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ABSTRACT In many real-world applications, data are described by high-dimensional feature spaces, posing
new challenges for current ensemble clustering methods. The goal is to combine sets of base clusters to
enhance clustering accuracy, but this makes them susceptible to low quality. However, the reliability of
present ensemble clustering in high-dimensional data still needs improvement. In this context, we propose
a new fuzzy divergence-weighted ensemble clustering based on random projection and spectral learning.
Firstly, random projection (RP) is used to create various dimensional data and find membership matrices
via fuzzy c-means (FCM). Secondly, fuzzy partitions of random projections are ranked using entropy-based
local weighting along with Kullback-Leibler (KL) divergence to detect any uncertainty. Then it used to
evaluate the weight of each cluster. Finally, we create regularized graphs from these membership matrices
and use spectral matrices to estimate the affinity matrices of these graphs using fuzzy KL divergence anchor
graphs. Subsequently, obtaining the final clustering results is considered as an optimization problem, and the
ensemble clustering results are obtained. The experimental results on high-dimensional data demonstrate the
efficiency of our method compared to state-of-the-art methods.

INDEX TERMS Fuzzy ensemble clustering, high-dimensional data, random projection, Kullback-Leibler
divergence entropy, spectral learning.

I. INTRODUCTION
Clustering, an unsupervised learning algorithm, is employed
to identify inherent structures within unlabeled data, mani-
festing as clusters. The surge in data streaming from diverse
sources has led to an influx of high-dimensional data,
presenting a challenge. This challenge can be addressed
by reducing the data volume to a manageable level while
preserving essential information [1].

Recently, clustering ensemble algorithms have become
an important task for clustering analysis. They are based
on the use of multiple base clusters to generate stable
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consensus clustering. Ensemble clustering can typically be
divided into two phases: cluster generation and consensus
clustering. An intuitive method to create low-quality base
clustering has been developed. Some methods have been
developed to assess each ensemble member and assign it a
weight to enhance consensus clustering [2]. Li et al. designed
multi-view clustering via a learned bipartite graph [3]. Huang
et al. proposed the local diversity strategy of clusters inside
a base clustering structure [4]. Rathore et al. proposed fuzzy
ensemble clustering using cumulative aggregation on random
projections [5].

In fuzzy clustering ensembles, researchers have proposed
consensus methods to address challenges related to the
alignment of membership matrices from base clustering.
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To achieve consensus, the former either performs column
exchanges to complete the alignment or converts the mem-
bership matrices of the data graphs into affinity matrices (for
example, the co-similarity matrix) [6]. Recently, numerous
graph-based clustering ensembles have been proposed [7].
However, these methods construct the co-similarity matrix
by multiplying the membership matrix and its transposed
form [8]. Consequently, information is lost, leading to the
creation of an erroneous affinity graph. Moreover, merging
large-scale graphs requires significant storage space and
processing power. Currently, the authors suggest employing
spectral matrices to scale down graphs [9]. Additionally,
column permutation has been demonstrated to be ineffective
for random projection (RP) and fuzzy c-means (FCM) [10].

For high-dimensional data, clustering ensembles face
two challenges [11]. Firstly, the curse of dimensionality is
introduced by the insufficient number of samples, making
it challenging to find statistically meaningful structures
in the data. Secondly, irrelevant features can degrade the
performance of ensemble clustering. Dimensionality reduc-
tion is a method that could be employed to enhance the
utility of clustering for high-dimensional data. Numerous
researchers have proposed ensemble clustering approaches
for high-dimensional data, leading to the development of
feature-based models such as random subspace [12], feature
sampling [13], and random projection (RP) [5], [11].

In this paper, we propose a fuzzy ensemble clustering based
on random projection with fuzzy c-means (RPFCM) to aggre-
gate fuzzy membership matrices for high-dimensional data.
Furthermore, to achieve cluster-wise weighted diversity in
multiple base clustering, we develop an entropy-based cluster
validity measure by combining entropy with Kullback-
Leibler (KL) divergence to locally weight the clusters.
These measures are used to determine the reliability of
consensus partitions. After obtaining locally weighted diver-
gence, we convert the membership matrices of each base
clustering into regularized graphs and use spectral matrices
to approximate the affinity matrices using KL divergence
anchor graphs. The process of integrating the matrices into
the final result is regarded as an optimization problem.
Multiple experiments are conducted on high-dimensional
data, and the results indicate the efficiency of the proposed
ensemble clustering algorithm compared to state-of-the-art
algorithms.

Here is an outline of the remainder of this paper. Section II
covers related works. Section III introduces the proposed
method. Section IV presents the experimental results and
comparisons. Finally, Section V concludes the paper.

II. RELATED WORK
Ensemble clustering for high-dimensional data poses unique
challenges, including the curse of dimensionality and the
influence of irrelevant features. To address these challenges
and enhance the utility of clustering in high-dimensional
spaces, researchers have explored dimensionality reduction

techniques. Feature-based models, such as RP [5], [11],
random subspace [12], and feature sampling [13], have been
proposed to improve the efficiency and effectiveness of
clustering algorithms when applied to datasets with a high
number of dimensions.

As a consequence, various FCM ensemble methods [2],
employing shallow randomization-based techniques like
RP, have been investigated. Among them, RP-based FCM
clustering (RPFCM) [6] has garnered interest. RP is a
relatively simple model that only requires creating a random
matrix according to a preset distribution function, contrasting
with traditional feature extraction methods that necessitate
optimization algorithms. RP distance preservation property
ensures minimal differences between pairwise distances in
the original and low-dimensional spaces, making it practical
for coupling with distance-based FCM.

The work in FCM ensembles can be broadly classified
into two groups based on their objectives. The first is the
data-based approach, and the second is the clustering-based
approach.

In fuzzy clustering ensemble methods, a significant
challenge arises from aligning membership matrices from
base clustering [5]. Researchers have introduced consensus
and cascade methods to mitigate this challenge. The former
involves column exchanges for alignment or converts mem-
bership matrices into affinity matrices of data graphs [10],
such as graph-based clustering ensemble frameworks [7] and
the co-similarity matrix [8].

III. PROPOSED METHOD
This part will introduce the prediction method of divergence-
based locally weighted RPFCM ensemble clustering, aiming
to transform multi-base clustering into a more robust
consensus clustering for the final result. In this section,
we elaborate on each step of the method in detail. First,
the RP method is introduced in Section A. Next, the
entropy-based locally weighted method is presented in
Section B. Then, the KL divergence-based locally weighted
method is described in Section C. The fuzzy divergence
anchor graph is outlined in Section D. The base clustering
generation based on divergence entropy with RPFCM is
detailed in Section E. Finally, fuzzy consensus spectral
learning and an iterative optimizationmethod are explained in
Section F. The flowchart of the proposed method is depicted
in FIGURE 1.

A. RANDOM PROJECTION (RP)
RP is a widely used method for reducing the dimen-
sionality of high-dimensional data. RP involves a linear
transformation from Rp to a lower-dimensional space Rq,
which is described by a matrix R. Given a set of data
points X = {x1, x2, . . . , xn} ⊂ Rp, representing a
dataset in the ‘‘upspace,’’ RP allows us to convert X into
a reduced-dimensional dataset Z = {z1, z2, . . . , zn} ⊂
Rq, referred to as the ‘‘downspace,’’ through the linear
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FIGURE 1. Flow diagram of the proposed method.

transformation of X using R [5]. Most RP methods are based
on the Johnson-Lindenstrauss (JL) lemma [14].
Lemma:Given a matrix X ∈ Rn×p that represents a dataset

of n data points in p dimensions, denoted as the ‘‘upspace,’’
and let ε, β > 0, for any integer q satisfying:

q ≥ q0 =
4+ 2β

ε2/2− ε3/3
log n. (1)

q0 is the lower bound on the dimensionality of the
reduced space. The factor ε controls the accuracy of distance
preservation, while β controls the probability that distance
preservation to within 1± ε is achieved. Then, for any set Z of
n data points ∈ Rq, denoted as the ‘‘downspace,’’ there exists
a linear map f : Rp

→ Rq. For any u, k ∈ Z , with probability
at least 1 − n−β , the dimensionality of the low-dimensional
space should satisfy:

(1− ε)||xi − xj||2 ≤ ||f (xi)− f (xj)||2 ≤ (1+ ε)||xi − xj||2.

(2)

Lemma implies that if the reduced dimension q is equal or
bigger than the JL lower bound q0, then pairwise Euclidean
distance squares are preserved within a multiplicative factor
of 1ϵ.

Random projection theory in RPFCM involves several
important steps. First, it guides the construction of the RP
matrix R by assigning values (+1, 0 or −1)) to its elements.

This process lets that R retains the important property of
maintaining the connection from high to low. This matrix R
is then used to perform a linear transformation and projects
the dataset into the reduced space Rq as shown below:

Xl =
1
√
q
RTX . (3)

R is selected to be a Gaussian random matrix, but the
authors proposed a database-friendly RP to replace it with a
simple and sparse matrix R [15], which can be calculated.

R =
√
3×



+1 with probability =
1
6

0 with probability =
2
3

−1 with probability =
1
6

(4)

Note that Eq. (2) provides that the low-dimensional data
Xl produced by Eq. (3) respects the pairwise distances in
the high-dimensional space to a certain extent. The error
between the results of performing FCM on Xl and on X is
constrained within a certain range. This ensures that RPFCM
is theoretically feasible.

B. ENTROPY-BASED LOCALLY WEIGHTED
Suppose there is a dataset X = {x1, . . . , xn} with n objects.
The dataset X is replicated M times to obtain M partitions,
where each partition contains a certain number of clusters.
The set 5 of M -based clusters is as follows:

5 =
{
51, 52, . . . ,5M

}
. (5)

where

5m
=

{
cm1 , cm2 , . . . , cmnm

}
. (6)

where 5m is the m-th base cluster in 5. Each base cluster
consists of a number of clusters.
cmj is the j-th cluster, and nm indicates the number of

clusters in the m-th base cluster 5m. All clusters in the base
cluster set 5 are denoted as follows:

C =
{
c1, c2, . . . , cnc

}
. (7)

where ci is the i-th base clustering, and nc is the total number
of clusters in 5.

Each cluster is a set of data objects. To estimate the
reliability of each cluster, the entropy-based locally weighted
measure calculates the uncertainty of the cluster by consider-
ing the cluster labels in the entire set. The entropy of a cluster,
ci ∈ C , for the base cluster set 5, can be calculated [4]:

E5(ci) =
M∑
m=1

−

nm∑
j=1

pentropy(ci, cmj ) log2 pentropy(ci, c
m
j ).

(8)

With

pentropy(ci, cmj ) =
|ci ∩ cmj |

|ci|
. (9)
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where ∩ computes the intersection of two sets (or clusters).
M denotes the number of base clusters. |ci| denotes the
number of elements in the cluster Ci.
As it stands, pentropy(ci, cmj ) is in the interval [0, 1] for any

i, j, and m, resulting in E5(ci) ∈ [0,∞). The uncertainty of ci
with respect to 5 is zero when all of data objects in ci belong
to the same fuzzy cluster in 5.
After calculating the entropy of each cluster, we consider

the uncertainty of the cluster relative to the set through the
notion of ECI and add weights to the data items within each
cluster.

Given a cluster set of M base clusters, the ECI of each
cluster is computed as follows:

ECI (ci) = exp−
E5(ci)
θ ·M . (10)

where θ > 0 is the parameter used to adjust the degree of
fuzzy cluster unreliability with respect to the index. After
obtaining the entropy of each cluster, it is applied to the
selected similarity matrix to generate the final data matrix.

C. KL DIVERGENCE-BASED LOCALLY WEIGHTED
ENTROPY METHOD
To uncover any uncertainty or randomness within a cluster,
we combine fuzzy entropy with the KL divergence method.
The accuracy of clustering results hinges on understanding
how to evaluate differences between distributions. When
two distributions are equivalent, the KL divergence is 0.
We propose utilizing KL divergence as a measure of local
weights. It’s important to note that the KL divergence
results in this study are not always guaranteed to be greater
than 0, as pKL(ci, cmj ) and pKL(cmj , ci) lack straightforward
probabilistic interpretations. KL divergence weights are
calculated as follows:

Kl5(ci) =
M∑
m=1

N∑
j=1

pKL(ci, cmj ) log2
pKL(ci, cmj )

pKL(cmj , ci)
. (11)

Here, pKL(ci, cmj ) =
|ci∩cmj |
|ci|

, where |ci ∩ cmj | represents the
number of elements in the intersection between cluster ci and
data point cmj , and N is the number of clusters in the partition
5m.

After obtaining the KL divergence for each cluster in the
set, we assess the uncertainty of the cluster concerning the
entire set through the DECI and assign weights to the data
objects within each cluster.

DECI (ci) = exp−
Kl5(ci)

θ ·M . (12)

Here, Kl5(ci) represents the KL divergence weight for
cluster ci, θ > 0 is the parameter adjusting the level of
fuzziness in cluster unreliability, and M is the total number
of clusters in the dataset.

Currently, for each ci ∈ C , DECI (ci) falls within the range
(0, 1]. When the entropy of a cluster reaches its minimum
value (Kl5(ci) = 0), its DECI reaches its maximum value

(DECI (ci) = 1). The DECI of a cluster tends to approach
zero as the entropy of the cluster approaches infinity.

D. FUZZY DIVERGENCE ANCHOR GRAPH
A graph G = {V ,E,W } is constructed by the set of vertices
V , the set of edges E , and the weight matrix W . W =

[wij]N×N , also known as the affinity matrix, specifies the
similarity of two data samples. In general, the KNN and
anchor graph can be used to construct the matrixW [16].

In large-scale datasets, it is difficult to build the affinity
matrix W directly. To resolve this problem, we apply the
anchor-based graph, which has a powerful construction
method. In general, the anchor graph seeks M anchor points
from the original data samples.

Let M anchors P = [p1, p2, . . . pM ], we can represent
pairwise relationships between the i-th data sample and j-th
anchor samples using a bipartite graph with a weight matrix,
which can be defined as follows:

Qij =


DECI (ci)∑
j′ DECI (ci)

if j ∈< i >

0 otherwise
(13)

where< i > represents the r nearest anchor point to ci. DECI
represents the divergence-based locally weighted. From the
bipartite graph, the full affinity matrix W can be defined as
follows:

W = Q[Diag(1TNQ)]
−1QT = QA−1QT . (14)

In the fuzzy anchor graph, prototypeC can be thought of as
the anchors, and prototype U can be thought of as the weight
matrix of the anchor graph. Then, forM membershipmatrices
{U(i)}

M
i=1, we can convert them into corresponding affinity

matrices {A(i)}Mi=1 according to the following equation:

A(i) = U(i)A−1UT
(i); i = 1, 2, . . . ,M . (15)

According to the affinity matrix A(i), its Laplacian matrix
L for performing dimensionality reduction on the data can be
defined as follows:

L(i) = A(i) − D(i). (16)

where D is a diagonal matrix representing the degree matrix

D(i)jj =
∑

k A(i)jk . A(i) =
A(i)+AT(i)

2 is the symmetric affinity
matrix ofW . The spectral matrix E(i) can be defined using the
Laplacian eigenmaps function:

E(i) = min
ET(i)E(i)=I

Tr(ET(i)LE(i))

= min
ET(i)E(i)=I

∥∥∥E(i)ET(i) − A(i)∥∥∥2F . (17)

And the integrated matrix F corresponds to a latent fused
affinity matrix S derived from A. We reasonably believe
that S = Diag(A(i)1N ) = IN . In other words, S can be
approximated by its spectral matrix F .

F = min
FTF=I

∥∥FFT − S∥∥2
F . (18)
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E. GENERATING BASE CLUSTERS BASED ON DIVERGENCE
ENTROPY WITH RPFCM
In order to generate base clusters, we hybridize multiple
FCM with RF iterations to generate rich information in
different sub-spaces with KL divergence and local diversity.
Then, we create low-dimensional data by RP, as stated in
Section A. However, we are unable to obtain the optimal q.
Therefore, one of the feasible methods is generating multiple
low-dimensional data sets simultaneously. After obtainingXl ,
we perform FCM on them. Similarly to this, we typically
apply multiple FCMs to each low-dimensional data set in turn
due to the randomness of the initialization of the FCM.

Another consideration is the number of objects in the
ensemble. For the FCM method, the membership matrix U
can be thought of as a rich feature set that contains more
nuanced information than the clustering indicator matrix [4].

Y = [Yij] ∈ RN×k . (19)

where Yij = {0, 1} and yik = 1. As a result, we use ensemble
on {U(v)}

M
v=1 rather than {Y(v)}

M
v=1.

The fuzzy divergence weight indicator matrix, which is
essentially a symmetric matrix, is defined as follows:

Mij =
1
M

M∑
m=1

wiYij. (20)

wi = DECI (cl(xi)). (21)

where cl(xi) represents the cluster in 5m
∈ 5. Having

generated cluster-wise diversity, we further apply spectral
learning to obtain final clustering.

F. FUZZY CONSENSUS SPECTRAL LEARNING
In this section, we will introduce how to obtain the final
clustering results by fuzzy anchor spectral learning [6].
For the F ensemble clustering, it should incorporate the

approximate information of each base partition of all samples
via the spectral matrix:

min
FTF=I

J =
M∑
i=1

∥∥∥FFT − E(i)ET(i)∥∥∥2F . (22)

To compensate for the loss caused by spectral approxima-
tion, we assume that the diagonal matrices {6i}

M
i=1 can be

written as follows:

min
F,6i

J =
M∑
i=1

∥∥∥FFT − E(i)6iET(i)
∥∥∥2
F

s.t. FFT = I ;∥∥6i
∥∥
F = 1; 6i ∈ 6K ; . (23)

Inspired by the anchor graph we introduce the Fuzzy
clustering based on anchor graph [6].

min
F,αi,6i

J =
M∑
i=1

αmi

∥∥∥FFT − E(i)6iET(i)
∥∥∥2
F

s.t. FFT = I ;∥∥6i
∥∥
F = 1; 6i ∈ 6K ;

M∑
i=1

αi = 1; αi ⪰ 0; . (24)

where αi is the weight of the base component controlled by
the fuzzy exponent m. When m → ∞, the ensemble will
usually flatten, and each cluster will have a weight of 1/M .
Lemma 1 [17]: The multiplicity K of the eigenvalue 0 of

the Laplacian matrix L is equal to the number of connected
components in the corresponding graph with the similarity
matrix.

Inspired by Lemma 1, we build a graph G of a Laplacian
matrix L with K zero eigenvalues. The Laplacian matrix
L satisfies the following equation: rank(L) = n − K .
By enforcing that the sum of the L smallest eigenvalues of K
tends to 0, the Laplacian rank is convenient to optimize [17].

rank(L) = n−K ⇐⇒ min
CT LC

Tr(CTLC). (25)

Finally, by incorporating Equations (14) and (20) as well
as (21) into a unified ensemble model. The optimization
problem described below leads to the final ensemble
clustering:

min
F,αi,6i,S,C

J =
M∑
i=1

αmi

∥∥∥FFT − E(i)6iET(i)
∥∥∥2
F

+ λ
∥∥FFT − S∥∥2

F + βTr(CTLSC)

s.t. FFT = I ; CTC = I ;∥∥6i
∥∥
F = 1; 6i ∈ 6K ;

M∑
i=1

αi = 1; αi ⪰ 0;

0 ≤ Sij ≤ 1; Sij = 0; . (26)

To solve the problem in Eq. (22), we use an alternative
process to optimize F , S, C , αi, and 6i.
1) Fixing F and C , the objective function about S can be

expressed as:

min
S

∥∥FFT−S∥∥2
F + βTr(CTLSC)

= min
S

∥∥S−QQ∥∥2
F

s.t. S1n = 1n; 0 ≤ Sij ≤ 1; Sij = 0; . (27)

where Tr(CTLSC) = 1
2

∑
i
∑

i ||x
i
− x i||2Sij =

Tr(HHS) and QQ = FFT − β
4λHH

The goal is to find the matrix S that minimizes the
objective function. The optimization method is used to
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minimize the (FFT ) and the prediction matrix (QQ)
while satisfying the constraints associated with the
affinity matrix.

2) Fixing S and C , the objective function about F can be
expressed as:

min
F,αi,6i,S,C

J =
M∑
i=1

αmi

∥∥∥FFT − E(i)6iET(i)
∥∥∥2
F

+ λ
∥∥FFT−S∥∥2

F

s.t. FFT = I . (28)

This objective function is changed to:

∂ζ

∂F
=

M∑
i=1

riαmi
∂

∥∥∥FFT − E(i)6iET(i)
∥∥∥2
F

∂F

+ λ
∂

∥∥FFT − S∥∥2
F

∂F
− ∂
≺ 0,FFT−I ≻

∂F
.

(29)

The goal is to minimize the function associated with F
while preserving the constraint FFT = I .

3) Fixing F and S, the objective function about C can be
expressed as:

minC βTr(CTLSC)

s.t. CTC = I ; . (30)

where LS = S+ST
2

The goal is to minimize the workload while satisfying the
constraint CTC = I .

We summarize the main steps of our method as follows:

IV. EXPERIMENTS RESULTS AND ANALYSIS
In this section, we evaluate the proposed method on 10 high
dimensional datasets and compare it with different state-of-
the-art ensemble methods.

A. SYNTHETIC DATASETS
In our experiments, 10 image datasets are used, namely, ORL,
Yale, YaleB, AR, PIX10, FERET, JAFFE, COIL20, MNIST,
and USPS (as shown in TABLE 1). The details of data sets
are described as follows:

TABLE 1. Datasets description.

Algorithm 1 Proposed Method
Input: Datasets X ; base partition matrices; c is the number

of clusters; and the maximum number of iterations tmax
Output: Clustering results
1: Initialization: Set t = 0; Initialize S, F , and ensemble

sparse affinity matrix.
2: Run the RPFCM method m times to cluster samples into
c clusters.

3: Compute the fuzzyKL divergence entropy of the clusters
for further analysis.

4: Generate m fuzzy divergence anchors based on the
computed entropy.

5: Convert membership matrix into an anchor graph with
KL divergence, forming the ensemble sparse affinity
matrix S.

6: Repeat
7: Update S via solving Eq. (27) to update the ensemble

sparse affinity matrix S.
8: Update F via solving Eq. (28) to update the spectral

matrix F .
9: Update C via solving Eq. (30) to update the ensemble

sparse affinity matrix C .
10: t ← t + 1.
11: until convergence or t ≥ tmax

ORL [18] includes 400 human face images, comprising
10 different images, where features have been extracted
from 4 views in GIST (512), LBP (59), HOG (864), and
CENTRIST (254).

Yale [19] includes 165 images in GIF format of 15 subjects
with a variety of expressions and configurations, such as
center light, with or without glasses, left-light, right-light,
sleepy, surprised, normal, happy, sad, and wink.

Yale B [19] includes 2,414 face imageswith a size of 192×
168 over 38 subjects and about 64 images per subject under
various illuminations.

AR [20] includes over 4,000 images of 126 subjects.
These images include various facial expressions, illumination
conditions, and disguises.

PIX10 [21] includes 100 images of 100 × 100 pixels
supplied by 10 persons.

FERET [22] includes 1400 images of 200 different people,
each with seven images. In the experiment, the size of each
image was 80× 80 pixels.
JAFFE [23] includes 213 images posed by 10 Japanese

female models with seven facial expressions (neutral, sad-
ness, happiness, surprise, disgust,anger, and fear).

COIL20 [24] includes 1440 images belonging to 20 dif-
ferent objects. All 72 images were taken from different
directions. In the experiment, the size of each image was
32× 32 pixels.
MNIST [25] consists of 700,000 handwritten digit images

with a size of 28 to 28 pixels and is a widely used benchmark
dataset.
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TABLE 2. The results of comparison experiments.

USPS [26] includes 9298 16-digit handwritten images,
which are then divided into 7291 training images and a
2007 test image, which includes all digits 0-9.

Three steps of pre-processing are first applied to the
datasets. To create the data matrix X , the images have to be
transformed into vectors and straightened. We then convert
each vector xi to a unit vector. The pixel values xij are then
scaled to the [0, 1] range.

B. EVALUATION METRICS
In this paper, three commonly used metrics are used for
evaluation: normalized mutual information (NMI), accuracy
(ACC) [27], and adjusted Rand index (ARI) [28]. The NMI,
ACC, and ARI values are in the range of [0, 1], [0, 1], and
[−1, 1], respectively.

C. EXPERIMENT STEP
All the experiments were conducted in MATLAB R2017a
on a 64-bit Microsoft Windows 10 (64 bit) computer with
an Intel Core i5-2410 M CPU having a memory of 8 GB
at 2.30 GHz. In our simulations, we compare the proposed
method with state-of-the-art clustering methods, namely,
low-rank tensor regularized fuzzy clustering (FCEKL) [29],
divergence-based locally weighted ensemble clustering with
dictionary learning and L2,1-Norm (DLWECDL) [30],
Parameter-Free Robust Ensemble Framework of Fuzzy
Clustering (PFREFF) [31], parameter-free consensus embed-
ding learning for multiview graph-based clustering (PF-
CEL) [10], and robust and fuzzy ensemble framework via

spectral learning for random projection-based fuzzy-c-means
clustering (FESRPF) [6].

D. PARAMETER SETTING
The presentation results for the proposed method involve two
parts, including base clustering generation and the consensus
ensemble. For base clustering, the key parameter is q, which
is initially set at 30. The exponent of weighting m is a
variable parameter on its ideal interval (1, 2], controlling
the contribution ratio of each basis cluster. We adjust it to
m = [1, 1.1, 1.2, 1.3, 1.4, 1.5, 2] specifically. To produce
the base clustering, the ensemble size M is set to 30.
The parameter θ is set to 0.4 to adjust the influence
of the cluster uncertainty over the index. We set λ to
[0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 1] as a coupling parameter
that connects F and S.

We use the grid search method to tune the parameters and
report the best results for methods in comparison.

E. RESULTS ANALYSIS
The clustering results obtained by different comparison
methods on datasets are illustrated in TABLE 2. From the
table, we can make the following observations:

1) RP is suitable for FCM because, on most datasets,
RPFCM performs as well as or better than FCM.

2) Compared with RPFCM, the proposed method can
achieve better results than the best base clustering on
most datasets.

VOLUME 12, 2024 20203



I. Lahmar et al.: Fuzzy Divergence Weighted Ensemble Clustering With Spectral Learning

FIGURE 2. The performance of proposed method with various number of fuzzy anchors.

3) Ensemble clustering performance is always better than
FCM; this can be explained by the fact that ensemble
clustering methods are much more accurate than
single clustering methods, but they are computationally
expensive.

4) We evaluate the proposed method and the other
clustering methods using various ensemble sizes M
for each run. As can be seen, the proposed method
outperforms the other clustering methods in terms of
NMI, ACC, and ARI scores. The phenomenon proves
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FIGURE 3. Sensitivity NMI, ACC, and ARI about m and λ.

the effectiveness of fusing fuzzy spectral learning with
KL divergence and the RP model.

In addition, the proposed method consists of different
components, including the use of ensembles, RP, FCM,
KL divergence entropy, and spectral learning. Among them,
RP is entirely random, and there is no overfitting issue.
In each base clustering, the number of clusters in FCM is
fixed at the number of real labels. The final clustering results
further improve the robustness of the proposed method and
prevent the disruption brought on by outlier base clusters.

In FIGURE 2, we present the performance of our proposed
clustering method on multiple datasets with varying numbers
of fuzzy anchors m in the range [24, 25, 26, 27, 28]. Each line
corresponds to a specific evaluation metric (NMI, ACC, ARI)
for different anchor numbers. Notably, the trends in clustering
performance differ across datasets, emphasizing the impact
of anchor selection on overall results. For ORL, Yale, YaleB,
AR, PIX10, FERET, and COIL-20 datasets, the number of
anchors is set to 28, while for JAFFE, MNIST, and USPS.
Furthermore, for the JAFFE, MINIST, and USPS datasets,
the clustering performance first rises and then decreases with
the increase in anchor numbers. As a result, the number of
anchors is set to 28 for JAFFE, 22 for JAFFE, and 27 for
USPS, respectively. Analyzing the phenomenon, the main
cause is attributed to the quality of the similarity graphs
constructed. When the number of anchors increases, the
similarity graphs may completely investigate the intricate
data structure as the number of anchors rises. However, when

the number of anchors rises, it may select more noise, which
lowers the quality of similarity graphs. As a result, it is unable
to create a similarity graph of good quality.

F. PARAMETER ANALYSIS
To ensure the robustness and effectiveness of the pro-
posed method, we conducted a comprehensive param-
eter analysis. The key parameters under considera-
tion are m = [1, 1.1, 1.2, 1.3, 1.4, 1.5, 2], the expo-
nent of weighting, and the coupling parameter λ =

[0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 1] (see FIGURE 3).
However, a value around m = 1.5 shows slightly

better performance in terms of NMI, ACC, and ARI. From
FIGURE 3, it can be observed that the sensitivities of
parameters are not the same in different data. A decent
selection of parameters is important to obtain the best
performance.Notably, the sensitivity of these parameters
varied across the investigated ranges, underscoring the need
for tailored parameter selection for optimal performance.

G. ABLATION EXPERIMENTS
We designed an ablation study to demonstrate the necessity
of each component in the proposed method, excluding
RP, fuzzy clustering, KL-divergence, and spectral learning,
emphasizing their roles in aspects such as dimensionality
reduction, cluster quality assessment, convergence, and
pattern identification. The results of the ablation experiment
are summarized in TABLE 3. From this table, we can
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TABLE 3. The results of ablation experiments.

FIGURE 4. The convergence curves.

observe the contribution of each component to the overall
effectiveness of the method.

From the results, we can confirm that the data structure
extracted from the base set helps our method store the
data structure more accurately compared with the individual
components across most datasets. The performance of the
our method with and without each component removed.
In all cases, removing any component leads to a decrease in
performance compared to the full method. This proposed that
each component plays a crucial role in achieving the optimal
clustering results.

H. CONVERGENCE AND EXECUTION TIME
FIGURE 4 shows the convergence curves of 10 datasets.
For each data set, the objective value for every iteration is
recorded. Obviously, the x-axis represents the number of
iterations, and the y-axis represents the target value. From

FIGURE 4, it can be seen that the objective value decreases
monotonically as the number of iterations increases. More-
over, the proposed method generally converges in less
than 30 iterations. These results show that the method is
effective.

In addition, we evaluate the execution times of different
ensemble clustering methods. To obtain reliable results,
the output is averaged over 20 runs. Additionally, it is
important to note that as the dimensions and sample numbers
increase, the processing costs of clustering methods also
tend to increase. However, the proposed method indicates
comparable time efficiency compared to the other ensemble
clustering methods, as shown in TABLE 4.

I. DISCUSSION
Results demonstrating the superior performance of our
fuzzy clustering ensemble method can be explained by a
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TABLE 4. The execution times values of different clustering ensemble in seconds.

number of important factors, including the combination
of fuzzy clustering, spectral learning, and RP. It seeks to
address challenges with robustness, scalability, and hidden
structure finding. To validate its efficacy and investigate its
applicability in many fields, more investigation and testing
are required. The RP step is used to create multidimen-
sional data; fuzzy partitions of RP are ranked using an
entropy-based local weighting along with KL divergence
to detect any uncertainty; and spectral learning allows for
a more accurate clustering result. Ensemble clustering and
fuzzy clustering algorithms, in contrast to classic clustering
algorithms, are much more resistant to outliers and noisy
data.

The proposed method is superior to FCM clustering in
terms of ACC, NMI, and ARI metrics, which may be
attributed to ensemble clustering algorithms higher accuracy
compared to single clustering algorithms despite their higher
computational cost (see TABLE 2).

V. CONCLUSION
In this paper, we present a new fuzzy ensemble clustering
method based on spectral learning using RPFCM and KL
divergence locally weighted clusters.With the base clustering
defined, a fuzzy divergence entropy-based metric is utilized
to evaluate and weight the clusters considering the distribu-
tion of the cluster labels in the entire ensemble. Furthermore,
we convert these membership matrices produced by base
clustering into symmetric graphs and approximate the affinity
matrices using spectral matrices. Finally, we design an
optimization method to jointly learn the modified spectral
features and their fusion. The experimental results have been
validated on high-dimensional datasets, demonstrating the
benefits of the proposed method over other similar ensemble
clustering methods. Exploring optimization in ensemble
clustering should be an interesting future development.
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