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ABSTRACT

A major open problem in the theory of Toeplitz operators on the analytic Bergman space over the unit disk is the characterization of

the commutant of a given Toeplitz operator, that is, the set of all bounded Toeplitz operators that commute with it. In this paper, we
provide a complete description of bounded Toeplitz operators Ty, where the symbol f has a truncated polar decomposition, that
commute with a Toeplitz operator, whose symbol is the sum of a quasihomogeneous function and a bounded analytic function.

MSC2020 Classification: primary 47B35, secondary 47L80

1 | Introduction

In the complex plane C, let D denote the open unit disk, and we
consider the normalized Lebesgue measure dA = rdr(d6)/z on D,
where (r,6) are the polar coordinates. The space L*(D,dA)
consists of all square-integrable functions on D with respect to
this measure.

The classical unweighted Bergman space, denoted by L2(D), is
the closed subspace of L2(D, dA) comprising all functions that are
analytic in D. The set {z*: k = 0,1, 2, ...} forms an orthogonal basis
for L2(D). Since this space is closed, there exists a well-defined
orthogonal projection P from L?(D, dA) onto L2(D), commonly
referred to as the Bergman projection. For a comprehensive
treatment of Bergman spaces and their associated projections,
readers may refer to [1].

Given a function f € L'(D, dA), the Toeplitz operator T} acting on
L(D) is defined by Ty(g) = P(fg), provided that fg € L*(D, dA).
Here, f is referred to as the symbol of the Toeplitz operator T;.
This definition implies that any bounded analytic function on D

belongs to the domain of Ty, ensuring that Ty is densely defined.
Moreover, if the symbol f is bounded on D, the Toeplitz operator
Ty is also bounded, with the norm satisfying ||Tf|| < |[f||°°. Nev-
ertheless, an unbounded symbol f belonging to L!(D, dA) may
still generate a bounded Toeplitz operator T;. In fact, if f is
integrable and remains bounded on the annulus
{zeD: 0<r<|z] <1} for some 0<r<1, then f can be decom-
posed into the sum of two functions: one that is integrable with
compact support and another that is bounded. Consequently, Ty
remains bounded. Such symbols are referred to as “nearly
bounded symbols” ([2], p.204). From now on, we will consider
any symbol that does not belong to L!(D, dA) to be inadmissible
for a bounded Toeplitz operator, meaning such a symbol cannot
define a bounded Toeplitz operator.

A function f is called quasihomogeneous of degree p, where
PEZ an integer, if it can be expressed in the form
f(rei®) = eP¢p(r), where ¢ is a radial function. The Toeplitz
operator Ty associated with such a symbol is called a quasiho-
mogeneous Toeplitz operator of degree p (see [3, 4]). The study of
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these operators is motivated by the structural decomposition of
L*(D, dA), which can be written as L*(D, dA) = @ e**R, where
kez

R denotes the space of square-integrable radial functions on [0,1)
with respect to the measure rdr. This decomposition implies that
any function f€L?*D,dA) admits a polar expansion
f@) =fre?) =3, . ,e*f(r), where each f(r) is a radial
function. The subclass of quasihomogeneous Toeplitz operators
provides a natural framework for understanding the behavior of
operators that respect this decomposition (see [3-8]).

Studying this family of operators offers insight into the com-
mutant of Toeplitz operators associated with more general
symbols. By focusing on quasihomogeneous symbols, we aim to
uncover structural properties and extend our understanding of
operator commutativity in the Bergman space setting.

Over the past several decades, Toeplitz operators have been
a central object of study, particularly in terms of their algebraic
and functional properties. One of the most intriguing open
problems involves characterizing the commutant of a Toeplitz
operator, i.e., determining the set of all Toeplitz operators that
commute with a given one under composition. Despite sub-
stantial progress, little is known about the commutativity of
Toeplitz operators with general symbols. For an overview of
known results on the commutativity of Toeplitz operators in
L2(D) and specific cases where progress has been made, see [3-
17].

The commutativity problem for Toeplitz operators on Bergman-
type spaces remains a central theme in operator theory, but it is
natural to view it within the broader framework of harmonic
analysis on non-Euclidean structures and integral geometry.
Recent work of De Mariet al. [18] on horocyclic harmonic
Bergman spaces over homogeneous trees extends the Bergman
space methodology to discrete models of hyperbolic geometry,
providing a fertile ground where notions of projection operators,
reproducing kernels, and boundedness phenomena echo those in
the classical setting. Likewise, Rubin’s study [19] of the hemi-
spherical transform and related Radon transforms in the Eu-
clidean half-space highlights deep connections between integral

0,
Te_;p%(zk) - “ kp
2(k —p+Dp2k —p+2)2 7", ifk>p.

The Mellin transform of a function is uniquely determined by its
values on any arithmetic sequence of integers. In fact, we have
the following classical theorem ([21], p.102).

Theorem 1. Suppose that f is a bounded analytic function on
the right half-plane {z€C: Rz >0} that vanishes at a set of
pairwise distinct points d;, d,, ..., where

i. inf{|d,|}>o0.
ii. ¥,51RQ1/d,) = .

Then, f vanishes identically on {z € C: Rz>0}.

We shall often use the following classical lemma (see also [[15],
Lemma 7, p.1727]).

transforms, harmonic analysis, and function spaces arising in
geometric contexts. Although the techniques in these works
differ from ours, they illustrate the breadth of contexts in which
Bergman-type spaces and operator commutativity phenomena
arise. These perspectives suggest interesting avenues for future
research: one may explore whether commutativity results for
Toeplitz operators on the Bergman space can be adapted or
extended to harmonic Bergman spaces on trees, or whether
techniques from Radon-type transforms can shed new light on
the structure of Toeplitz operator algebras. In this way, our
present results can be situated within a wider analytic landscape,
pointing toward potential interactions between operator theory,
discrete models of Bergman spaces, and modern integral ge-
ometry. By situating our study within this wider landscape, we
aim to emphasize the relevance of our results to ongoing de-
velopments in both complex analysis and harmonic analysis.

A preliminary version of this work has been made publicly
available as a preprint on arXiv.org [20].

2 | Tools

The Mellin transform $ of a radial function ¢ € L*([0, 1), rdr) is
defined as

~ 1
) = qu(r)rz—ldr. o

It is well known that for such functions, the Mellin transform is
bounded on the right half-plane {z: Rz>2} and is analytic on
{z: Rz>2}.

The following lemma gives the action of quasihomogeneous

Toeplitz operators on the vectors of the orthogonal basis of L2(D).

Lemma 1 (see [[4], Lemma 5.3, p.531]). Letk, p € Z, and let
¢ be a radial function in L'([0, 1), rdr). Then,

Tei,,a(ﬁ(z") = 2(k + p + DP2k + p + 2)2°, @)

and

ifo<k<p-1,
3

Lemma 2. If a meromorphic function in the right half-plane
belonging to the Nevanlinna class is periodic, then it is constant.

Remark 1.

i. A direct calculation shows that r(z) = 1/(z + n), for
ne<z.

ii. As for Theorem 1, we will apply it in the following setting:
let (), be an arithmetic sequence of positive integers, and
suppose that for a certain radial function ¢, we have
a(nk) =0 for all k. By Theorem 1, this implies that $ is
identically zero on the right half-plane. Consequently, ¢
must also vanish on the right half-plane.
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iii. We frequently rely on Lemma 2 in our arguments. In fact,
in our proofs, we often encounter equations of the form

F(z+p)—F(z) = Gz + p) — G(2), 4)

where R(z)>0, p is an integer, and F and G are bounded
analytic functions on the right half-plane. By applying Lemma
2, we can deduce that F(z) = ¢ + G(z) for some constant c.

3 | Main Theorem

Given a symbol
g(reig) =é + Z alZl , a,€C, wherea;#0 for atleastone > 5,

1=1
)

we aim to characterize all symbols of the form (i.e., symbols
whose polar decomposition is truncated above)

f(rew) = _IZV: e"f(r), N>1, 6)

for which the associated Toeplitz operator Ty commutes with T.
It is understood here that fy#0. We recall that Ty commutes with

T, if and only if
7,7, () = T,7(2) @)

for all vectors z¥ in the orthogonal basis of L(D). Equivalently,
using the notion of commutator of two operators T and S,
namely, [T, S] = TS — ST, this condition can be expressed as

|7 1|(2) = 17 (2) - T7(2) =0, foraikzo.  (8)

Our main theorem can be stated as follows.

Theorem 2. Let g be a symbol of the form
g(re®) = r’ + 32 a7, where z = re??, a,;€C and a,#0 for at
least one 1> 5. If there exists a nongero function f of the form

f(re®y = 3N enof (r), with N> 1, such that the commutator
[T}, Tyl = O, then T} is a polynomial of degree at most one in T,. In
other words, there exist constants C,,C, such that
T; = C, T, + Cyl, where I denotes the identity operator.

It is important to highlight our motivation for choosing the term
%7 in the symbol g. In the work of Le and Tikaradze ([15],
Theorem 3, p.1725), the analytic polynomial part of the symbol is
replaced by a quasihomogeneous symbol. While this is not the
most general choice, it is also not selected merely to simplify our
arguments. Notably, a Toeplitz operator with the symbol ¢?r3
always has powers, making the characterization of the com-
mutant of T, significantly more challenging, as we will dem-
onstrate in the final section. We are firmly convinced that our
approach extends to more general quasihomogeneous symbols.
However, such generalizations would lead to considerably more
intricate calculations, which, while feasible, can become cum-
bersome and lengthy. We hope our choice convinces readers of
the significance of our result and the arguments, which differ
entirely from those used in the proof of ([15], Theorem 3, p.1725).
In fact, the latter relies on techniques that cannot be directly
applied to our case, necessitating a completely different
approach.

4 | Calculations

Lemma 3. Under the assumptions of Theorem 2, if equation (8)
holds, then

N N-1
TeiNSfN = CN( Tei€r3 ) and Té(N—l)ﬁfNil = CN—l ( Teis,a ) » (9)

for some constants Cy and Cy_;.

Proof 1. In equation (8), the term z*N+! comes only from

Teiers TEiNHfN (Zk) = TEiNHf}V Tei€r3 (Zk), forall k> 0. (10)

Thus, Teve;, commutes with T,o,s. Hence,

TelNefN(z") =2(k+ N + 1)f y(2k + N + 2)*N
= CN(Telars)N(Zk>
11
N 2(k+j+2) jun (1)
=Cy 1l /5%
j=o 2k +2j+6)
_ 2k + 4 k+N
Nok+2N +4° 7
for some constant Cy. Here, the first equality results from
Lemma 1, the second from ([5], Proposition 7, p.1469), and the
third from ([5], Lemma 3, p. 1467).
Journal of Mathematics, 2026 30f 11
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By a similar argument, we prove that Lemma 4. Under the assumptions of Theorem 2, if equation (8)
Ton-vep,, , = Cn—1(T,0,)N 7, for some constant Cy_,. O holds, then
—~ z+4
+N)=B
Iy A N) = By (z+2N —2)(z + 2N)
(12)
rac z+4 Ni Z+2i
"N +2N-2)z+2N) & z+2i+4
for some constant By y_,.
Proof 2. In equation (8), the term z**¥~! comes from
[TeillrS, Tef(N*Z)”fN_2]<Zk) = I:TeiNIIfN, Talz] (Zk), fOI'k Z 0. (13)
It is understood here that a,#0. Thus, using Lemma 1, we obtain
that
— 2k + 2N 2k + 4 —
2k + 2N —2 2k+ N - 2k + 2N 2k + N +2
(2k + Wn—2(2k + )2k+2N+2 K+ 6 +2N)fy2(2k+ N +2)
2k ~ 2k + 2N ~
=a,——k+2N 2k+N)—a;,—————(Rk+2N + 2 2k+ N +2 14
@1 5 5@k + 2N @+ N) = ay 5= (2 + 2N + 2y 2k + N +2) (a4)
' 2k(2k + 2) . (2k + 2N)(2k + 4)
TN Qk+2)2k+2N +2) ' N2k +2N +2)(2k 4+ 2N + 4)
We complexify the equation above by taking z = 2k, and we use
Remark 1 (ii) and multiply both sides by (z + 2N + 2)/(z+4) to
obtain
— Z+2N z+2N+2 —
2N -2 N - (z+2N N+2
(z+ Wn—2(2+N) ot 4 246 (z+2N)fy_,(z+ N +2)
—aCo % _gc, XA
TN T N N+ 4 (15)
N-1 . N .
zZ+2i z+2i
=a,Cy Y —— = gy
@ NZ:; z+2i+4 N;z+2i+4
By using Remark 1 (iii), we conclude that there exists a constant
By N, such that
— Z+4
N)=B
fn-2&+N) = By (z+ 2N —2)(z + 2N)
(16)
tac z+4 & z+2i
""N(@z+2N-2)z+2N) & z+2i+4
O
Similarly, we state the following lemma, omitting the proof.
4 of 11 Journal of Mathematics, 2026
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Lemma 5.

i. By considering the term Z"*N=2 that comes from

|:Tet(7‘r3, TeL(N—S)HfN_S](Zk) = [Tel"mf,\, a,7 ]( ) [ eN-DOf s alz](zk), (17)

and assuming that a,, a; are both nonzero, we obtain that

B Z+4
NN=3(7 + 2N —2)(z + 2N — 4)

foa@+N-1)=

a,Cy(z +4) ”21 (z+2i — 2)(z + 2i)
)4 (z

- - 18
@+2N—2)z+2N—4) & +2i+2)z+2i+4) (18)

Z+4 =2 (z+2i)
+a,Cy_
1%~N Z(Z

1 . 5
(z+2N -2)(z+2N—-4) & (z+2i+4)

Jfor some constant By y_3.

ii. By considering the term z¥*N=3 that comes from

[ Tewra N Tef(r\r—A)gfIL4 ] (Zk> = [ TeW"fN’ Ta3z3 ] <zk> + [ Tei(N—l)HfNil, Ta222 ] (Zk>

(19)
k
e )
and assuming that none of the as, a,, a, is zero, we obtain that
— (z+4)
+N-2)=B
Ju-a@ )= BN N = )z 4 2N = 4)
a;Cn(z +4) Nzl (z+2i—2)(z+2i—4)
(z+2N 6)Z+2N —4) & (z+2i+2)(z+2i+4)
a,Cy_12+4) Ni (z+2i — 2)(z + 20)
(+2N —6)(z+2N —4) & (z+2i+2)(z+2i+4)
(20)
+ a,Byn_2(2+4) NZ_3 (z+21)
(+2N—6)(z+2N —4) & (z+2i+4)
n a,0,Cyn(z +4)
(z+2N —6)(z+2N —4)
y N2NZ2T (24 2i) g+ 20— 2 +2))
E E @+2i+4)@+2i+2+2)
for some constant By y_,.
Journal of Mathematics, 2026 50f11
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Remark 2. We draw the reader’s attention to the fact that if g, is
zero, then the corresponding symbol ;7' is zero, and conse-
quently, any commutator involving this term is also zero. Thus,
by assuming that these a;’s are nonzero, we are considering the
most general case without simplifying the problem.

5 | Proof of the Main Theorem

Lemmas 3, 4, and 5 will guide us through the steps toward
proving the main result. In the following three propositions, we
will show that, under the assumptions of Theorem 2, if equation
(8) holds, then the value N in the symbol f must equal the
quasihomogeneous degree of ¢?r® in the symbol g, which is 1.

Proposition 1. Under the assumptions of Theorem 2, if
equation (8) holds, then N <4.

Proof 3. Suppose N >5. By applying partial fraction de-
composition to the term on the right-hand side of the expression

for ﬁ\,: in Part “(i)” of Lemma 5 and using Remark 1 (ii), we see
that the radial function fy_5 is a polynomial in  and contains the
term

3 ~N+3
a, CN mr . (21)

Since N > 5, it follows that —N + 3 < — 2. Consequently, the term
in (21) belongs to L([0, 1), rdr) only if a,Cy = 0. Given that we
assume a,#0, we must have Cy = 0, which contradicts our as-
sumption that fy7#0. Therefore, we conclude that N < 5, meaning
N <4. O

Proposition 2. Under the assumptions of Theorem 2, if
equation (8) holds, then N < 3.

Proof 4. Suppose N = 4. By taking k = 0 in equation (19), we
obtain

~ - 3 1 1S 2
2f5(2) — 4fo(4) = —a3C4§ - a2C3E - alB4,2§ - a1a1C4E§ i+ 4 (22)
O
On the other hand, from Part “(ii)” of Lemma 5, we have
(2i — 2)(2i — 2 2iQi—
2f,(2) =B C
fo(2) = Bao + s 42 (21+2)(21+4)+ 2 32 (21+2)(21+4)
(23)
1 2 2-j L .
2i 2i(2i — 2 + 2j)
+a,B +a,a,C,
! 4’2; 2i+4 ! JZ(:)l:o i +4)(Q2i + 2 + 2j)
and
4,4 =B +aCZ(21 (@i~ + ZS: 2121 — +a,B i 2 +a,a,C i“ 2021 =2+ 2)) (24)
0 4,0 3%4 a, 3 14,2 EYIrl 1%1%4 - . N
1 (2i+2)(2i + 4) 4 (20 + 2)(21 + 4) —2i+4 s Qi+ 4HQ2i+2+2))
Thus, the left-hand simplifies to
6 —2j
2f0(2) 4f0(4) =a;C, - a3C45 a2C3 10 a1B422 a,a,C, Zz 10— 2f (25)
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Equating both sides, we conclude that a;C, = 0. Since we are
assuming a;#0, it follows that C, = 0. Hence, N <3.

Proposition 3. Under the assumptions of Theorem 2, if

equation (8) holds, then N < 2.

[Temrz, Te_wffz]( ) [Tes,ef,

et

Proof 5. Suppose N = 3. By considering the term z*~! that arises

from

o4

N
) (26)

«|)
e

|7 alz](z")

and using Remark 1 (iii) and Lemmas 3, 4, and 5, while assuming
that none of the ay, a;, a,, a, is zero, we obtain

(z+4) (z+4) (z+2i—6)(z+2i—4)

f@ =B; 0 2)(Z)+ 4 3(z 2)(Z)Z(z+21+2)(z+2i+4)
+ac (z+4) Z(Z+21 4)(z+2i—2) a,B;; a,a,C,
T @-20@4E (z+2i+2)z+2i+4) (z+2) (2+2)

27)

a,0,C5(z + 4)21: 1Z‘f (z+ 20)(z +2i — 2 + 2))(2 + 2i — 4 + 2j)
z-2)@) S&@+2+4)(@+2i+2+2))(@+2i+2)

0,0,C4(2 +4) & (24 20)(z 4 2i — 2)(z + 2i — 4 + 2))

(z—-2)) Fz;) ; (z+2i+4)(z+2i+2)(z+2i+2j)

for some constant B; _,. Applying partial fraction decomposition
to the term on the right-hand side of equation (27) and using
Remark 1 (i) and (ii), we observe that the radial function f_,
contains the term (3B,_, +a,C;)r 2. This term belongs to

o 2(4) = a4C3 15 + a3C2

On the other hand, equation (27) implies that

— 1 1
fo(4)=B;_,+ a4C3E + a3CZE

Thus, we must have B;_, = 0. Since 3B, _, = —a,C;, and we are
assuming that a,#0, it follows that C; = 0. Hence, N<2. []

Proposition 4. Assume the hypotheses of Theorem 2. If equa-
tion (8) holds, then N <1. Moreover, under the assumption that
N >1, we conclude that N = 1.

oG+ N=-1)=f+1)

z+4

+ a,B5,-

+ a,B;;

L'([0, 1), rdr) only if 3B;_, = —a,C;. Now, by taking k =1 in
equation (26), we obtain

1 1 1 1 1
+ galalcz + (g + E + E)a1a2C3. (28)
1 1 1 1 1
24 Zaa,C (— — —) C.. 29
et gua G+ (5+ g+ 3)uats (29)

Proof 6. Suppose N = 2. In this case, Part “(i)” of Lemma 5
implies that

z—2 a,C,  a,C; (30)

2,—1 Z(Z + 2)

z+2)z+2) z+6 z+2

Journal of Mathematics, 2026
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Now, by taking k = 0 in equation (17), we obtain [Tewrb Tyoaay ] ( k) _ [Temfz ] (Zk> [ s 72] ( )
—~ 1 1
3)=a,C,— Ci- 31
Ja®) =a,Cog+a,Cyy (D +Pﬂa4@ﬂ
. . (33)
On the other hand, equation (30) yields
f_\ (3) =B, 1§ + azczl +a,C, 1 (32)  Assuming that none of the as, a,, a; is zero, Remark 1 (iii) and
Lemmas 3 and 4 imply that
Thus, we must have B, ; = 0. Next, we analyze the term 71,
which arises from
~ z+4) ac@+4) (z+2i—2)(z+2i—4)
J2(@)=B,_, 2 z . -
&—@@) (z—2)@) & (z+2+2)(z+2i+4)
(34)
a,C | 0,0,C)
z+2) @+2)
for some constant B, ,. By applying partial fraction de- in L*([0, 1), rdr), we must have B, _, = 0. Finally, we consider the

composition to the term on the right-hand side of the equation term z¥-3, which comes from
above and using Remark 1 (i) and (ii), we see that the radial
function f_, contains the term 3B, _,r~2. Therefore, for f_, to be

o T ) = o ) 1 )
) 1o el
Jreesea)

Assuming none of the as, a4, a5, a,, a; is zero, Remark 1 (iii) and
Lemmas 3, 4, and 5 imply that

~ (z+4)
4(2-2)=B) 47—
f 4( ) 2, 4(Z _ 6)(Z _ 4)
(z+4) (z+2i-8)(z+2i—6)
+asC 36
> 2(Z—6)(z—4)z(z+21+2)(z+2i+4) (36)
+ a,Cy a,a;C, a,a,C,
(z+2) @+2) @+2)
for some constant B,_,. By applying partial fraction de- Consequently, a;C, = 0. Since we are assuming as#0, it follows
composition to the term on the right-hand side of the equation that C, = 0. Hence, N <1. [

above and using Remark 1 (i) and (ii), we clearly see that the
radial function f_, contains the terms 5B, ,r~* and The following lemma will be used to explicitly determine the
(4B, _, — (2/3)asC,)r 2. Therefore, for f_, tobein L*([0, 1), rdr),  radial function f, in the symbol f, for n< — 1.

we must have B, ,=0 and -4B, ,—(2/3)asC,=0. Lemma 6. Let [ N. Assume

[Tei”r3’ Tefimf_l](zk> = [CTewrz, Ta,Zl](zk>’ (37)

for some constant c. Then, To-uy =T,z
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Proof 7. If equation (37) holds, then for all k> I, we have

~ 2k—2l+4 2k + 4 ~
Qk—21+2)f 2k —1+ 2)E2k T 63 - Ezk - 63(2]{ =2+ 4)f ,2k—1+4)
(38)
(2k — 21+ 2) (2k — 21 + 4) 2k +4) 2k — 21+ 4)
= Cca —_
PT@k+2) (Qk—=2046)  'Qk+6) (k+4)
We complexify the equation above by taking z = 2k. Using Re-
mark 1 (ii), we multiply both sides by ((z — 2l + 6)/(z + 4)) to
obtain
—~ z—2l+4 z—2l+6 —~
-2+ 2@~ 1+2)" — )_ == dg— 20+ 4 @~ 1+4)
(39)

(=21+2)z—-21+4)

(z—2l+4)(z—2l+6)

Using Remark 1 (iii), we find that there exists a constant A; such
that

~ (z+4)

1
Jae=142) = Ay e o e . (40)

(z+2)

We now consider the following cases.

Case [>2: By applying partial fraction decomposition to the
term on the right-hand side of equation (11) and using Remark
1 (i), we see that the radial function f_; contains the term
A1+ 1Dr7. Since —I<-2, the function f, belongs to
L'([0, 1), rdr) only if A; = 0. Hence, f_,(r) = ca,r".

Case [ = 1: By taking k = 0 in equation (37), we obtain
~ 1
73 =carg (4D

On the other hand, equation (11) implies that

~ 3 1
f1(3) = Al Z + ca, Z (42)

Therefore, we conclude that A; =0, which implies that

fo(r) = cayr. O
Finally, we reach the last step of the proof, which is to reconstruct
the symbol f.

Proposition 5. Under the assumptions of Theorem 2, if
equation (8) holds, then f(re?’) = C,g(re'®) + C,, for some con-
stants C, and C,.

Proof 8. If equation (8) holds, then Proposition 4 implies that

f(rem) = 21: e"f (43)

n=—o0

=ca ca
G+ 2+ !

(z+4)(z+6)

From Lemma 3, we have that f,(r) = C;r? and f; = C,. Next, for
all integers [> 1, the term z¥! comes only from

[ Tei5r3 5 Te—imﬁ’ ] (Zk> = [ Cl Tgm 3 Ta,Zl ] (Zk>. (44)

Thus, Lemma 6 implies that f_, = C,r". Finally, by combining
those results, we obtain

f(reig) =%, +£,(r) + 21 " (r)

o0
=C e’ +Cy + ZCIa,e_‘lgrl (45)
=1

= Clg(rew) + C,.

Using the fact that Toeplitz operators are linear with respect to
their symbols, we conclude that

T; = C,T, + C,l. (46)

O

Remark 3. As a direct consequence of Theorem 2, if f andf are

two symbols of the form given in the theorem such that both T

and T]-; commute with T,, then Ty and T}- must commute with

each other. This result aligns with the conjecture stated in ([6],

Concluding remarks, p.263), which asserts that if two Toeplitz

operators commute with a third one, provided none of them is

the identity or the zero operator, then they must commute with
each other.

6 | Special Case

In this section, we consider the case where the infinite anti-
analytic power series in the symbol g from Theorem 2 is replaced
by a polynomial in Z.
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Lemma 7. Let g(re?) = €3 + Y[, a,e"F\. Then, the product
T; is a Toeplitz operator if and only if m<4.

Proof 9. We have

2
Tg = Tei9r3T i i
0P+ aetr eiop3 Y eyl
=1 =
m m m
2
= Tem,.z + ZalTets,J Tzl + ZalTZl Tei"r3 + ZalTZI TZI
=1 1=1 =1
5 m m m
= Teiers + ZalTe’”r3 Tzz + Za,Tzz Tyops + Za,sz.
=1 =1 =1

(47)

It is well-known (see [[22], Example 3.8, p.1057]) that T7,,. is
always a Toeplitz operator for all n>1. Because ' is an anti-
analytic symbol, Ty T3 = Teie-npsn for all 1> 1. Thus, we focus

on the product Ty, Ty. For all k> 1, we have

T (zk> _ 2k —20+2) 2k —20+4) 141
Uz Qk+20+2) k—2l+6) (48)

T,

e

= (2k — 21 + Hh(2k — 1 + 3)Z*17,
where the radial function h is defined as follows:

e h(r) = /A -1)r**1 + (1/1 = D)r*~tif 1> 2. In this case, h
belongs to L!([0, 1), rdr) if and only if 3 — [+ 1> 0, which
simplifies to [ <4.

o h(r) = r*> + 4r?logr if | = 1. Here, h is in L}([0, 1), rdr).

Therefore, for m <4, T; remains a bounded Toeplitz operator,
thus completing the proof. O

The above lemma allows us to replace the antianalytic part of the
symbol g in Theorem 2 by a polynomial in Z of degree at most 4,
yielding the following result. We provide a brief proof, as the
calculations are nearly identical to those in the proof of our main
theorem in the previous sections.

Theorem 3. Let g be a symbol of the form
g(re?) = er® + 31" a7, wherez = re’?, a; € C and m < 4. If there
exists a nonzero function f of the form f(re??) = ¥N___ ei"of (r),
with N>1, such that the commutator [Tf, Tg] =0, then
Ty = P(Ty), where P is a polynomial of degree at most two.

Proof 10. Following the same argument as in the previous
sections, we deduce that if [Tf, Tg] = 0, then N < 2. Finally, using
the same techniques as in the proof of ([7], Theorem 2, p. 886), we
conclude that T is a polynomial of degree at most two in Ty. [
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