A3y Ayl — 4y 4,

A= a, (a33a22 —d3dy ) +a,, (03261]3 —dyd, ) + a4, (a23a12 - a22a13)
Now we apply the formula for I:

. -1 -1

X xy Xz
I=|-1, I, ~-I,
-1 -1 1

Xz yz z
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det(ly=1, (11, -1, ) =1 (11 +11,)~1 (1.1, +1].)

yz©xz yz=xy
=det(/)=111,-11°-1 11 —I117°-11.1 —I]I.7°
=det()=1,(11.—-1.)-11 -1 1.1 —11-11.1,
,1 2
I -1, -, L1 -r. I +11, I +I]I_
I'=\-1. I -1 | =——|I1 +IL1I 1 -1 1.1 +1.1
xy y vz det([) xXz7yz z7Xxy z7Xx Xz Xy xz y; X
-1, -1, I L1 +1 01, 11 +1.1  II-I

Since /. =1, =0 due to symmetry the formula will be simplified as follows:

det(1)=1,(1,1.-1.)

LI, 0 11,
S 0 I1I-I 0
det(]) :
1.1, 0 11,

Continue to calculate the @, we have:

o=1"(XM-axIo)=
1.1, 0 II || M +qpl_+q’I —qrl —rpl +rql —r’l

1
= det() 0 I11-1D 0 M, —-pl_—pgl _+prl. —prl +qrl_ +7r’1_
€ 2 ( 2 ’
1.1, 0 I |\ M. +pl, —pql, +prl, +pgl —q1, —qrl,
| 11, 0 11, M +qpl_ —qrl +rql,
= 0 11 -I. 0 ||M —p’l_+prl —prl +r']
det(]) zZX Xz y p Xz p V4 p X Xz
_Iley 0 11, M. —pql,+pql, —qrl.
B 2 2 2 2
| LIM +11qgpl_ —1qgrl +11°rq+1 I M —1°1 pg+I]1 _pql —1]1I qr
= I1 -12)(M, —p*I_+prl. —prl_+r’]
det([) 2 ( zZT X Xz )( y f Xz p z p 2)( Xz ) 2
_Iszny + Ileyqp —IXZI_VquZ +Iley rq +I),IXMZ —Iy 1. pq +Iy[x rq —I_lequxz

By define new variable A:
A=11 —1. = det(I)= 1A
IM +1gpl —qrl’ +11rq+I.M 11 pq+1 pgl I gr

yooxz

1 A 5 5

— — —pl_+prl —prl +v’1 =
A Iy ( ¥y p Xz p z p X xz)

I M + Ifqu -1 _grl. + Ileyrq +I M. — Iy[qu + Ixzpq -1 qrl

=S =
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IM 1M +1_ (1, ~1,+1 )pg+(I,1. -1 =12 )gr
[A(My +(1. =1 )pr=(p*-r*).)

IM_ AT M ~1_ (1. ~1,+1.)gr+(12 =11 +1 )pq

B> [~

The summarized equation is shown in ( 2-5):

p (LM +1 M +1pg+1,qr)/ A
= g |=|(M,+(L.-1)pr=(p* =)L)/, (2-5)
7 (IXMZ+IXZMX—Ilqr+I3pq)/A

Where,
A = IZ[X - [32
L=1_(1,-1,+1)

12 = Iylz _122 _Ijz
L=1I" -1, +17

Navigation equation — Position

The aircraft orientation is described by an ordered set of three Euler angles ¢,8,y
which relates the orientation of the body axis relative to the local axis.
Assume that [x, y, oz ]T is the position of a point in the local frame. The position in

the body frame will be calculated by implementing the following rotations:

First a rotation about i axis:

X, cosy siny O x
Y, |=|—-siny cosy 0|y
z, 0 0 1|z

Second a rotation about & axis:

X, cosd 0 -—sind || x,
yi=| 0 1 0 Vs
z, sinf 0 cos@ || z,
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Third a rotation about ¢ axis:

bA 1 0 0 | x
Y, |=|0 cosg sing |y,
z, 0 —sing cosg| z,

Combining these rotations yields:

x, | [1 0 0 |[fcos@ O —sin@| cosy siny O x

Y, |=|0 cose sing 0 1 0 —siny cosy O]y

z,| |0 —sing cosg| sind 0 cosf 0 0 1]z
x, | [1 0 0 || cos@cosy cos@siny —sind || x,
=|y, |=|0 cosp sing —siny cosy 0 V)
z,| |0 —sing cosg || sinfcosy sin@siny cosf || z

To convert a position from inertial (local or earth) frame to body frame the following
matrix multiplication should be used:

x, cos@cosy cos@siny —sinf@ || x,
¥, |=| —siny cos@+sinfcosysing cosycos@+sinf@sinysing cosfsing || y, (2-6)
z, siny singp+sinfcosy cosp  —cosy sing+sinfsiny cosp cosfcosy || z,

To generate the inverse transformation matrix i.e. once the position in body frame is
known and position in inertial frame is desired, the inverse of the matrix in ( 2-6 ) is
needed, since the transformation matrix in ( 2-6 ) is orthogonal, the inverse will be
the transpose of that matrix as shown in equation ( 2-7 ) :

X, cosfcosy —sinycosg+sinfcosysing sinysing+sinfcosy cosd | x,
Y, |=|cosfsiny  cosy cosg+sinfsinysing —cosysing+sinfsiny cosg | y, (2-7)
z, —sind cos @sin ¢ cos @ cos ¢ z,

Navigation equation — Orientation

The relationship between angular positions and angular rates are as follows:

é 0 0

p
q|=|0[+R,|6|+RR,| 0 (2-8)
r 0 0 7%
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The transformation matrix of each rotation specified in ( 2-8 ) are as follows:

o] [1 0 0 0 0
R,|0|=|0 cosp sing| 0| = 9'cosqo (2-9)
0] [0 —sing cosg||0 —@sin @

o] [1 o 0 [[cos® 0 —sin@|[0
RR,0[=/0 cosp sing 0 1 0 0=
w| [0 —sing cosg | sind 0 cos@ ||y

0] [ cos@ 0 —siné 0
R,R,| 0 |=|singsind cosp singcosd || 0 (2-10)

w | |cospsind —sing cosgcosd ||y

Combine the equations ( 2-8 ), (2-9 ) and ( 2-10 ):

P 1 0 —siné @
g|=|0 cosp singcosd || O (2-11)
r 0 —sing cosgcosf ||y

In order to find Euler angles rates the inverse of ( 2-11 ) should be calculated as
follows:

-1

_¢5 1 0 —sind p
0|=|0 cos¢ singcos@| | g
W 0 —sing cos¢gcos@| |r

1 0 —sin @ cosd singsinf  cos@sinf

0 cosep singcosf | = P 0 cosepcos@ —singpcosd
cos

|0 —sing cosgpcost 0 sin @ cos @

1 singtand cosetané
=|0 cos @ —sing

0 singsecd cos@secl
1 singptand cos@tané || p

®
0|={0 cosp —sing || ¢ (2-12)
74

0 singsecd cospsecd || r
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Summary of kinematics and dynamics equation:
Force equations:
X —mgsin@=m(ii+qw—rv)

Y+mgcos€singo=m(\>+ru—pw)

Z +mgcosf@cosp= m(w+pv—qu)
Moment equations:
L = IXP_IXZ’;—i_qr(IZ _Iy)_lxzpq

M=1g+rq(l,-1)+1_(p*-r)

N=-I_p+ILi+pg(I,~1)+1.qr
Body angular velocities in terms of Euler angles and Euler rates:

p=d-ysind
g = 0cosd+ycosOsin g
r =y cosfcos g —Osin g

Euler rates in terms of Euler angles and body angular velocities:

0 =qgcosg—rsing
¢ = p+qsinptan O+ rcosptan O
W = gsingsec+rcosgsectd

Velocity of the aircraft in the inertial frame in terms of Euler angles and body velocity
components:

dx

;it cosfcos@ sin@sinfdcosy —cos@siny cos @sin @ cosy u
d_); =| cosfsiny sin@sinfsiny +cos@cosy cos@sin@siny —sinpcosy || v
d —sin @ singcos @ cos@pcosf w
| |
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2.2 Aircraft stability

Before developing the formula for forces and moment, simple concept of aircraft
static and dynamic stability from [2] and [4] is reviewed here.

To define the stability assume that the aircraft is flying in certain flight course and
equilibrium conditions i.e. lift is equal to weight and drag is equal to thrust, in
addition moments (L, M, N) are zero with reference to center of gravity.

If for example a disturbance affects the aircraft flight path in such a way that generate
a pitch in the nose up direction, as shown in Figure 2-3 (b).

Lift = weight
Thrust = drag
No net moments

'————h—-—-l'—* e —h———-—*—h——h ———
(a) Equilibrium flight.

S

T h ______ ¢ = Statically unstable

oo divergent
Equilibrium
Disturbed moments
increase disturbed
condition

(b) Statically unstable airplane.

No moments - airplane
holds disturbed

r condition /

Equilibrium Disturbed
(c) Neutral static stability.

Figure 2-3 Static Stability [4]

If disturbed moments cause further nose up pitch angle then aircraft is statically
unstable, if the aircraft hold the disturbed position as shown in Figure 2-3 (c) then
aircraft has neutral static stability, if forces and moments generates in such a way to
bring back the aircraft to equilibrium position then the aircraft is statically stable, as
an example for the pitch disturbance tail stabilizer will generate opposing pitch
moment to return back aircraft to equilibrium once it is disturbed for pitch angle.

In addition to static stability, the behavior of statically stable aircraft after disturbance
will defines the dynamic stability of that, refer to Figure 2-4 (a), if the moments tend
to return airplane to equilibrium and oscillation decays then aircraft is statically and
dynamically stable, if the same condition as above but the oscillation does not decay
then as shown in Figure 2-4 (b), aircraft is statically stable but has neutral dynamic
stability. Finally, refer to Figure 2-4 (c) if moments tend to return aircraft to
equilibrium but oscillation divergent then aircraft is statically stable and dynamically
unstable.
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Statically stable, dynamically stable moments tend
to return airplane to equilibrium - oscillations decay

————I—---A ) \)H o) ) -

Equilibrium

(a) Statically and dynamically stable.

Moments tend to return airplane to equilibrium
but oscillations do not decay

NN -

Equilibrium

(b) Statically stable; neutral dynamic stability.

Moments tend towards equilibrium
but oscillations are divergent

-
e - o7 ) :
-~ e .\
Equilibrium ] ” \’

(c) Statically stable; dynamically unstable.

Figure 2-4 Dynamic Stability [4]

2.3 Aerodynamics forces and moments

To define the forces and moments based on the aerodynamic coefficients, the non-
linear behavior of lift and drag coefficients is taking into consideration. The air speed,
angle of attack and side-slip angle definition in the absence of external wind (respect
to the inertial frame) are shown in Figure 2-5:

Figure 2-5 Airspeed Vector [7]

V. o=\u’+v +w’ (2-13)

o =tan” (WJ (2-14)
u

(2-15)

: v v
pB=sin"| — |=tan™ (j
v o
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Lift and Drag coefficients are non-linear function of angle of attack as per details
explained in [1] the non-linear behavior of lift coefficient is shown in Figure 2-6:

Cpo+Cp0 —>

‘/CL(Q)

CL o
" gain?
8N~ & CoS o

-80 -60 —40 =20 o 20 40 B0 80
o(degree)

Figure 2-6 Lift coefficient vs. Angle of attack [1]

Drag coefficient non-linear behavior is shown in Figure 2-7:

3

25

(Cr, + Cra)? L___’

«—2sin® o

40 60 80 100

o (degrees)
Figure 2-7 Drag coefficient vs. Angle of attack [1]

Equations ( 2-16 ) and ( 2-17 ) are the mathematical expressions for lift and drag
coefficients:

C(a)=]1- O'(O!)](CLD +C, a)+ 0(05)[2sign(05)sin2 a cos a] (2-16)

C,(a)=C, +[1- G(O!)]&‘(CLO + CLaoz)2 + o(a 2sign(a)sin® a] (2-17)

1 + e—M(a—ao) + eM(a+a0)

Where: O'(a) = (1 n e’M(afa‘])xl N eM(a+a0))

M and ¢, are positive constants.

As mentioned in [1] the forces and moments can be calculated according to the
following equations:
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Force X:

F,=-mgsin0 1 pV2S[Cy(a) C,(a)] [— cos a} +1 pVaSE[CD C, ]{— cos a:|q N
2 sina 4 ‘ 7| sina

—CoSx

sina

w2, c, ]{ }z +28,,Co b 0) - 72]

Force Y:
F, = mg cosfsin ¢ +%prSCYD + % PV SC, B+ %pVaSbCYVp + %pVaSber +

oL pV2SC, 8, + 1 pVSC, 5.
2 % 2 £x
Force Z:
Fz =mg COS & cos ¢ + %prS[CD (0!) CL (Ol)]|:_ sim aj| + i pVaSE[CDq CLQ 1:— sin aj|q .

—cosa —cosa
1, —sin
+= pVa S[CD CL 6:
2 %1 —cosa

Moment L
1 1 1 1
L= EpVaszCln +5pV“2SbCl/fﬂ + Z'OVaSbZCIpp + ZPVaSbZC/,_r +

+% PV SbC, 6, +% PV, SbC, 5,

Moment M
1 1 1
M = EIDVLIZSEC’WO +EpV;2SECmaa +ZpVaSEZCmqq +

1
+510Va255cm&,5€

Moment N
1 1 1 1
N = EpVaszC"o +EIDVaZSan/jﬂ +ZpVaSb2C",,p +ZpVaSb2Cn,.r +

+ % pVESHC, 8, + % pVESHC, 5,

By implementing the equations ( 2-18 ) to ( 2-23 ) in the rigid body dynamic

(2-18)

(2-19)

(2-20)

(2-21)

(2-22)

(2-23)

equations considering the non-linear behavior of lift and drag coefficients, the non-

linear model of aircraft will be obtained.
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2.4 Non-linear model

Summary of nonlinear equation of motion, (6 DOF, 12 States) which is the aircraft
non linear model as follows:

X, = (cos dcos !//)u + (sin @sin @ cosy —cos@sin l//)v + (cos¢sin 6 cosy +sin ¢gsin l//)w
v, = (cos fsin 1//)14 + (sin @sin @siny + cos ¢ cos 1//)\/ + (cos¢sin @siny —sin ¢ cos l//)w

h=-z , =usin@—vsingcosd —wcosg@cosd

u=rv—gw—gsinf+ /?;/;;13 {Cx(a)+ Cy, (a)zg—;]

a

v, a )@} Bl [ 5y 2]

2m

2

pV:S bp br
- {CYD +Cybﬂ+CYP W+Cyr W+Cy%§a +Cyd'§,

a a

v=pw—ru+gcos@sing+

2 —
W= qu-— pv+gc056’cos¢+p VoS C,(a)+C, (@)L s, (a)s,
2m oy,
$¢=p+qsingtan @+ rcosgtan @
0 =qcosg—rsing

v =gsingsecd+rcosgpsect

. Il ]2 1 2 bp b
=—Lpg+-—2qr+—pV;:ShC, +C, f+C +C, —+C 5+C 5
p=opat—oar+ ooV, {pn pB+C,, AN

1 =1 (2 2\, pVLSe

=——>pr——=\p° -1 J+— C, +C,a+C, —+C . O
== F A(p ) y 12V,

I 1, 1
= pg——gqgr+ VSbC +C. Bg+C +C —+C 5 +C 5
AV ATt { P fsz o }

a

(3

For uw and w’ aerodynamic coefficients we have:

C,(a)=-Cpa)cosa+C,(a)sina

v (a): -C, cosa +CLq sina

q

(a)=—-C,(a)sina—C,(ax)cosa

(a)=-C, sina— C,, cosa

C
q
Cxae (a) = _dee cosa + CLO_E sina
¢,
CZ‘I q

7 (a)= —Cp, sina — C,, cosa

For ‘p’ and ‘¢’ aerodynamic coefficients we have:

C = ]—ZC + L. C, , where “*” will be replaced by: 0,5, p,r,9,,0,

D+ A [N A ne

C,,=]"ZC,+I—"C,1,
FTTA R T O

where ‘*” will be replaced by: 0,3, p,r,d,,0,
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During this thesis the model of Zagi airframe, Figure 2-8, is used to develop the
controller.

Figure 2-8 Zagi Airframe [1]

Parameters for Zagi airframe and aerodynamics coefficients obtained from [1] shown
in Figure 2-9 :

§ —— -

o

A

% Zagl air frame parameters Lateral Coef.

o

Longitudinal Coef.

5 —= 5 - % ———=
m=1.56; 5 [EKol C_L_0O=0.28; C_¥ 0=0:
g=9.8 5 [mf=~2) C D 0=0.03;: C_1 0=0:
C_m_0=0: C n 0=0;
Ix=0.1147; % [Eg-m™2] C_L_alpha=3.45; C_Y heta=-0.38;
Iy=0.0576; % [Eg-m™2] C_D_alpha=0.30; C_1 heta=-0.12;
Iz=0.1712; % [Eg-m™2] C m alpha=-0.38; C n beta=0.25;
Ixz=0.0015; s [Kg-m~2] ¢ L g=0; C:Y:p=D;
C_D_q=D; C 1 p=-0.26;
% Inertis Matrix C_m_q=—3 .B; C:n:p=D .0z2;
I=[Ix 0 -Ix= C_L delta e=-0.36; C_Y r=0;
0 Iy 0 C D delta e=0; C_1 r=0.14;
-Ixz o I=z]: C_m_delt,a_e=—0.5: C_n r=-0.35;
C;r;p=1 . D? C_¥ delta a=0;
5=0.2589; s [m™2] C_1_delta_s=0.08;
b=1.4224; 5[] PR C_n_delta_s=0.06;
c_bar=l3.3302: % [m] C_Y_delt,a_r=—0.1'?;
C_1 delta r=0.105;
Sprop=0.0314; E [m™Z] C n delta r=-0.032;
rho=1.2682; 5 [Eg/m™3]

Fwotor=20;

%

Figure 2-9 Zagi airframe parameters and aerodynamics coefficients

2.5 Linear models

In order to develop the linear model, as mentioned in [2] , the aircraft is assumed to be
flown in certain trim conditions. The effect of small disturbance in the most effective
parameter will be derived, due to that assumption small values will be ignored and
non-linear function will be linearized around the trim point. Equations for forces and
moments based on small disturbance are as follows:
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u=u,+Au v=vy+Av w=w,+Aw
P=PytAp q=q,+Aq r=r+Aw
X=X, +AX Y=Y, +AY Z=Z,+AZ
M=My+AM N=N,+AN L=L,+AL
0=0,+A0

X force equation:

X —mgsin@ = m(ii + gw—rv)

X, +AX —mgsin(6, + AQ) = m{% (11, + M)+ (g, + Aq ) wy + Aw)— (1, + Ar)v, +Av)}

By ignoring the multiplication of small values, and assuming the following:
Vo=Po=d0 =1 = =¥,=0

The X-force equation can be simplified to:
X, +AX —mgsin (0, + A0) = mii

Sin(¢90+A9)=sin90 cosAf+cos b, sin Ad =sin g, + Abcos b,

X, +AX —mgsin(6, + AB) = mii

X,—mgsing, =0

X, +AX —mg(sin 6, + AOcos 6,) = mii

AX —mgA@cos b, = mAu

AX:f(“vWﬁe»@)jAX=61Au+a£Aw+alAée+aiA5r
Ou ow 09, 06.

oX oX oX 1.4

—Au+—Aw+—AS, + —AS, —mgAbfcos b, =mAu
Ou ow 09, 09,

e r

(mi—al Au—a—XAermgcos@OAH:a—XAé'e+aiA5r
dt Ou ow 00, 00,
X,=0X/0oulm

X,=0X/ow/m
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(% - X, j Au—X Aw+gcosO,A0 = X, A5, + X, AS, (2-24)

Y force equation:
Y +mgcos@sing = m(\‘z+ ru —pw)

Y, +AY +mg cos(6, + A8)sin(g, + Ag) = mL?t (v + AV)+ (7 + Ar Nuty + Aue) = (p, + Ap ) w, + Aw)}

By ignoring the multiplication of small values, and assuming the following:
Vo=Wo=Po=q =l = =¥,=0

The Y-force equation can be simplified to:
Y, +AY + mg cos(é’0 + AH)sin(¢o + A¢) = mv +mu,Ar

On the other hand:
sin((po + Aqo) =sinA@p=A¢p
cos (6, +AB) = cos 6, cos AG —sin g, sin Af = cos 6, + ABsin 6,
Y, +AY + mgAp(cos 6, + Afsin 6,) = mv + mu,Ar
Y, +mgcosf,sing,=0=Y,=0
AY + mgAg(cos 6, + Afsin 6,) = mv + mu,Ar
AY + mgAgpcos 6, = mAv +u,Ar
oY oY oY oY

AY: s Mo 35,/ :AY:—A +—A —‘,——A +_A§r
f(v p,r ) o \Y ap \p o 7 Py,

”

6—YAV+Z—YAp +2—YAr+%A6V + mgAg@cos 6, = mAv + mu,Ar

ov P r }
(mi—a—Y]Av—a—YAp+(muo —a—YjAr—mgA(pcosHO =6—YA5r
dt  Ov op or 00.
d
E_Yv Av—Y Ap+(u, Y, )Ar—gcosAp =Y, AS, (2-25)

Z force equation:
Z +mgcosfcosg = m(w+ pv—qu)

Zy+AZ +mg cos(6, + AB)cos(g, + Ag) = m[jt (W, +Aw)+(p, + Ap vy + Av) = (g, + Aq Nu, + Au)}

By ignoring the multiplication of small values, and assuming the following:
Vo=Wo=Po=q =l = =¥,=0

The Z-force equation can be simplified to:
Z, +AZ + mg cos(6, + AB)cos(@, + Ag) = mw—mu,Aq
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On the other hand:

cos(¢, + Ag)=cosAg =1

cos(6, + A6) = cos 6, cos AO —sin 8, sin A@ = cos 6, + Afsin 6,

Z, +AZ +mgcos(6, + AB)cos(@, + Ap) = mwv—mu,Aq

Z,+mgcosf,cosg, =0=Z, + mgcosd, =0

Z,+AZ +mgcos b, + mgAOsin 6, = mw—mu,Aq

AZ + mgA@sin 6, = mw—mu,Ag

)= 87 = % pur Z aw+ Z nivs Zoagr % a5+ 9% s,
Ou ow ow 0q 00, 00,

a—ZAu +a—ZAw+a—Z_Aw+a—ZAq+a—ZA56 +a—ZA§T +mgA@sin 6, = mw—mu,Aq

Ou ow ow 0q 09, 09,

oz . 0Z oz oz oz oz

——Au+mv——AW——Aw——Aq —mgAfsin 6, —mu,Aq =——AJS, + ——AJ,
Ou ow ow oq 09 090,

e T

Asz(u,w,v'v,q,é', o

e?T

w=w,+tAw=>w=Aw=w=Aw
g =0cosg+y cosOsing = Ag = A0
oz oz oz oz oz

_9Z W ——— AW ——— Aw——— AO —mgAB@sin 6, — mu,AO = ——AS, +——AJ,
Ou ow ow 0q 09, 00,

—aZALH-Hm—aZJd—aZ}AW—HmuO +szjt+mgsin90}A9 :a—ZAé'e +a—ZA5T
q

ou ow)dt ow o5, 05,
d d .
~Z Au+|(1 _Z"“)E ~Z, [aw—|(u, + 7, )E +gsing, |A0 =Z,AS, +Z, A, (2-26)

L moment equation:
L :[xp_lxz};-i_qr(lz _Iy)_lxzpq

d d
Ly+AL=1, E(po +Ap)-1, E(’b + &)+ (qy + Aq)ry + AN 1)1 (py + B )4, +Aq)

V=W =Py =qy, =Ty =4 =¥, =0

L moment equation can be simplified to:

d d

L +AL=1 —(Ap)-1_—(Ar
0 th( p) xz dt( )
L,=0
AL:[xiAp—[uiAr
" dt Cdt
AL:f(v,p,r,@,,éa):M:a—LAv+a—LAp+a—LAr+a—LA§r+8—LA§a
ov op or 00, 00,
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a—LA +a—LAp+a—LA +8—LA5 +a—LA5 =1, iAp I, diAr
t

o ot o oS 05, “
L Ny it Dnp 1 L ar = a5 L ps,
ov op or *dt dt 00 09,
YN S N Ny S Wy LY
o tdtt opt or a6, 05,
LTy R (IXZ d aLJ =—A§ L ps,
ov “dt op dt S 05,
d I_d
—LAv+| ——L |Ap—|—= Ar=L, Ao +L; Ao 2-27
v (dt pj p (Ix dt r] 0, r [ a ( )

M moment equation:
M=1G+rq(l,-1.)+1.(p*-1*)

d
M, +AM =1, z<q0 +8g)+ (r+ Ay + AT, ~ 1)+ I [(py + Ap) ~ (4 A7) ]
Vo =Wo = Po = =¢y=y¥,=0

M moment equation can be simplified to:

d
M0+AM=IyZ(Aq)

M, =0
d
AM =1 —A
v s 4q
Asz(u,w,W,q,&}j):AM-aﬂA M e M A +aﬂAq+aﬂA5 +aﬂA§
‘ ou ow ow oq 00, 00,

aﬂA +aﬂA +6£A +%Aq+6ﬂA§ +%A§ IviAq

Oou ow ow oq 00, 00, T dt
My My My M gt Lng =M ps M s,

ou ow ow oq " dt 09, 09,
—%Au aMdAw aﬂA +1 iAq—aﬂAq=aﬂA5e+a£A5T

Ou ow dt ow Ydt 0q 09, 09,

d d’

Ag=A0=—Ag=—A0

q = d q di

2

M (BB By M

ou owdt ow Ydt*  og dt 09, 09,

d d’ d
M Au~| M, "+ M, [ Aw+| M, A0 =M AS, + M, AS, (228)
dt dr’ ! dt
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N moment equation:
N=-I_p+17+pgll,—1)+1_qr

d d
N, +AN =1 E(po +Ap)+1, E(Vo +Ar)+ (py + 80Xy + AN, 1)+ 1(q, + Ag)ry + Ar)

Vo=Wo =Dy =qy =Ty =¢ =¥, =0

N moment equation can be simplified to:

d d

Ny+AN =—I _—\Ap)+1,—(Ar

0 Xz dl( p) z dt( )
N,=0
AN:—IViAp+IZiAr

T dt dt
AN:f(VaP,F,5,,5[,)3AN=6—NAV+6—NAp+a—NAr+a—NA§r +6_NA5H
ov op or 09, 00,

a—NAv+6—NAp+a—NAr+a—NA5r +a—NA§H =—IxziAp+IziAr
ov op or 00, 00, dt dt
—a—NAv—a—NAp—a—NAr—IXZiAp+IziAr=a—NA5r+a—NA5a

ov op or dt dt 00, 09,
_a_NAv_]rziAp—a—NquleiAr—a—NAr:a—NAé'r+a—NA5a

ov “odt Op dt or 00, 09,

—a—NAv— 1(,i+a—N Ap+(1,i—a—NJAr=a—NA§r+a—NA5a
Sdt op “dt or 00, 00

a

I _d d
Nav—| =2 o N |ap+| L-N |Ar=N, A8, + N, AS 2-29
Y (1 dt I’J i (a’t 'j I=1Ng A0, 6,2% ( )

z

2.5.1 Transfer functions

In order to design a linear controller as detailed in [1] the approximate model of
aircraft for each parameter will be used. For each state, the linearized transfer function
is used while taking into consideration the most effective control surface. For
example, roll angle of the aircraft takes more effect from aileron deflection compared
to other control surfaces and on the other hand, the deflection of aileron has major
effects on roll and roll rate compared to other states. To find the transfer function, the
coupling effect of the systems on each other and non-linearity of the system are
ignored. The coupling effect of the systems and higher order terms of non-linear
model will be considered as disturbance on the linear controllers. The transfer
functions for de-coupled systems are shown in Figure 2-10:
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0 - a_phiz > 1 - aNa_trim i | -
delta_a s+a_phil [ s | phi s psi
0 > a_beta2 > —_
delta_r s+a_hetal A
a_thetal.s 1 Va_tim
defta_e_trim v - 2 » het > | » ]
defta_e s< +a_thetal.s+a_theta2 q s eta s 1
a_v2 —
delta_t_trim defta_t! sra V1
delta_t_trim delta_t* Va_trim

Figure 2-10 Linear Transfer Functions

The parameters for the transfer functions are shown in Figure 2-11:

a phil=-0.25%rho*Va trim*53%(L"2)*C_p p;
& phizZ=0.5%rho* (Va_trim"2) *3*h*C_p delta a:

8 betal=-0.5%rho*Va trim*3 *C_Y_beta,f'm,:
a betaz=-0.5%rho¥ (Va_trim"2) *3%C_T de lta_r,fm;

& thetal=-0.25%rho*Va trim*(c bar™Z) *3+C m q/Iy:
& thetazZ=-0.5%rho*(Va trim"2)*c_bar*3 *C_m_alpha,-’ Iv;
a theta3d=0.5%rho® (Va_trim”2) *c_bar*3%C_mw de lta_e,f' Iv:

a V1=(rho*Va tr imdm) * (3 {(C D trim+C D delta e¥delta & trim)+3prop*Cprop)
a Visrho*3prop*Cprop™® (Fmotor™2) 1ru:ielta_t_t]::i.rn.--’rn;

Figure 2-11 Linear Transfer Functions Parameter
Transfer functions will be used to design PID controllers in section 3.2.

2.5.2 Lateral state-space equation

Following the method explained in [1] ,the UAV dynamics can be represented by the
general nonlinear system of equation:

x=f (x,u)

Where x € R is the state, u € R* is the input (control vector), and f is given by
above equations. The system is said to be in equilibrium at the state x* and input u" if
f (x* - ) =0

A trim input u~ and state x~ are found such that

i f(x*,u*)
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Letting X=x—x and # =u—u :
Y=x—-x =f(x,u)—f(x*,u*)=f(x+x*—x*,u+u*—u*)—f(x*,u*)=
=f(x*+)_c,u*+z7)—f(x*,u*)

Taking the Taylor series expansion of the first term about the trim state we get

X =f(x*,u*)+ 8f(x*,u*))_c+ af(z;*’u*)b_tJrH.O.T.—f(x*,u*)
u

ox
N 6f(x*,u*))_c+ ﬁf(x*,u*)b_l
ox ou

g and 1 , evaluated

Therefore, the linearized dynamics are determined by finding 3 5
X u

at the trim conditions.

Since these trim conditions are independent of inertial position, x, and y, do not
factor into trim calculations. In addition the dynamics for fixed wing aircraft can be
approximately decomposed into longitudinal and lateral motion, for most airframes

the coupling is small and can be handled by control algorithms designed for
disturbance rejection.

States and inputs vector are defined as follows:
v S " 5
, Uy, = [5”} and for longitudinal: wl U, :{ e}

For lateral model: P
-
¢ lon 0
v

Xt =

oNut +v +w'S

v=pw—ru+gcosfsing+ b[C p+C, r]+

p(u2 v+’ )S 4 v
+ m CYO + CY/; tan m
p\/u +V +w' S b’

p= [qu+Aq [C r+C, "]+

1 _ v
+5/0(u2 +1? +W2)Sb|:cpﬂ +Cpﬁ tan I(WJ‘F Cp(;agu +Cp5,_5r:|
I 1 p\/u +V +w'S b

'=qu A [C,,Pp+Crrr]+

1 2 2 2 4 %
+—p\u " +v +w bC+C tan —F +C, 5 +C 5
2 p( )S |: I 3 ( {u2 N W2 ) s, a Ts, T :|

$=p+qsingtan @+ rcosgtan 0

+Cy S, + Cyb_é'r}

v =gsingsecl+rcosgsect
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v Y, ¥, Y, gcosd cosg’ ofv] [y Y
Pl |L L, L 0 0P| | Ly Ly
rf =|N, N, N, 0 0| 7 |[+|N; N, {} (2-30)
¢ 0 1 cosg tand g cosg tand —r'sing tand 0| ¢ 0o o0 [
v 0 0 cosgsecd pcosg secd —r sing secd 0|y 0
K:&[CY +Cr]+’0SV [C +C, f+C, S, +C, 5] pC u’+w?
4mV, P 2m
. pV.Sh
Y,=w + i Cy,,
Yr__ +MCY
4m ’
PV
Yﬁu: 2m CY»'H
PV,
Y5r: 2m CY&,
2,1 ShC i
Lv=’lzlb/f lc, p+c r]+prv[C +C, f+C, 6.+C, 5] POy, o
I, « pV. SH’
L, =Z1q +TCPP
I, . pV. Sh*
Lr:qu +TC""
_ pV.Sb
L5a - ) CPa‘,,
_ pV.Sh
Lér_ 2 CP&,‘
2 : * * * * * ka'bCr * *
Nv=pil;f lc, p"+C, 7]+ psbv [c,0+c,ﬁﬂ +C, 85 +C, 8 [ o

a

* 2
1 *+pVaSb

N =23 C
A 1 4 K
* Q2
N :_iq*erVaSb c
A 4 r
v
N, =2V S
a 2 Sa
*2
N, 5 = pVaz sl Cns,

The lateral equation are often given in terms of /3 instead of v, we have

v =V sin # — Linearizing around S = " ,we get v =V, cos 3 which implies that:
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Y, Y gcosd cosg’ Yy Yy

€ Vicosp V. cosp’ V' cos 0 /j Ve c(?sﬂ‘ V. cosf’
Pl Ly cosp’ L, L 0 of? L, L 5
"ITINyicosp N, N, 0 ol Z[" W, N, |5 (2-31)
ﬁ 0 1 cosg tan@" ¢ cosp tand —r'sing tan@" 0 f 0 0
v 0 0 cosg secd’ p cosg secd —r sing secd” 0 v 0 1]
2.5.3 Longitudinal state-space equation
. . VZS S 1o C 1o
i=rm—qw-gsin@+29>|C, HCa+Cy <44, x> M[(kmmﬁ,)z—Vaz]
2m Va m
PV S
W=qu— pv+gcosfcosg+ C, +C, a+C % +C 5
.1 =1 I_(, pV Sc
= X pp_x(p*_p C, +C,a+C, —+C X2
e 21, { 72 }

0 =qcos¢—rsing

h=-z , =usinf —vsin gcosd —wcos gcos

Assuming that the lateral states are zero, i.e.,set g=p=r=LF=v=0 and

substituting
a(w
o =tan | —
u

=u’+w’
Then we have:
2 2
= —qw—gsin6’+dbﬁk[cx0 +C, tanl(ﬂj+ C, 56} +
a u Se

2m

. pVu’ +w'S C, g+ P8 10 C oo [(kmotaré‘t )2 B (u2 +w? )]

4m ‘ 2m

2 2 2 2
ol +)s )S{CZ +C, tanl(K)+CZ‘5e}r—p“u tWS o o
0 “ u % dm a

Ww=qu+gcosf+
2m

i=— pl? +wiselc, +C, tan‘l(ﬂ}cm 5. |+ ot wisc, e
21 0 o u Se 4Iy q
0=gq

h=-z, =usin@—-wcosf

) [ x, X, X, —gcos¢’ ofa] [X, X,

w Z, z, Z, —gsin®’ o|w| |Z, O |-

cj =l M, M, M, 0 0|q|+|M; O } (2-32)
0 0 0 1 0 06 0o o0 ["

_Z_ |sin@" —cos@” 0 u'cosd +w'sing” 0| k] | O O |

39



) . .1 pSw'C cCou'q” oS C u
Xu:upS[CX +CX0! +CX 56]—p X”—}-pS_ X"*q _'DPVOP prop¥
m 0 a e 2m 4mVa m
* : * * SEC W* : C u* C W*
XW:_q +WpS[CX +CXa +CX 5@]_’_,0 X‘f*q +pS Xy _pSProp prop
m ' ‘ * 4mVa 2m m
SV cC
X, = w4 20
4m
pSV,Cy,

2m

2
X _ pS prop C prop kmomr 5t
5 =

m

Z =q +

]+ ,OSECun*q* B ,OSCZHW*
AmV’ 2m

a

el [Czo +C,a +C, 5,
m « e

) . .1 PSeC,wq  pSC, u’
ZWZWPS[CZ +C, a +CZ_§e]+p Zq*q_l_p Z,
m L " 4mV, 2m
v'eC
z, PG,
4dm
pSVu*2CZ5
% 2m

pSeC. w pSe’C, qu
a + q

M, = ”[ﬂ[C +C,a +C, 5e]‘

' y 2Iy 4[yVa
' . SeC, u"  pSe’C, g'w’
MWZWPSE[Cm +Cma +Cm‘5e:|+p M + q*
v b 21, ALV,
pv,se’c,
! 41,
pv,’seC,,
Y

y
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The longitudinal equations are often given in terms of & instead of W, we have:
w=V sinacosf =V, sina

Where we have set =0 , linearizing around o = a@” we get:

_ * *___ - 1 —
w=V cosaad =>a=———~
V. cosa
& X, X V. cosa’ X, —-gcos® ol - [ X, X,
u

|| L z, 7R i U ] _

7 V, cosa V, cosa V, cosa _ V, cosa o, (2-33)
g M, MV, cosa M, 0 0 g M, 0 |s )

N 0 0 1 0 P 0 0

h sind” -V cos@ cosa’ 0 u'cos® +w'sin@ 0 0 0
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3 Linear Controller

3.1 Trim

This section is based on the trim algorithm for aircraft turn with constant climb rate
explained in [1] However, for a straight line flight, the radius of turn will be set to
infinity and flight path angle will be set to zero.

Since the trim conditions are independent of the aircraft’s x and y positions in the
inertial frame, they will be ignored.

Let x=[h u v w ¢ 8 v p q r] and u=[5, 6 5, &].

The trim states x and u~ should satisfy equations in section 2.4, consider the desired
flight condition with a constant airspeed V , a flight path angle of y and a turning

radius of R. All the states will be constant except / and ¥ , therefore

" sin y |

I
RTINS

R R
Il
© SCoxm|To © o © o

(3-1)

Il

Objective of trim algorithms are to make function J in become minimum or ideally

Z€10.
2

J=H)'c* — f(x",u")

(3-2)

In equation ( 3-2 ), %" comes from ( 3-1), while f(x",u") comes from equations in
section 2.4. Since /1 and i do not appear in the right side of any remaining

equations in section 2.4, they are not entered in the trim calculations. The equations
for the rest of the states will be as follows:

u' =V, cosa cos B (3-3)
v =Vasinﬁ* (3-4)
w = V., sin a cosﬂ* (3-5)
0 =a +y (3-6)
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* V . *
p =—E"s1n6’ (3-7)

* Va . * ok
q =—*sin@ cosf (3-8)
R
* Va * K
r ZECOS(/) cos@ (3-9)

To calculate trim control inputs equations in Figure 3-1 will be used:

%
vec1=[-cos{alpha)
sin{alpha}

1;

vec2=[-sin{alpha}
-cos{alpha)
1:

rho_U2_S5=8.5xrho*VaxUaxs;
rho_U_3$=0.25¢rho*a=S;

% ====s=================== delta_e
delta_e=(Ixz=(p*p-rx*r)+{Ix-1z)*p=*r}/{rho_U2_Sxc_bar);
delta_e=delta_e-C_m_8-C_m_alpha*alpha-8.5*c_bar={_m_g=q/Va;
delta_e=delta e/C_m_delta e;

% ======================== gelta_t

delta_t=-r=y+q=y+g=sin(theta);
delta_t=mxdelta_t-{rho_U2_Sx({C_alphaxvec1)+rho_U_S*c_bar*([C_D_q,C_L_gq]*vec1)*q+rho_U2_Sx*{[C_D_delta_e,C_L_delta_e]xvecl1)*delta_e);
delta_t=2/{rho*SpropxCpropxKmotor*Kmotor)*delta_t+UaxUa/(KmotorxKmotor);

delta_t=sqrt{delta_t):

% delta_a & delta_r
tmp1=(-(I1/delta)*p*q+(-I12/delta)*q=r)/(rho_U2_S=b);
tmpi=tmp1-C_p_0-C_p_beta=beta-C_p_p=b=p/(2+«Va)-C_p_r=b=r/(2*Ua);

tmp2=(-({13/delta)=pxq+{[1/delta)*q=r)/{rho_U2_Sxh);
tmp2-tmp2-C_r_0-C_r_betaxbeta-C_vr_p=b=p/(2+«Va)-C_r_r=b=r/(2*Ua);

tmp3=inu([C_p_delta_a,C_p_delta_vr;C_r_delta_a,C_vr_delta_r])}x[tmp1;tmp2];

delta_a=tmp3(1);
delta_r=tmp3(2);

Figure 3-1 Control inputs trim calculation

Following algorithm shows the steps to calculate J function:

1. Input o, 3,9,V R,y .

Compute % from equation ( 3-1)
Compute trim states from equations ( 3-3 ) to ( 3-9 ).
Compute trim inputs from equations in Figure 3-1.

Compute f (x* , u*) from equations of section 2.4.

A

Compute J from equation ( 3-2 ).

Algorithm in Figure 3-2 shows the steps for minimizing J function, with all these
algorithms and equations now we are able to find trim states as per following steps:

Input: desired airspeed V, flight path angle y, and turn radius R.

1

2. Compute: (05* B, ¢*) by minimizing J function, Figure 3-2.
3. Compute trim states from equations ( 3-3 ) to ( 3-9).

4. Compute trim inputs from equations in Figure 3-1.
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I: Input: o, 3O O V. R, ~.
2 for k=1to N do
3 at=akb e

4. pt=pkN0_4¢
5: ot = (.;‘}"(k_lj +€
& % _ lect+,.3[k_l],¢'=(k_]]}—Jiﬂ[k_l:l,_.g[k_l:l.phi{k_]})
. % _ J(alk—1) _._rj+:¢-,(i:—])}_JEﬂ[k—UJj[k—l]‘phi{k—l})
8- % _ J(ak—1) _lgtk—LZI_¢+)__}Eﬂ[k—ll1_5[k—lil‘phg;{i-'—l})

Q- &“‘:) = Q-[:k_l) — Hﬂ
: dor
. gl _ glk—1) _ 0d
0. [N =g K33
. y(k) — plk—1) _ 8J
11: ok = ¢ K9S

12: end for
Figure 3-2 Algorithm for minimize J [1]
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3.2 Transfer functions controllers
Different linear controller is designed for control of each parameter based on the
transfer functions developed in section 2.5.1 each controller step response to the input
command or disturbance is evaluated.
3.2.1 Roll PID

Roll PID Controller

a_phi2

A 4

w [
k]
Ea

delta_a s+a_phil p

Kd_phi

Figure 3-3 Roll PID Controller

Roll PID Controller (Step Response)

1.4 I I I I I I
I I I I I I
I I I I I I
I I I I I I
12 S S S
l l l l l l
I I I I I I
I I I I I I
1 . . . . .
I I I I I I
I I I I I I
I I I I I I
T s f ]
= U T i I T T i
o I I I I I I
=) l l l l l l
SR S S S N E U S S
° I I I I I I
@ | | | | | |
I I I I I I
I I I I I I
L R e R R I i S
I I I I I I
I I I I I I
I I I I I I
o2l
l l l l l l
I I I I I I
I I I I I I
0 | | | | | |
2 25 3 3.5 4 4.5 5

Time [sec]

Figure 3-4 Roll PID Controller Step Response
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3.2.2 Side-slip PI

p Pl Controller

Side_sli

o

Disturbance

v

a_beta2

s+a_betal

Figure 3-5 Side-Slip PI Controller

Side-slip PI Controller (Step Response)

[s/w] A Anoojan dijs-apis

10

Time [sec]

Figure 3-6 Side-Slip PI Controller Step Response
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3.2.3 YawPI

Yaw Controller Using Successive Loop (Roll PID and Yaw Pl

[o]
Yaw Disturbance

(o]
Roll Disturbance

Figure 3-7 Yaw PI Controller

Yaw controller

Yaw
Roll

4.5

3.5

Time [sec]

Figure 3-8 Yaw PI Controller Step Response
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3.2.4 Pitch PD

Pitch PD Controller

theta ﬁ

1
s

»
L

q

s2+a_thetal.s+a_theta2

a_theta3.s

Kd_theta

Figure 3-9 Pitch PD controller

Pitch Controller (Step Response)

1.4
1.2

[ped] aifuv youd

2.5 3.5 4.5

Time [sec]

15

0.5

Figure 3-10 Pitch PD controller Step Response
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Altitude Controller Using Successive Loop (Pitch PD and Altitude PI)

3.2.5 Altitude PI

T

s

Va_trim

theta O

1
s

Kd_theta

a_theta3ss
s2+a_thetal.s+a_theta2 | O

Figure 3-11 Altitude PI Controller
Altitude Controller response to step distubance

0.1

0.07} -
0.06

[w] spniny

Disturbance

Altitude_cmd

Time [sec]
49

Figure 3-12 Altitude Controller Response to Step Disturbance



3.2.6 Airspeed PI

Airspeed Pl Controller (using throttle)

o
Disturbance

Figure 3-13 Airspeed PI Controller (using throttle)

Airspeed Pl Controller

1.4
1.2
1
8
6

[s/w] ppadsiy

2.5 3.5 4.5

Time [sec]

15

0.5

Figure 3-14 Airspeed Controller Step Response
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3.3 6-DOF overall linear controller

In order to develop the overall controller, non-linear model of airplane is divided into
two sub-models: the dynamic model, which is the same rigid body 6 DOF model as
shown in Figure 3-15, and the aerodynamics model which is shown in Figure 3-17:

6 DOF Rigid Body Dynamic Model

Forces

@D,

vy

A 4

Moments

1
v Transl  vdot H
Translationl
» Vb Positions
BtoL Ve q
| Euler
BtolL1 MainBus
1
Rotl wdot—% 5 1w
BtoLRot Eulerdot
Rotationl P\ Euler
BtoLRot

Figure 3-15 Six DOF rigid body dynamic model

function wdot = Transl(F,V,HMass, )
vdot = [(1/Mass) *F-crossiw,V):

function wdot = Rotl (M, Inertia, w
wdot = inv(Inertia) * (M-cross(w, Inertia*w) )

function Eulerdot = BtolLRot (w,Euler)
phi=Euleril):

theta=Euler (2] :

tzi=Euler(3):

BtoLRotmat=[1 siniphi) *tanitheta) cosiphi) *tan (theta)
u] cos (phi) —-=2in(phi)
u} sin(phi) *sec(theta) cos (phi) *sec (theta)]:

Eulerdot=EtoLRotmat *w;

function We = Etol (Vb,Euler)
phi=Euler{1):
theta=Euler(2);
tsi=Euler(3):

Rt=i = [ cos(tsi) =init=1) u]
-sinitsi) cositsi) o
u} u} 1]:
Btheta = [ cos(theta) u] —sin(theta)
u] 1 u]
zin(theta) u] ooz (theta) 13!
Ephi = [ 1 u] u]
u] cosiphi) siniphi)
0 -siniphi) casiphi) J1:

Brolmat= (Rphi*Rtheta*Rt=si) ':
Ve=Btolmat*Vh;

Figure 3-16 Functions used in 6-DOF rigid body model
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Aerodynamic Forces and Moments Model

»
<Va>
VaBus
3 > >
<Alpha>
»
<Beta>
»
<delta_a>
deltaBus <delta_r> >
2 _|
»
<delta_e>
»
<delta_t>
»
<p> i
»
<g> d
MainBus
»
1 <> =
»
<phi>
»
<theta> d
> » alpha C(alph >
Vi <Alpha> p! (alpha)
C_of_alpha

function [Force,Moment] =

vecl=[-cos(alpha)
sinjalpha)]:

vecZ=[-zini(alpha)
—zos (alpha) ]

rho_Vi_5=0.5*rho*Va*Va*3;
rho_V_5=0.25*rho*Va*3;

Va

alpha

beta

delta_a

delta_r

delta_e

delta_t

theta

C_alpha

aerol

Force

Moment

AerodynamicForces

Figure 3-17 Aerodynamics model

aerol (Va,alpha,beta,delta_a,delta r,delta e,delta t,p,dq,r,phi,theta,C_alpha)

Fy=-m*g¥zin(theta)+rho_VZ_5%(C_alpha' *vecl)+rho V_5%c bar*([C D o,C L g] *vecl) *g;
Fx=Fx+rho Vi _3*([C_D_delta e,C_L delta e] *vecl) *delta e;
Fx=Fx+0.5%rho*3_prop*C_prop®((k_motor*delta t)"Z-Va¥®Va);

Fy=m*g¥*cos (theta) *sin(phi)+rho_VZ_S*C_¥ O+4rho Vi _3%C_ ¥ heta*heta;
Fy=Fy+rho_V_3*h*C_¥ p¥*p+rho V_S*h*C_¥ r*r;
Fy=Fy+rho Vi _3*C_¥ delta a%*delta a+rho Vi _S*C_¥ delta r¥delta r;

Fz=m*g¥*cos (theta) *cos (phi)+rho_VZ_S5*(C_alpha' *veci)+rho V 5%c bar®([C D_g,C_L_g] *veci) *g;
Fz=Fz+rho VZ_35*([C_D_delta e,C_L delta e] *veci) *delta e;

Force=[Fx:Fy;Fz]:

Mx=rho_VZ_S*h+*C_l O+rho V2_S*h*C_1 betatheta+rho V_5*b*h*C_1 ptp:
Mx=Mx+rho_V_S5*h*h*C_1 r¥*r+rho Vi _S*h*C_1 delta a*delta at+rho Vi _5*h*C_1 delta r¥delta r;

My=rho Vi S5%*c_bar*C_m O+rho_ Vi S5*c_bar*C_m_alpha*alphatrho ¥ 5%c bar®c_bar®*C_m g¥g;
My=My+rho_VZ_ S5%c_bar*C_m delta e*delta e;

Mz=rho_WZ_3*b*C_n O+rho VZ_5*b*C_n heta*betatrho V_3*b*h*C n p*p;
Mz=Mz+rho V_35*h*h*C_n r¥*r+rho Vi _S*h*C_n delta a*delta at+rho Vi _5*h*C n delta r¥delta r;

Moment= [Mx;My;HN=]:

Figure 3-18 Aerodynamics functions
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Another block in the aerodynamics model is C(a) block which gets angle of attack as
input and has two outputs, drag and lift coefficients based on the equations ( 2-16)
and ( 2-17 ), function of this block shows in Figure 3-19, parameters for this function
obtained from [1] is shown in Figure 3-20.

function [CD,CL] = calphal(alpha,CLO,CDO0,CLalpha, epsilon, alphal, M)
sigma=(1l+exp (-M* (alpha-alphal) ) +exp (M* (alphat+alphad) ) )/ (1+exp (-M* (alpha-alphal) )}/ (14+exp (M* (alphatalphad)) ) ;

CL=il-sicmwa) * (CLO+CLalpha*alpha) +2*sigwa*sign (alpha) *sin(alpha) *sin(alpha) *cos (alpha) ;
CD=CDO+epsilon® (1-sigma) * (CLO+CLalpha*alpha) * (CLO+CLalpha*alpha) +2 *sigma*sign(alpha) *sin(alpha) *sin(alpha) *sin(alpha) ;

Figure 3-19 C(aplha) function

E! Function Block Parameters: C_of_alpha E|

Subsystem [mazk]

Parameters

Coo

.03 |
CLO

.28 |
CLalpha

[145 |
M

[50 |
alphall

4712 |

epsilon
01592 |

[ ak. I [ LCancel ] [ Help ] Apply

Figure 3-20 Lift and Drag function parameters

Another block which is used in overall control model is showing animation of aircraft
in real time similar to Figure 3-21.

J Figure 1 El E‘ &l

File Edit Yiew Insert Tools Desktop Window Help »

beds kh aaNe € 0B 50

Figure 3-21 Aircraft animation
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Complete overall PID controller model for non-linear 6-DOF aircraft is shown in
Figure 3-22.

UAV Control Using Linear Controller (PID)

IE——~
<Ve>
<Pe> "
—=——>
IMainBus <Euler>
—PMainBus
beta_trim Beta_cmd F Forces N
L <Vb>
m—b deltaBus MainBus
Altitud d
itude _cm " S
—PvaBus
Va_trim '—>va_cmd
AerodynamicFM 6 DOF RB
VaBus
Linear_Controller va "
<Vb> <Pe>
alpha  uvw 5.% Pe VATLAB
tbeta | <Euler> Function
Airspeed

O— Aircraft Animation
Figure 3-22 Non-linear aircraft PID controller

The details of linear controller block is shown in Figure 3-23

Linear Controllers

- —PRollLc
Roll_cmd
<phi> > Phi Deltaa"geia a d
<p> P
Roll_PID
C 5 )—>Beta_c
Beta_cmd Delta r————»*®
v - delta_r
Side -Slip _PI
Ruuder _c
<v> !
> 1
Ze deltaBus
<Ze>
D,
MainBus q
<q>
N Delta_e delta_e d
<theta> theta
Ca> > Alt_c
Altitude _cmd
D_t_tfim
@D Va_cmd delta t delta t >
Va_cmd elta_
Ca) =I.<Va> P Va_meas
VaBus

Figure 3-23 Linear Controller Block

Controllers in this block are the same that developed for transfer functions in the
section 3.2 of course the system here in non-linear aircraft model rather than linear
transfer function. Figure 3-24 to Figure 3-27 are showing the detail of each controller
block.
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Roll PID

1 .
s
Ki_phi o
e
* » - delta_a
Roll ¢ >{>—’+ Delta_a
2w '
Phi Kp_phi
H 0.24
p
Kd_phi
Figure 3-24 Roll PID
Side-Slip PI
C1or—w
Beta_c
- Kp_beta Delta_r
v

Figure 3-25 Side-slip PI

Altitude Pl and Pitch PD

*
j Delta_e

76 altitude
@O
Alt ¢ Kp_h
Figure 3-26 Altitude PI and Pitch PD
Airspeed PI
D_t_trim

2O > delta_t_bar delta t
Va cmd

(3 —
Va meas Kp_V

Figure 3-27 Airspeed PI
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Figure 3-29 Euler Angles (PID)
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Position in Inertial Frame

18 20

16

12

10
Time [sec]

Figure 3-30 Position of aircraft in inertial frame (PID)

Aircraft 3D Position in Inertial Frame

X [m]

y [m]

Figure 3-31 Position of aircraft in 3D inertial frame
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4 Dynamic inversion controller

4.1 Introduction

As explained in [3] to understand the basic concept of dynamic inversion we assume
aircraft dynamics represent by the following equations:

x=F(x,u)
y=H(x)

Where x is the state vector, u is the control vector and y is the output, for small
perturbation from trim condition we can assume the function F is linear in u so we can
re-write the above equation as follows:

x=f(x)+gxu (4-1)
If g(x) is invertible, and we will define the desired states rate we have:

u=g " ()|iy — f(x)] (42)

In ideal case if we have system shown in Figure 4-1 :

—pg"ux][im—f-xu' o Fix)+gixlu o 1 W Hr | —»

| f

Figure 4-1 Ideal DI system [3]

[

The result of multiplication of first two blocks in the left will be 1; of course due to
non-linear model of air craft and approximation which we implemented to get the
linearized model, in addition to error of model parameters, in the real application that
result will not become 1 so we need to have a feedback loop in order to compensate
those errors, feedback loop could be similar to system in Figure 4-2:

. ==== Actuators
Ccv 1 1 Dynamic Inversion
Emd 4 & Desired CVaes L. 1 cv Effector Allocation
— Dwnamics 1 5 | Airplane Dynamics
| | Sensors
e e e ol

Figure 4-2 DI system with feedback [3]
To define the input, output and states for our aircraft, we combine lateral and

longitudinal model and develop one matrix equation for whole control system; we
define our vector as follows:
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x=la B ¢ p q 1|

u=[s, 5 o]
CV = [acmd ﬂcmd ¢CMd ]

To define the f(x) and g(x) in ( 4-1 ) we will use lateral and longitudinal state space
model, here we recall the equations ( 2-31 ) and ( 2-33 ) and remove y from lateral

state-space model and remove h from longitudinal state-space model because the

other states are independent to them and they are independent to inputs, check that all
elements of 5™ column in A matrix and 5™ row in B matrix are zero. In addition &t
assumed to be constant so it will be cancelled from equation. The final equations are
(4-3) for lateral and ( 4-4 ) for longitudinal state-space model.

A4 B
i ¥ % Y, ge0s0’ cosg 7 | % v,
L ' V' cosp V] cosp’ V. cos B’ _| |V cosp” VS cosp’
Pl Ly cosp L, L 0 Ple o, L,
"l Nicosp N, N, 0 " N, N,
¢ 0 1 cosg tan@ ¢ cosg tan@ —r sing’ tan@’ ¢ 0 0
A B

o X, XV, cosa’ X, —geosd | X,
oz z, g0 | || 2,
. |=|V, cosa’ Vicosa" V cosa' | _|+|V cosa’ |d,
1M Mpesa M, 0 T

7 .
0 0 0 1 0 0

H

(4-3)

(4-4)

For Zagi airframe and trim conditions for straight line wing level with airspeed 12

m/s, the numerical value of matrices in equations ( 4-3 ) and ( 4-4 ) is shown in

= L
A:
-0.3101
-0.07ag
0.4099
u]
*> A bar
A har =
-1.2376
-34.5415
45.8007
u]

L8187
3625
L0282

L0955
9146

0.2165

L0000

-1.

-t

1461
Loooo
P14
Loooo

L9554
3795
L0534

-9.7552
L0754

>> B
B:
-0.5211
0.4546
—-67.7605
a
*» B har
E bar =
a
Z3.6099
11.9916
a

-0.2147
30.7035
-6.01l62

u]

Figure 4-3 Numerical value for lateral and longitudinal state-space model
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4.2 Applying dynamic inversion

Following the method in [3], In order to by pass the singularity problem in the

inversion we implement the DI in two steps for that divide our states into two parts,
angle of attack a, side-slip angle B and bank angle ¢ will be the slow motion variables
on the other hand p,q and r will be the fast variables, the point here is once a control
surface has deflection Euler angles rates p,q and r are changing faster than o, and ¢
so in the first step we calculate DI for slow variables and in second step we will find
the DI for fast variables, note that we ignore the direct effect of elevator deflection on
the angle of attack, that is very small value and cause the singularity problem. The
simplified equation will be as follows:

&1 [4, 0 0
ﬁ = 0 Z1 1 ‘ZM
¢ 0 4, A4,

|
|

SR
1]
Ao
&
| o
Ao b
S
| o 5
8

[y
®
oy
i

B

1l
AN NP
ENINEPN

emd 42

S,
i
=

()

STRNSY)
]
SSTPEN
o™ o

o

b

o_cmd
f_emd
g_cmd

-1

Kwl

o' _meas

0 4, 0 |p
AIZ 0 A13 q
242 0 243 r
Co
223_ z EZI 0 EZZ
o+ o B, o0
—|p _ _
Asz_ le 0 Bsz
q
_r_
a 4, 0 0
ﬁ -1 0 ‘Zn ‘214
¢ des 0 A41 A44
0 Z’I 224 222 0
-4, O 0 0 4,
0 4, A, A, 0

®
i

SIS

N oo

p_meas
q_meas
T_meas

[ _meaz
@ _meas

o_mens
[ meas
P_mmeas

Slow
inv

p_meas
q_meas
T_meas

Rw2 ™

p_cmd

i
G_mens

[ meas
_anens

q_cmid

e

p'_cmd
q _cmd
romd

p_meas
q_meas
T_meas

Fast
nv

Plant l:
—»

o_Imens
[ meas
§_meas

Figure 4-4 DI Controller Block Diagram
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4.2.1 Slow inversion

The block for slow inversion equation ( 4-7 ) is shown in Figure 4-5 :
Slow Dynamic Inversion Block

AQ2,2) 0 0 0 A2,3) 0
0 A bar(1,1) A_bar(1,4) | —™ A _bar(1,2) 0 A bar(1,3) | Inv
0 A bar(4,1) A_bar(4,4) A bar(4,2) 0 A bar(4,3)
(D
Matrix - p_cmd
Multiply
q » 2O
K <Alpha> d _cmd
Geo—py AP q
VaBus <Beta> > > —»(3)
r_cmd
Lokl
MainBus <phi>
O
alpha_d_des —
+ Divide
3 > +
beta_d_des
GO—
phi_d_des

Figure 4-5 Slow inversion block

4.2.2 Fast inversion
The block for fast inversion equation ( 4-8 ) is shown in Figure 4-6 :

Fast Dynamic Inversion Block

0 A bar(2,1) A_bar(2,4) Abar(2,2) 0 A bar(2,3) B_bar(2,1) 0 B_bar(2,2)
AG3.2) 0 0 0 AGB.3) o ™ 0 B(3,1) o [ Inv
0 Abar(3,1) Abar(3,4) Abar(3,2) 0 A bar(3,3) B_bar(3,1) 0 B bar(3,2)
Matrix delta_a_cmd
Multiply
<Alpha> delta_e_cmd
VaBus <Betas >
delta_r_cmd
<phi>
<p>
O
MainBus [ >
p_d_des N .7
<> d 3 > > Divide
q_d_des
CO——
r_d_des

Figure 4-6 Fast inversion block

4.2.3 Desired dynamics

A proportional system is used for both fast and slow desired dynamics. In this block
to find the desired rate of a certain state, for example angle of attack, a, the
measurement value, o._meas, is deducted from the desired value, o._cmd, and
multiplied by constant. The result will be feed to inversion block as desired rate. Since
the sample time is constant the desired dynamics block calculates the approximate
time derivative of the state as shown in equation ( 4-9 ):

d:Kwa% (4-9)
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Desired dynamic block and proportional value for slow states, i.e. o, and ¢ is shown
in Figure 4-7:

Slow Inversion Desired Dynamics Block

o
alpha_cmd - 13.5
alpha_d_des
Kw_alpha
5O <Alpha>
VaBus <Beta>
&P, .+ 15
beta cmd beta_d_des
Kw_beta
o
phi_omd - 5.1
phi_d_des

H Kw_phi
MainBus <phi>

Figure 4-7 Slow inversion desired dynamic block

Block and values for fast states, p,q and r is shown in Figure 4-8 :

Fast Inversion Desired Dynamics Block

@

MainBus

Figure 4-8 Fast inversion desired dynamic block

BE

4.2.4 Actuator dynamics

In order to have more realistic simulation actuator dynamics added to non-linear
aircraft model, Figure 4-9 shows the block for actuator dynamics, second order model
with 10 Hz natural frequency and 0.707 damping ratio is used as actuator model for
elevator, aileron, rudder and throttle of the aircraft.

Actuator Dynamics Model

OM _act 2
<delta_a_cmd> s2+2+zeta_act*OM_acts +OM_act"2 delta_a

Aileron Actuator

OM_act”2
<delta_r_cmd> s2+2*zeta_act*OM_acts +OM_act"2 delta_r

Rudder Actuator

delta_cmd delta_actual

OM_act”2
<delta_e_cmd> s2+2*zeta_act*OM _acts +OM _act”2 delta_e

Elevator Actuator

OM _act 2
<delta_t_cmd> s2+2*zeta_act*OM_acts +OM_act"2 delta_t

Throttle Actuator

Figure 4-9 Actuators dynamics
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4.2.5 Sensors noise and dynamics

Sensors noise and dynamics also added as a block to system, first order system with
natural frequency of 30 Hz considered as dynamic model of sensor and white
Gaussian noise added and feed to the controller. (Figure 4-10)

Sensor transfer function and measurement noise model

OM _sensor
»
Va> s+OM_sensor

Va_SensorTF

Gaussian

Noise _Va

OM _sensor
(@D > S
actual <Alpha> s+OM_sensor Alpha

meas

alpha_SensorTF

Appasliayinn
Gaussian

Noise _alpha

OM_sensor
<Beta> s+OM_sensor

beta_SensorTF

drpealachay
Gaussian

Noise beta

Figure 4-10 Sensors noise and dynamic model

4.2.6 'Wind gust

To simulate wind gust disturbance pulse shown in Figure 4-11 is added to airspeed
component in z direction (w).

Dicontrol/Wind Gust : Group 1

0'67777777 777777 o [ T o [ E [ [
Gust | | | | | | | |

I I I I I I I I I
05F----- T === F--t--1------ === - T- - === === [ Bl
I I I I I I I I

I I I I I I I I
04L--——_ 1o __ [N Y EE A S — [ [ 1o o [ J
I I I I I I I I

I I I I I I I I

I I I I I I | I
0'37777777 777777 (AR IR I I [ o T T T T T T T T [ [
I I I I I I I I

I I I I I I I I
0.2F----- T --—t--r--t--1t----- - Fo--- T - - - [ -
I I I I I I I I

I I I I I I I I
01k----— 1o [N S E A S — [ [ L [ [ 1
I I I I I I I I

I I I I I I I I

| | | | | | | |

0 T T T T T T T T T |
| | | | | | | | | |

0 2 4 6 8 10 12 14 16 18 20

Time (sec)

Figure 4-11 Wind Gust
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4.3 6-DOF overall DI controller
Figure 4-12 shows the overall DI controller:

|:| el UAV Overall Control Using Dynamic Inversion
O
<Ve>

actual F <Po>
Sensor Dynamics 18 b
<Euler>

.q.r.phi
MainBus pane . Posit ler An

alpha_trim b—bmpha,cmu

]
beta_trim Beta_cmd deltaBus _emd  delta_actual ainBus
[ oniuim  f——pfphi_ema Actuators Dynamics Hlvasus

AerodynamicFM 6 DOF RB

elocity/Angular Rate
n ar

VaBus.

DI_Controller

va <u>
I <> l <Pe>
alpha  uv.w i MATLAB
<Euler> Function

Aircraft Animation

beta
Sensor Dynamics Airspeed
alpha beta

Wind Gust

Figure 4-12 Overall DI Controller

DI controller block which include desired dynamics, fast and slow inversion is shown
in Figure 4-13.

Dynamic Inversion Controller

@ ’ P MainBus
MainBus >
delta_a_cmd delta_a_cm
MainBus MainBus =t p_d_des—®{p_d_des
alpha_d_des —|_> p_cmd ‘\_}
(ZO——¥alpha_cmd alpha_d_des p_cmd
Alpha_cmd »
q_d_des—®{q_d_des delta_r_cmd delta_r_omd
(ZD——Pbeta_cmd beta_d_des Pibeta_d_des q_cmd »q_cmd
Beta_cmd
@ > —»CD
oh P phi_cmd r’ phi_d_des I» r_cmd r_d_des[——®r_d_des deltaBus
i_cm
phi_d_des r_cmd
Fast_inv_des_dyn
VaBus VaBus _Inv_des_dy delta_e_cmd delta_e_omd”
Slow_inv _des_dyn Slow_inv P vaBus
GOo—= - -
VaBus Fast_inv

Figure 4-13 DI controller block

Results of simulating whole system for time period of 20 seconds are shown in Figure
4-14 to Figure 4-17.

Velocities in inertial frame are shown in Figure 4-14.

Euler angles are shown in Figure 4-15.

Figure 4-16 and Figure 4-17 are showing the position of aircraft in inertial frame.
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Velocity in Inertial Frame

Time [sec]

Figure 4-14 Velocities in inertial frame (DI)

Euler angles

psi

Time [sec]

Figure 4-15 Euler angles (DI)
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Position in Inertial Frame
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Figure 4-16 Position of aircraft in inertial frame (DI)

Aircraft 3D Position in Inertial Frame
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Figure 4-17 Aircraft 3D position n inertial frame (DI)
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5 Robustness Analysis

5.1 Introduction to p-synthesis

As per the details in [3], the most commonly used methodology to analyze robustness
of linear systems using DI controllers is based on the structured singular value (p) and
a technique now widely described in the literatures as p-analysis.

The bounded uncertainty in the parameters should be separated from the nominal
value using the linear fraction transformers.

Suppose we have a linear system that is described by the following equations:

xX=ax+b
(5-1)
y=x
Assume that the value of a varies between @~ and a” .
a <a<a’ (5-2)
This relation can be rewritten in terms of nominal value as
nom klé‘a
a=a 5-3
-k, (53)
Where,
a"" =nominal value of a
2(a+ —c_z)(c_z—a’)
1 a —-a
(cf +a ) -2a
2= 4 —a
-1<0,<1

The perturbation in @ described in ( 5-1 ) can be integrated into ( 5-3 ) and expressed
in state-space form by introducing the fictitious terms z_and w, as

X a k b x
< | = 1 k2 O Wa ( 5_4)
y 1 0 Of u

Block diagram in Figure 5-1 corresponds to ( 5-4 ).

z ] s,

=

G | W
Y a— —u

Figure 5-1 LFT block diagram [3]
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Here, what is known, matrix G, is separated from what is uncertain, A. Although the A
is uncertain, the range is known: —1 < A <1. The next case to be considered is
uncertainty in b. The variation in b, is expressed similar to the previous one as:

X a kil b| x
z, |=10 k5 1|w, (5-5)
y I 0 Ofu
Where, o
k{zz(b —b)(li—b)
b —b
kéz(b*+b)_—213
b —b

Finally, combining the expressions for uncertainty in @ and b, ( 5-6 ) is the state-
space results and block diagram shown in Figure 5-2.

x| |a k kK bl «x
z, 1 & 0 Ofw,
= (5-6)
zZ, 0 0 Kk 1w,
y 1 0 0 O} u
Z3
zD:A
Wa
y « U
Y«—-G4WD—

Figure 5-2 Companion to LFT block diagram [3]

We have separated what is known from what is uncertain but bounded. Since A is no
longer a scalar, we have to make another choice for a norm: the maximum singular
value. It is not difficult to see that & (A) <1. A very important observation is that the
uncertain element A has fixed structure: a diagonal matrix consisting of the individual
uncertainties in @ and b. Thus, unstructured uncertainty at the component level has
become a structured uncertainty as the system level. LFTs are mathematical tools that
allow us to provide this systemic structure for the uncertainty.

After representing uncertainties in the system using LFTs, attention turns to analyzing
the robustness of systems modeled in this way. Using structured singular value, p, the
technique is based on following theorem:

Robust Stability <> 1, (M . ( J a))) <LVo (5-7)

Where M, is the left upper corner block of M; i.e.,

68



Mll(ja)) 12(

~ M, (jo)
M(""){Mﬂuw) Mzz(jwﬂ v

and the function £/, is defined as

1

/uA(M)Zmin{E(A):AEé,det(]_MA):O} .

where A = {diag(A,, A, ,...,A,)}.

According to this theorem, £, is a function of M that depends on the structure of A.
M, is the reciprocal of the smallest A (where we use & as the norm) we can find for

the set of A that makes the matrix I-MA singular. If no such A exists, 4, is taken to

be zero.

el

V—> ———»¢

Figure 5-3 p-analysis block diagram [3]

Even though the function £, is defined, we still should calculate it and since there is

no exact calculation algorithm exists we calculate upper and lower bounds. Normally,
the upper bound is used since these values of p are safer (as mentioned in [3]).
According to [3] steps needed to test the robust stability using p-analysis are as
follows:

Construct the interconnection structure, M, which is a known linear system.
Define a structured perturbation set, A.

Combine M and A to form the feedback system shown in Figure 5-3.
Calculate a frequency response of M.

Calculate the upper and lower bounds for p.

Find the upper bound peak value.

If u,, <1:pass; y,, > 1: fail

Nk W=

By the way to evaluate the p-analysis of DI controller MATLAB ® software is used.

5.2 Robustness of DI controller

As per the technique explained in [5], robustness of DI controller for uncertainty in
three major parameter of lateral model is tested using p-analysis tools of MATLAB®.
The uncertainty of 20% in Lp, 40% in Nr and 30% in N_delta_r system remains
stable.
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Figure 5-4 Uncertain DI control system
Figure 5-4 shows the block diagram for uncertain DI control system.
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Figure 5-5 p upper and lower bounds for parameter uncertainty

As shown in Figure 5-5, the upper limit for whole range of frequency remains less
than one so for the defined parameter uncertainty system remains stable. Report
generated by MATLAB® in Figure 5-6 confirms the same.

REFORTL =

Tncertain 3ystem is robustly stable to modeled uncertainty.

—- It can tolerate up to 595% of the modeled uncertainty.

—— &L destabilizing combination of 618% of the mwodeled uncertainty exists,
causing an instabhility at 1.38e-009 rad/s.

—— Sensitivity with respect to uncertain element

'T_Lp' i= 14%. Inereasing 'U Lp' by 25% leads to a 4% decrease in the margin.
'U_Mdr' is 2Z1%. Inereasing 'U_Ndr' by 25% leads to & 55% decrease in the margin.
'T_He' i= 58%. Increasing 'U Nr' by 25% leads to a 14% decrease in the margin.

Figure 5-6 Stability report for uncertain system
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Il
It

echo off;

clear all:
close all:
cloes

% Calculate trim states
UAV_trim_states;

% Calculate lateral state space model A-bar and B _bar
Unv_lat;

% Calculate longitudinal state space model L and B
UAV_long:

% Uncertainity for Lp, Mr and N _delta r

% Lp=i hariz,z)
U Lp=ureal({'U Lp',A bar(Z,Z),'Percentage’',20);

% Nr=A bar(3,3)
U Nr=ureal{'U Nr', A bar(3,3),'FPercentage', 40) ;

sNdr=B_har(z,1)
U Ndr=ureal {'U Ndr',E har(3,2),'Percentage’',30):

Figure 5-7 Define uncertain parameters in MATLAB®

U_A bar=umat (i bar):
U & bar(2,2)=U_Lp;
U_A har(3,3)=U_Nr;

U _B_bar=umat (E_bar):
U _E_bar (3,2)=U Ndr;

C_airplane=[1 0 0 0:0 1 0 0:0 0 1 0]

D_airplane=[0 0;0 0:0 0];
U_airplane=uss (U_A bar,U B _bar,C airplane,D_airplane):;
Kl=inv([B_bariZ,1),B _bar(2,2):B bar(3,1),B bar(3,2)]1):
Hi=i bar(2:3,1:3);

Ke=[7.2 0:0 22]:
Hi=[0 1 0;0 0 1]:

systemnsmes = 'U_airplanse K1 H1 K2 H3':
inputvar = '[p_cmd;r_cmd] ';

outputvar = ' [T _airplane] '

input_to_U airplane = '[H1]';

input_to K1 = '[Kz-H1]';

input_to_Hl = '[U _airplane]':

input_to K2 = '[p cmd-H3(1);r cmd-H3i(2)]';
input_to_H3 = '[U _airplane]';

CLOOFP = sysic:

optl=robopt|'Mussv','gil') % Change w9 to gil for more accurate result
[3TAEMARG1, DESTABUNC1, REPORT1, INF(O1] = robuststab (CLOOP,optl):

REPORT1
semilogx [ INFCO1.MussvEnds)

step (usample (CLOOP, 1070 ;

Figure 5-8 Evaluate p analysis using MATLAB®
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Further to the stability information step responses of roll rate to p_cmd for ten random

values of uncertain parameters are shown in Figure 5-9.

Step Response
From: p. md To: [+U_irplane](2)
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Figure 5-9 Roll rate (p) step response to p_cmd

Furthermore, the step responses of yaw rate to r_cmd for ten random values of

uncertain parameters are shown in Figure 5-10.

Step Response
From: r md To: [+U_irplane](3)

a

c

spnydury

Time (sec)

Figure 5-10 Yaw rate (r) step response to r_cmd
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5.3 Compare PID and DI controller (Uncertain)

In this section, the performance of PID controller is compared to the one of DI
controller while uncertain parameters are taken into consideration. The aircraft lateral
state space nominal model is used and saturation of the control surfaces is also
implemented. Both PID and DI controllers are designed for roll command with an
uncertainty of +/- 20% for Lp.

Figure 5-11 shows the block diagram of the PID controller system.

Roll PID Controller Nominal Model
1
o2t |

024 |4

Kd_phi

Scope 1

B » % »> beta .
+ delta_a

Saturation X' = Ax+Bu p

y=Cx+Du
—=
delta_r

Saturation 1 hi » o3
Aircraft Lateral phi

State-Space Model

To Workspace

Scope2

Figure 5-11 PID Roll Controller

The step responses of roll angle to the 0.08 [rad] (=4.58 [deg]) roll command for
nominal Lp, Lp-20% and Lp+20% are shown in Figure 5-15.

DI controller for the same state (roll angle) and same aircraft model is shown in
Figure 5-12; the corresponding subsystem blocks for slow and fast dynamic inversion
are shown in Figure 5-13 and Figure 5-14. In order to overcome the actuator
saturation, a second order filter is implemented between step command and roll
command input of DI controller. This filter has 7 Hz natural frequency and 0.9
damping ratio.

The step response for DI controller with the same condition is also shown in Figure
5-15.

Roll DI Controller Nominal Model :I EW,

pt
W <beta> ta_meas
pt
Mo e s om g
saturaton
= p_meas beta
’E <beta> beta_meas | | »| x=AxBu P
<> y =Cx+Du
r_meas !

! p_cmd 3
<phi> Aircrait Lateral phi
phi_meas K] e sl | A State -Space Model
R - p_d_des elta_r_cm.
g

To Workspace
w_beta beta_d_des = = rd_des
r_emd Fast_Inversion

phi_d_des

i <phi>"L P ————
P Slow_Inversion T e
Kw_phi

g om1r2
s2+21zetal’omlstom1n2
Step

Figure 5-12 DI Roll Controller
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{ A_bar(1,1) A_bar(l,4)
A_bar(4,1) A_bar(4,4)

beta_meas
phi_meas

beta_d_des

G

phi_d_des

Lateral slow inversion block

Matrix
Multiply

[

A_bar(1,2) A bar(1,3)
A_bar(4,2) A_bar(4,3)

Inv

J N

+

Divide

Figure 5-13 Slow inversion block (DI Roll Controller)

{A_bar(Z.l) A_bar(2,4) A _bar(2,2) A_bar(Z.B)}
A _bar(3,1) A _bar(3,4) A bar(3,2) A _bar(3,3)

Lateral fast inversion block

{Bibar(2.1) B_bar(2,2) J
B_bar(3,1) B_bar(3,2)

M
OO—— Mu?lt\r;l))l(y >
beta_meas -
QO—
phi_meas >
p_meas *
(D e ——_
pdades R Dﬂe
_d_ >
r_d_des
Figure 5-14 Fast inversion block (DI Roll Controller)
Roll Angle Step Response
0.09 ‘
|
0.08 :
|
|
0.07 [ : 77777777
|
0.06 P R ——
|
|
g 0.05 [N : 77777777
° |
> 004H-4 - - -7--"-"-“"“"“"“-"—~"~"“"“"“"“"¢-"—"- 4
§ PID:Lp nom
§ 0.03 PID:Lp -20% |- |
PID:Lp +20%
0.02 DI:Lp nom -
-Dl:Lp -20%
0.01 “DIiLp +20%
T
] e e e R e
|
|
-0.01 |
0 2.5

Time [sec]

delta_r_cmd

Figure 5-15 Compare roll command step response of PID and DI with uncertain Lp
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Comparing the response of PID and DI controller as shown in Figure 5-15, we can
observe for the same plant, DI controller has obvious better performance, faster rise
time, lower overshoot and faster settling time.

In addition, if uncertainty in a parameter exists such as +/-20% in Lp, we can see the
performance of PID controller is changing due to a change in the parameter value. On
the other hand, for the same condition, the DI controller has less change in the
performance. While change in the performance of PID controller is clear in Figure
5-15, it is very difficult to see the performance change of DI controller in the same
Figure 5-15.

By magnifying a section of the DI controller step response, a tiny performance change
can be observed in Figure 5-16.

Roll Angle Step Response

0.0808]- — — - — — 4 —— ety
| | | | | | | | |
0.0806] - -l
| | | | | | | | |
0.0804| - — - - - ! !
|
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B o008l - Lol
° |
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| | | |
I I I || m—— PID:Lp +20%
0.0794 e DI:Lp nom
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Figure 5-16 Magnified DI step response in Figure 5-15
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6 Conclusion

In this thesis, the rigid body nonlinear equations of motion of a Zagi fixed wing
aircraft are derived. Aerodynamics forces and moments are taken into consideration.
Actuator dynamics, including actuator saturation, have been appropriately modeled so
as to make the simulation more realistic. Sensor dynamics are accounted for by
deriving simple dynamic models that include sensor noise and time delays. The
derived full non-linear model of the aircraft is used to test and validated all control
laws designed for this aircraft.

To ensure good performance of the aircraft, a Dynamic Inversion controller has been
designed, implemented, and simulated. Implementation is performed in a MATLAB®
SIMULINK® environment. To avoid singularities in implementing the Dynamic
Inversion control law, fast and slow dynamic of the system are considered. Instead of
using the decoupled longitudinal and lateral linear models traditionally used in PID
design, the control action is taken directly at the Attitude command level of the
coupled equations of motion. Stability and robustness of the DI controller is evaluated
using the p-analysis tools. Subject to several types of modeling uncertainties,
simulation has proven the stability and robustness of the DI controller. The DI
controller showed several advantages compare to the conventional PID controller.
The DI controller has faster time response, less overshoot, tighter tracking, and
performed better under uncertainties in plant parameters.

In conclusion, though the DI controller is more complex and time consuming during
the design phase, its implementation resulted in a less complex code and smaller
memory requirement compare to a PID controller. Using simpler and smaller software
translates into using lighter and more cost effective hardware. This intern results in
better system reliability. This make the DI controller a good choice for smaller and
light weight unmanned aircrafts where weight and reliability are of great concern.
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